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Editorial

This book is offered to Cor Baayen, whose association with the Stichting Mathe-
matisch Centrum (SMC) has lasted for over 35 years. From 1959 until 1965 Cor
worked as a scientific researcher at the Department of Pure Mathematics. In
1965 he was appointed head of this department, and also professor of mathema-
tics at the Free University in Amsterdam. In 1980 he became Director of the
Stichting Mathematisch Centrum, which position le has held until now.

In the course of the time the ship he was the captain of changed its name
from Mathematisch Centrum to Centrum voor Wiskunde en Informatica
and traveled not only in time but also in space from an old-fashioned and
run-down school-building at the Tweede Boerhaavestraat to the friendly and
comfortable manor in the Watergraafsmeer, below sea level. It also considerably
grew, among others by further embracing computer science and by expanding

its work in applied mathematics.

Cor steered this ship vigorously through ever-changing waters, sometimes with
a full wind behind, sometimes against the wind. At his initiative a number of
research areas were initiated or stimulated at CWI, like discrete mathematics,
computational linguistics, computer algebra, cryptograpliy, image analysis, per-
formance analysis, interface technology. Thanks to his efforts the INSP-support
became available for CWI, and the most successful and continuously growing
conglomerate of European research institutes in mathematics and computer
science — ERCIM — was created.

His enthusiasin for and interest in the research carried out at CWI can be illus-
trated best by the fact that he could effortlessly give overview lectures about
the scientific work carried out at the institute. Started as a pure mathemati-
cian (with a thesis called “Universal Morphisms”), he has spent tireless efforts
to get acquainted with the latest developments in mathematics and computer
science — which he saw as essential for a Director of SMC —, so as to become
authoritative in both disciplines alike.

We are very grateful to all those who contributed to the realization of this book.
We thank Miente Bakker for managing the editorial process, Coby van Vonderen
for substantial secretarial support, Sjoerd Mullender for making photographs,
Tobias Baanders for designing the cover, Rudy de Lecuw, Jan Schipper, Wim
Tossijn, and Jos van der Werf for printing and binding the book (the largest
project ever of CWD’s printing division), and all authors for their articles.



We thank them all also for observing the short deadlines we imposed. The
fact that they all met these deadlines shows the esteem they hold for Cor and
expresses their appreciation for his dedication to the advancement of science.
The breadth spanned by the contributions, from pure mathematics to applied
computer science, reflects very well the space created and inspired by Cor for
performing fundamental and applied research. The book thus offers the reader
a science non-fiction odyssey through Baayen Space.

Cor, by putting this book with so many diverse contributions into your hands
we hope to sustain your interest in mathematics and computer science. In your
heart you have always remained a scientist. And scientists never retire. They
just withdraw with vet another scientific book into their arm chair.

Also on hehalf of all contributors to this volume, we wish you all the best in the
next stage of your life. You were associated with the Mathematisch Centrum
for well more than half of both your life and that of the Centrum. The Centrumn
bears your imprint and it remains yours!

Krzysztof Apt
Lex Schrijver
Nico Temme



Een woord vooraf

G.Y. Nieuwland
voorzitter Curatorium SMC

Prof.Dr P.C. Baayen zal op 20 december 1994, D.V. degenen die hem ken-
nen weten dat deze toevoeging voor hem betekenis heeft — afscheid nemen als
Wetenschappelijk Directeur van de Stichting Mathematisch Centrumni.

Hij heeft deze functie sinds 1980 vervuld en bepaalde in die periode nationaal
en internationaal in veel opzichten et gezicht van de Stichting en haar instituut
CWL

Voor het wetenschappelijk directoraat bestaan in principe twee modellen: bij
liet eerste ligt het accent op de voorbeeldfunctie van de eigen wetenschappelijke
prestatie van de leider van de organisatie, bij de tweede op zijn functie als
stuurman. Ik vermoed dat ook de eerste rol Baayen goed gelegen zou hebben.
Maar er viel voor hem weinig te kiezen: al kort na ziju optreden als directeur
werd duidelijk dat met name het instituut van de Stichiting respons diende
te geven op de uitdaging die vanuit de maatschappij werd gesteld. Daarmee
ging het CWI een traject in dat aan de stuurmanskunst van de directie tot
dusver ongekende eisen stelde. In deze bundel komt die kant van Baayen’s werk
alleen impliciet aan de orde; de redactie heeft ervoor gekozen juist de sporen
te boekstaven die hij daarnaast haast schreef ik: desuicttegenstaande in
wetenschappelijk opzicht heeft getrokken.

Dit boek biedt daarvan een fraaie staalkaart — in vier categorieén. In de eerste
plaats ziju daar de bijdragen van vrienden-collega’s uit Baayen’s wetenschappe-
lijke land van herkomst: het brede gebied waarop de logica en de fundamentele
algebraische, topologische en combinatorische structuren van de wiskunde in
interactie zijn. U mag dit ook lezen als een acte de présence van dat deel van
de SMC dat plaats vindt op het universitaire erf.

Ziju eigen visies en uitgangspunten worden, behalve in cen interview, in deze
bundel vooral gereflecteerd in de bijdragen van zijn promovendi — die hun eigen
weg gingen en laten zien daarop een frontpositie te hebben bereikt.

Dau is er cen breed overzicht van de wetenschappelijke productie van het Cen-
trum voor Wiskunde en Informatica — representatief voor het onderzoekspro-
gramma waarvoor Baayen zoveel jaren een cerste verantwoordelijkheid droeg.
U treft daaronder niteraard veel informatica aan: het vakgebied waarvan de
ontplooiing in Nederland zoveel aan zijn wetenschappelijk leiderschap, kennis
en inzicht te danken heeft.



Tenslotte een bijdrage met een bijzonder karakter, met cen onderwerp dat twee
van zijn grote liefdes verenigt: de wiskunde en de taal, geschreven door een
auteur die niet alleen wetenschappelijk in relatie met hem staat.

Alles bijeen een boek waaraan velen plezier zullen beleven, document ook van
een stukje Nederlandse wetenschapshistorie — maar allereerst naar de bedoeling
van zijn auteurs: liber amicorum.

xii
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Dat was volkomen abracadabra voor me, maar het leek me
wel heel erg interessant

Een interview met Cor Baayen
door Lex Schrijver

Laten we beginnen bij je geboortejaar 1934.

Tk ben geboren in Klaten. Klaten ligt op Midden-Java, in de “vorstenlan-
den”, halverwege Solo (of Surakarta) en Yogya (of Yogyakarta). Solo is de zetel
van de susuhunan, de “keizer”, en Yogya de zetel van de sultan, uit een zijtak
van het vorstelijk huis, welke later veel machtiger is geworden dan de tak van
de susubunan. Ook nu heeft Yogya nog steeds een mate van onafhankelijkleid.

Mijn ouders waren beiden verbonden aan het Christelijk onderwijs. Mijn
vader is als onderwijzer naar “Nederlandsch Oost-Indié” gegaan, heeft aktes
erbij gehaald, en is hoofd geworden van een zogenaamde schakelschool, in Solo.
Als ik het goed begrepen leb, is dat een school waar leerlingen die het goed
gedaan hadden op het “onderwijs voor inlanders”, bijgewerkt werden om naar
de middelbare school te gaan.

Hij heeft toen weer aktes erbij gehaald en is naar een Mulo gegaan, en vrij
kort voor de oorlog, ook middelbare aktes, waarna hLij leraar geschiedenis is
geworden in Jakarta, of Batavia, zoals dat toen nog heette.

Ook mijn moeder is als onderwijzeres naar Indié gegaan (ze is ‘met de hand-
schoen’ met mijn vader getrouwd), en heeft daar een tijd les gegeven, maar

zoals in die tijd gebruikelijk — toen het eerste kind kwam hield ze op met
werken.

Dat was jij?

Nee, dat was ik niet. Dat is een eerder kind geweest, een meisje, dat is
overleden voordat ik geboren ben, en begraven in Klaten. Daar ligt ook een
broertje van me begraven, die is in de eerste oorlogsmaanden ziek geworden,
na de landing van de Japanners. Er kon geen hulp verleend worden, hij had
difterie, en hij was binnen een week overleden.

Hij was jonger dan ik. Ik ben de oudste, het tweede kind van mijn ouders,
maar de oudste overlevende. Ik heb een jongere broer, dan een zuster, en dan
dat broertje wat overleden is, en dan nog weer een zusje vau voor de oorlog, en
na de oorlog heb ik nog twee broertjes gekregen. Ik noem ze nog steeds broertjes
hoewel de jongste daarvan nu toch ook al over de veertig is.



. niteraard zijn de vroegste herinneringen het verste weg ...

Waar kwamen je ouders vandaan?

Er is vrij veel bekend van het voorgeslacht van mijn ouders. Niet dat ik zelf
ooit aan genealogisch onderzoek gedaan heb, maar voor mijn vaders voorgeslacht
heeft een achterneef dat gedaan en van mijn moeders zijde heeft een broer van
mijn moeder heel veel onderzoek gedaan.

Mijn vaders familie is terug te voeren tot Jan Janszoon Baaij, die in 1456 uit
Antwerpen naar Bergen op Zoom kwam, en daarna is dit geslacht in Bergen op
Zoom blijven wonen. Daar zijn ze in de tijd van de Doleantie meegegaan met
de afscheiding uit de Hervormnde kerk, naar wat later de Gereformeerde kerk
geworden is.



Mijn moeders geslacht — zij heten Minderhoud, dus oorspronkelijk komen
ze misschien wel uit Minderhout, vlak over de grens in Belgié. De naam is heel
rijk vertegenwoordigd in West-Kapelle op Walcheren. Mijn moeder is geboren
op Zuid-Beveland.

Ik heb een grote kerkbijbel van mijn ouders, formaat statenbijbel, in leer
gebonden en gedrukt in 1881, en aangeschaft door mijn overgrootvader. Die
was toen lid van de Gereformeerde kerk en is later overgegaan, begrijp ik, naar
de Gereformeerde Gemeente. Dat was de vader van mijn moeders moeder.
Maar mijn moeders vader was weer gereformeerd. Traditioneel behoorden beide
kanten van mijn onmiddellijke voorgeslacht tot de Gereformeerde kerk.

Wat herinner je je nog van je cerste jaren?

Toen ik nog geen jaar oud was zijn we naar Nederland gegaan, mijn ouders
hadden er zo'n zeven jaar opzitten en kregen één jaar verlof. Zelf heriuner ik
me hiervan uiteraard niets.

Ik ben dus 1 jaar geworden in Nederland. Na die lange verlofperiode zijn we
weer naar Indié gegaan. Ook die bootreis naar Nederland en terug herinner ik
me niet, we waren een volle maand onderweg.

. die bootreis naar Nederland en terug herinner ik me niet ...

Van voor de oorlog herinner ik me niet zo erg veel. Ik heb na het con-
centratiekamp een tijd lang blokkeringen gehad waardoor ik een aantal dingen



heel lang niet meer geweten heb. Die zijn later na een periode van ziekte weer
teruggekomen.

Ja, ik herinnerde me het land toen ik daar voor het eerst drie jaar geleden
terug kwam en in Jakarta uit het vliegtuig stapte. Toen dacht ik: deze geuren
herinner ik me; ik stond nog boven aan de vliegtuigtrap.

En toen ik voor het eerst in Yogya en Solo terugkwam had ik een heel sterk
déja vu gevoel, die witte kratonmuren bijvoorbeeld. Er zijn visuele en olfacto-
rische herinneringen die meteen geactiveerd werden toen ik daar terugkwam.

Maar ik herinner me niet zo erg veel van het leven. Uiteraard zijn de vroegste
lierinneringen het verste weg,.

Merkte je iets van spanningen tussen inlanders en Nederlanders?

Voor de oorlog denk ik dat ik politieke spanningen niet gemerkt zou hebben
als die er waren. Rondom mijn ouderlijk huis waren die er niet. Mijn ouders
hadden geregeld studenten in de kost die zoals dat heette uit de buitengewesten
kwamen, Celebes, Sumatra, en die in Jakarta kwamen studeren of daar naar
school gingen, en mijn ouders hadden daar goede relaties mee. We hadden ook
personeel. Ik was erg bevriend met het zoontje van ouze djongos. we speel-
den altijd samen. In en om ous gezin waren er geen spanningen, en politieke
spanningen in het groot zijn mij als kind van toen zeven jaar ontgaan.

Toen kwam de oorlog.

Ik herinner me dat wij, na het uitbreken van de oorlog in Europa, in 1941
als kinderen langs kennissen werden gestuurd, met het rijmpje “Volgend jaar 10
mei, is Nederland weer vrij”. Zo ging je rond om elkaar heil toe te wensen.

Het jaar daarop, in 1942, waren we inmiddels in heel andere omstandigheden
gekomen. Want, zoals bekend, de aanval van de Japanners op Pearl Harbour
was op 7 december 1941, en de landing van de Japanners op Java was in de nacht
van 28 februari op 1 maart 1942. Toen verbleven wij al niet meer in ons huis
in Jakarta. Mijn vader was als landstormer, zoals dat heette, als dienstplichtig
soldaat opgeroepen, en had zijn gezin naar Klaten gestuurd, mijn geboorte-
plaats, waar een oom van mij hoofd van de Hollands-Chinese school was, en
daar konden wij logeren.

En wat ik mij daarvan nog zeer wel herinner is, dat dat niet zo erg lang voor
mijn verjaardag was, 10 maart. Ik denk, dat we, na Pearl Harbour, in de loop
van januari-februari naar Klaten gegaan zijn, en ik zou op mijn verjaardag een
grote meccanodoos krijgen; die stond al in huis. Die had ik al eens mogen zien,
maar ik mocht er niet aan komen, want die was immers voor mijn verjaardag;
en die heb ik nééit gekregen. Dat is een van de grote trauma’s in mijn jeugd. Ik
heb het idee dat ik tegenwoordig technisch Lego koop voor mijn kleinkinderen
omdat ik zelf destijds die meccanodoos niet gehad heb.

De oorlog kwam ook net in je lagere schooltijd, neem ik aan.

10



.. ik was erg bevriend met het zoontje van onze djongos ...

Ik zat net kort in de derde klas toen de oorlog uitbrak. Dat heb ik in zoverre
nooit ingehaald, dat ik nooit goed lagere schoolonderwijs gehad heb.

Wij zijn de oorlog begonnen in een kamp in Sumuwono, dat heb ik terug-
gevonden toen ik daar drie jaar geleden terug was. De barakken staan er nog,
alleen die zijn geweldig klein geworden vergeleken met vroeger. Maar dat kamp
is onmiskenbaar, door zijn ligging op een heuvel, met allemaal trappen.

In dat kamp hadden we het nog redelijk goed. Mijn moeder was zoals gezegd
onderwijzeres, en met andere dames in het kamp organiseerde ze clandestiene
klasjes. In een schuur, met achterkanten van kasten als schoolbord — het heeft
wel het nadeel dat je het krijt haast niet kunt uitvegen. Er werden, hoewel
misschien niet nodig, allemaal lakens gewassen en op lijnen gehangen en tussen
die lakens werden dan klaslokaaltjes uitgespaard. En een van de kinderen werd
op de uitkijk gezet, want het mocht eigenlijk niet. En als er dan een Japanse
kampbewaker langskwam of een heiho’er (dat waren Javaanse hulpbewakers),
dan werd er een of ander afgesproken sein gegeven, en verspreidden we ous. Ik
heb zo dus wel wat les gehad, op het kampschooltje.

Ik denk dat we na ongeveer een jaar van daaruit verplaatst zijn naar een van
de beruchte kampen in Ambarawa; daar was een groot aantal concentratiekam-
pen. En wij kwamen terecht in Kamp 7. Vanuit dat kamp zijn eind 1944 de

11



vrouwen en kinderen, waaronder ook mijn moeder en broer en zusjes, verplaatst.
Er bleven zo'n 700 jongens achter van tussen de 10 en 13 jaar.

Als je tien jaar was, gold je voor de Japanner als volwassen, en als je van het
mannelijk geslacht was, was je dus gevaarlijk en mocht je niet bij de vrouwen
en kinderen blijven maar moest je naar een mannenkamp. Dat is niet gebeurd
onmiddellijk nadat ik tien jaar geworden ben, 10 maart 1944, maar pas aan
het eind van dat jaar. Ik heb dus een klein jaar in een mannenkamp gezeten,
jongens en mannen, en daar werd niets meer aan onderwijs gedaan.

Oudere jongens waren al een keer eerder weggehaald en er kwamen zo'n
2000 mannen bij, dat waren zieken en invaliden uit omliggende kampen, dwang-
arbeiderskampen, krijgsgevangenenkampen, en die moesten wij, 700 jongens,
verzorgen. In dat kamp heb ik van eind 1944 tot na de capitulatie, augustus-
september 1945, gezeten.

Ik zat daar dus zonder te weten of mijn vader of moeder en broer en zusjes
nog leefden, en zo ja, waar die dan wel zaten. Via het Rode Kruis kreeg je een
enkele keer wel eens een levensteken, maar er was heel weinig communicatie.

Hoe kijk je op die tijd terug? Als jongen kun je natuurlijk een hele hoop
dingen ook heel spannend vinden.

Ik denk dat ik daar net iets te jong voor was. Enerzijds neem je het leven
lieel serieus als je hoofd van de huishouding bent, al is het maar een huishou-
ding van één 10-jarig persoon, maar anderzijds was ik, denk ik, gewoon te jong
om het als iets spannends te ervaren. Ik heb het veeleer als iets serieus, iets
verantwoordelijks, en toch ook als iets beklemmends ervaren.

En vergeet niet dat je in toenemende mate uitgeput raakte door ondervoe-
ding. Er waren ook leel veel sterfgevallen en let aantal doden per etmaal steeg
in de loop van de maanden. En wij moesten als jongens al het werk doen.
let corvee, de ziekenzorg, het begrafeniscorvee, maar ook alle beschikbare land
ontginnen, ook nog varkens vet mesten voor de Japanner, en kippen en eenden
verzorgen voor de Japanner, want die at wat beter dan wij en hield van een vers
eitje op zijn tijd. Ik heb een tijd lang in het keukencorvee gezeten, groenten
schoonmaken. Dat nam je heel serieus, maar aan het eind raakte je, teniinste
ik, sterk apathisch door de ondervoeding. Ik herinner mij zeer wel dat als het
corvee afgelopen was, om een uur of drie of zo, ik in het zonnetje tegen de muur
ging zitten, in de tropenhitte. Je was zo ondervoed dat je zelfs de warmte van
de tropenzon nodig had, als een soort energie-inbreng als het ware. Dan zat je
daar maar te wachten tot er een gong ging dat er eten gehaald kon worden.

Ik ben die kampherinnering ook een hele tijd grotendeels kwijt geweest. On-
derdrukt. Ik ben een keer overspannen geraakt, een tijd van slag geweest, 1969-
1970. Toen heb ik een heel slechte tijd gehad, met veel onrust en nachtmerries,
en toen zijn met brokken, mozaiekachtig, geleidelijk allerlei herinneringen te-
ruggekomen die ik dus zo'n 25 jaar weggedrukt had, niet bewust overigens.
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En dat had je misschien ook nodig op dat moment?

Ik denk het wel. Als je opgroeit en probeert weer normaal mens te worden
dan moet je die dingen niet in je toegankelijke geheugen iedere keer tegenkomen.
Dus ik denk dat dat vrij normaal is.

Achteraf ben ik van mening, dat geldt voor het hele gezin — daar heb ik het
onlangs nog met mijn moeder over gehad —, dat wij met z'n allen, mijn broer en
zusters, mijn ouders, die kampervaring heel constructief verwerkt hebben. Wij
Lebben daar voorzover ik kan nagaan geen trauma’s, geen psychische nadelen
van over gehouden. Mijn vader kon er met veel humor over vertellen. Die kon
ook over allerlei nare dingen in het kamp zo vertellen dat je erom lachen moest,
ook ik. Maar goed, ik ben te jong geweest om dat zelf te kunnen relativeren.
Ik kan dat nog steeds niet, maar ik kan er wel met grote gelijkimoedigheid op
terugzien. Ik heb daar echt geen problemen mee.

Het is overigens wel zo dat, toen ik voor het eerst naar Japan ging, dat toch
een ervaring was die ik niet helemaal emotieloos doormaakte. Maar dat is ook
gauw over.

Hebben je oorlogservaringen je sneller volwassen gemaakt?

Ik denk het eigenlijk wel, ja. Ik heb mij nooit meer kind gevoeld. Je bent
verantwoordelijk geweest voor je eigen bestaan, en dat leg je nooit meer helemaal
af. In tegenstelling tot mijn broer en zusters die allemaal jonger zijn dan ik en
die bij mijn moeder gebleven ziju. Maar die hebben natuurlijk ook het nodige
meegemaakt, die hebben ook geen normale jeugd gehad, maar die hebben de
dingen toch weer anders verwerkt dan ik.

Ik denk achteraf dat het een waardevolle ervaring is geweest, op zijn manier.
Maar het is wel zo dat ik me er heel lang niet in heb willen verdiepen. Dat ik
niets wilde lezen over de oorlog en over het gebeuren in het kamp. Ook niet over
de oorlog hier in Europa hoor, ik wilde daar eigenlijk niet mee geconfronteerd
worden.

Enerzijds is er een puur psychisch automatisme geweest waardoor een hele-
boel dingen weggedrukt zijn, Freud zou wel kunnen verklaren waarom. Maar
anderzijds wilde ik er ook zo weinig mogelijk bewust mee bezig zijn. Ook dat
wordt op den duur milder. Op een gegeven ogenblik ben je toch nieuwsgierig
wanneer het ook al weer precies was, en dan ga je weer een paar dingen opzoeken
en nalezen. Ik leb eens een keer een boek gekocht over de krijgsgevangenen-
kampen in Indonesié. Dat was trouwens toen ik drie jaar geleden daar voor het
eerst weer naar toe ging, toen wilde ik zoveel mogelijk van dit soort plaatsen
terugvinden, en het zit me nog steeds dwars dat ik dat kamp in Ambarawa niet
teruggevonden heb. Ik wist dat het er niet meer was, hoor, ik wist dat het
lelemaal verwijderd is, maar ik had zo'n gevoel van als ik die plek kan terug-
vinden dan moet ik dat toch kunnen herkennen. Maar ik heb daar geen enkel
gevoel van herkenning gehad. Sumuwono wel, en daar ben ik blij om, dat ik dat
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heb kunnen vinden, dat was heel plezierig, toch heel goed om daar weer eens
te lopen, vooral omdat we met z'n tweeén waren, mijn zus en ik, zij herinnerde
zich weer andere dingen dan ik, en ja, dat was goed.

Ouderen die het meegemaakt hebben, dat merk ik wel, praten er makkelijker
over. Ik heb het toch, laat ik zeggen, heel animaal meegemaakt, je was aan het
overleven en je leefde in deze omstandigheden, er was niets bijzonders aan, leuk
was het niet, extra bedreigend, zo ervoer je het ook niet — je werd handig in
het overleven, en je zorgde voor jezelf, en verder de orde van de dag.

Ik heb eens een keer ’s nachts meegedaan aan een inbraak bij het varkensvoer,
voor de varkens van de Jappen, dat was gemalen en geperste kaf van rijst,
gabbah. Ik heb een stukje veroverd en verstopt, zoiets was riskant. Als je
gesnapt werd dan kreeg je een belhoorlijk zware straf van de Japanners. Maar
ik ben niet gesnapt en dat heeft mij wat bijvoeding gegeven enige tijd, en dat
beschouwde je helemaal niet als avontuurlijk, als leuk, interessant of dapper, of
wat dan ook, nee, dat was gewoon een stukje overleven.

Terwijl ik merk van verslagen van ouderen — die hebben het veel bewuster
meegemaakt, en hebben veel meer geweten wat ze deden. Twee of drie jaar
ouder maakt al veel verschil. Ik bestond, ik overleefde.

Je zag veel doden om je heen. Dat zegt je dan misschien ook heel weinig
meer-.

Ja. Er was in het kamp een bord en daarop werden de namen opgeschreven
van diegenen die de afgelopen 24 uur overleden waren. En of het precies zo
gebeurd is dat weet ik niet, maar zo herinner ik het mij, de commandant had
er op een gegeven ogenblik een premie op gezet dat als we voor het eerst een
bepaald aantal haalden, 20 of zo, dan zouden we extra eten krijgen. Toen
stonden we dus voor het bord: Ach, er zijn er weer maar 17 dood; en op een
gegeven ogenblik: Ha! het zijn er 21, en toen kregen we een extra portie eten.
En de dag daarop kregen we weer lhelemaal niets, want ja, die commandant
moest met zijn budget rondkomen.

De verjaardag van Tanno Heika, de keizer, werd gevierd en dan kregen we
vlees. Een of twee honden voor het hele kamp. Die gingen in de soep en als je
geluk had dan vond je een draadje.

Ik heb gelezen dat de Japanse soldaten heel braaf waren in het opvolgen
van orders. Aan het begin van de oorlog is er een bepaald bedrag, zoveel cent
per dag, per gevangene vastgesteld voor voedsel, en daar hebben ze zich aan
gehouden. Alleen, in de loop van de oorlog had je een inflatie van een paar
honderd procent, en Tokyo is er nooit aan toe gekomen dat bedrag bij te stellen.
En dus ging ons voedsel met factoren naar beneden, want het bleef tot het einde
van de oorlog zoveel cent per dag. Aan het eind kon je er maar weinig meer
voor krijgen.

Hoe was het einde van de oorlog?
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Na de oorlog ben ik vanuit Ambarawa op clandestiene wijze liftend dwars
door de linies heen, levensgevaarlijk, bij mijn moeder terecht gekomen, die in
Semarang zat, in een vrouwenkamp. Pas na maanden zijn wij verenigd met mijn
vader die in een krijgsgevangenenkamp in Bandung zat.

Dat was ook mijn eerste vliegtocht in zo’n groene leger-Dakota. Zo’n soort
vliegende aluminium vuilnisbak, waar je op klapstoeltjes zat met een grote pa-
pieren zak, omdat iedereen zat over te geven en onpasselijk te zijn. Maar daar
heb ik gelukkig nooit last van gehad, want ik vond het zelf wel prachtig. Ik
geloof dat ik de enige van het gezin was die alles binnen hield.

Na de corlog ben ik toen meteen maar in de tweede helft van de eerste klas
HBS begoinen. Dat was misschien niet helemaal volgens de regels, maar mijn
vader was weer les gaan geven, in Bandung. Hij was, aan een school met zo’n 600
leerlingen, de enige bevoegde geschiedenisleraar. Hij had een team van mensen
die toch werkloos waren, een kapper, een boekhandelaar die alles kwijt was, en
die gaf hij dan instructies in wat ze moesten doen. Eén of twee schoolboeken
waren er, en die circuleerden dan de hele klas rond.

Mijn vader had dus nogal een sleutelpositie en wist mij, toen het gezin ein-
delijk herenigd was — dat had cok nogal wat voeten in de aarde —, op school
ingeschreven te krijgen. Ik had toen een rapport waarbij ik volgens alle regels
had moeten blijven zitten, maar ook daar werd soepel over gedaan, en mijn
moeder heeft me geweldig bijgestoomd, iedere dag in de vakantie hard werken
aan allerlei lessen, en zo ben ik in de tweede klas gekomen. Toen ging het al wat
beter — in het land der blinden is eenoog koning, en ik had een goed thuisfront.

In die tijd merkte ik wel wat van de spanningen tussen inlanders en Neder-
landers. Dwars door Bandung liep de demarcatielijn. Ik heb daar de granaten
door de straat horen gieren, dan sloegen ze een eindje verderop in, en dan kwam
er weer een.

Je kon dus ook de stad niet uit. We zijn één keer naar de Dago-waterval
geweest met een Nederlandse militair, er waren militairen van de politionele
acties en mijn ouders stelden daar hun huis onmiddellijk voor open. Dus die
kwamen bij ons koffie drinken en eten en gezelligheid zoeken, en een keer heeft
zo'n militair, gewapend, ons meegenomen naar de Dago-waterval. Toen was dat
gevaarlijk terrein, daar kon je pemuda’s tegenkomen, daar kon je niet naar toe
zonder militair met geweer. Tk was overigens te jong om dat echt als spannend
te ervaren. Dat was gewoon een randvoorwaarde van het bestaan.

Toen probeerde men in Bandung het Christelijk Lyceum weer op te richten,
aan wat toen de Dagoweg heette. Ook daar ben ik drie jaar geleden teruggeweest
en heb de school herkend, ook die was veel kleiner geworden.

Maar om die school destijds weer opnieuw te kunnen oprichten was er een
minimum aantal leerlingen nodig en mijn vader, grootmoedig als altijd, gaf mij
op voor die school aan de Dagoweg. Toen zat ik ineens in het Gymnasium, dat
was bijna een uur lopen van waar wij woonden — heen, en een uur terug, iedere
dag. Nou daar zat ik nog maar net een paar maanden op en toen gingen we
naar Nederland.



.. iedere dag in de vakantie hard werken aan allerlei lessen ...
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Waarom zijn jullie teruggegaan naar Nederland?

Mijn vader was met hart en ziel leraar, maar hij is in het kamp praktisch
blind geworden en kon niet alles wat een gezonde, valide leraar kon. Op een
gegeven ogenblik gaf dat een conflict. De leiding van de school vroeg mieer
van hem dan hij kon opbrengen. Toen leeft hij zich laten keuren en werd hij
onmiddellijk afgekeurd en naar Nederland gestuurd met de eerstvolgende boot.

Dat was november 1947, en die tocht op de “Oranje” was een geweldige
belevenis, één van de hoogtepunten in mijn leven. Een lijnboot als de “QOranje”
was een prachtig stuk techniek, erg indrukwekkend. Wij, mijn jongere broer
en ik, hadden de vrijheid om overal naar toe te gaan. Mijn zusje daaronder
was net te jong en moest bij de kinderopvang blijven. Maar wij konden over
de hele boot. Maar het allerbelangrijkste was dat er genoeg te eten was. We
waren geweldig ondervoed uit het kamp gekomen, en dat eerste anderhalf jaar
na de oorlog was nog steeds een periode van grote zuinigheid, en van, laten we
zeggen, ook geen bijzonder rijke voeding. En daar aan boord heb ik voor het
eerst bewust appels en peren gegeten, en havermout en van alles en nog wat,
dat was een heus paradijs.

Wij zijn als hele kleine ondervoede magere scharminkeltjes naar Nederland
gekomen, en dat was toch al eind 1947. We kwamen aan in het begin van de
winter, 30 november of zoiets, staat me bij, want de volgende dag zag ik voor
het eerst hagel, geen idee wat dat was. Er lag ineens wit grind, dat er de vorige
nacht niet geweest was. Ik kreeg dan ook prompt binnen twee maanden een
zware longontsteking. Nadat ik die overleefd had ben ik in een jaar van de
kleinste van de klas tot de allerlangste van de klas doorgeschoten en heb een
heleboel ingehaald in lengte en breedte en nassa.

Waar heb je toen gewoond en ben je naar school gegaan?

We woonden in Bergen op Zoom, maar ik zat op school in Goes. Aan die
school, het Christelijk Lyceum voor Zeeland, heb ik heel goede herinneringen.
Er kwamen leerlingen uit heel Zeeland. Het was boeiend, ik ging graag naar
school.

Er was één nadeel aan de situatie. Vanuit Bergen op Zoom moest ik ’s
morgens al om 6 uur met de stoomtrein mee want de trein van 8 uur was te
laat, dan kwam ik pas om 9 uur op school. En ik kwain ’s avonds laat terug en
ik had natuurlijk mijn huiswerk.

Ik kwam niet toe aan een sociaal leven in Bergen op Zoom, behalve zondags
bij miju grootmoeder, koffie met ontbijtkoek, en dat was ook niet zo erg sociaal
op mijn niveau. Terwijl ik in Goes ook buiten de vriendenkringen bleef, want
ik kwam pas tegen schooltijd en ik ging meteen na school weg om de eerste
trein te halen, want die treinen reden maar eens in de twee nur, dat was niet
zo erg leuk. Ik ben dus een beetje zonder speelvrienden, zonder vrienden met
wie je sociaal contact hebt, opgegroeid. Ik had wel vrienden op school maar die
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woonden dan ook heel ergens anders. Een goede vriend woonde in Yerseke en
die zag ik alleen maar op school.

Het Christelijk Lvceum voor Zeeland was in die tijd een kleine school, pas
gestart. nog zonder erkenning, en dat was een beetje behelpen, wat lokatie
betreft en wat docenten betreft. We zaten toen ik daar op school kwam (dat
was halverwege de derde klas) in een oud gebouw, ik denk dat dat een oud
weeshuis was of zo.

We waren als derde klas de hoogste klas, en we bleven dat, mijn hele school-
periode, en dat gafl ons een bijzondere verantwoordelijkheid. Als we ons hadden
misdragen tegenover een leraar — dat wil zeggen, dat vond die leraar, die ging
zich beklagen — dan werden we hij de rector geroepen en die zei dan: “Jullie
zijn de hoogste klas en jullie moeten het voorbeeld geven, daarom zal ik jullie
nu geen straf geven maar ik reken erop ...". Ja, Let was een heel aparte sfeer.

Door mijn lacunaire ondergrond zakte mijn rapport weer volledig in elkaar,
en toen herhaalde zich het spelletje. Ik had volgens alle regels moeten blijven
zitten, met een 3 voor Latiju, een 4 voor Grieks en een onvoldoende voor dat,
maar de rector in Goes had zelf in Indié gezeten en die wilde me wel een kans
gevel.

Weer een zomer heel hard geblokt en in de vierde klas heb ik toen geleidelijk
aan mijn cijfers op weten te halen, en met de overgang van 4 naar 5 waren alle
onvoldoendes verdwenen, en daarna is de zaak naar een redelijk nivean gebracht.

In die laatste klassen, 5 en 6 gymnasinm, zaten we met z'n zevenen in de
klas. Pas in mijn eindexameunjaar, in 1951, heeft de school erkenning gekregen.
Er was nog een tijd lang sprake van dat wij op een andere school examen zouden
moeten doen. Net op tijd is dat in orde gekomen.

Het was ook voor de leraren voor een deel een opoffering. De school was niet
gesubsidieerd dus ik denk ook niet dat ze hetzelfde salaris gehad zullen hebhen
als de leraren aan een wel erkende en gesubsidieerde school. Maar het was
heel intiem, doordat het klein was en doordat de leraren enthousiast waren. Ze
probeerden je echt wat over te brengen. Ik heb daar heel positieve herinneringen
aan.

Welke vakken vond je leuk op school?

Wiskunde vond ik erg leuk, ik had les van de heer Maas; die was K5-er maar
een leel solide en betrouwbare leraar. Als gymnasiast kreeg ik ook analyti-
sche meetkunde, uit het boek van Schreck, als ik het goed heb. Daar kwamen
coordinaat-transformaties aan de orde, maar alleen maar translaties, en dan
wilde ik op een gegeven moment weten wat er gebeurde bij rotatie. Nou meneer
Maas kwam met zijn exemplaar van Barrau en had daar een bladwijzer bij ge-
daan waar de coordinaat-transformaties stonden en leende dat aan mij uit, en
dat bestudeerde ik dan, dat had hij voor X5 moeten doen. Hij kon het me niet
uitleggen maar hij kon wel zijn boek uitlenen en dat vond ik erg leuk.

En zo waren er meer leraren die echt wat voor je deden. De leraar Duits, die
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mij een boek over filosofie uitleende en die mij op het spoor zette van het oud-
Duitse Nibelungenlied en dergelijke. En de leraar Nederlands, meneer Cornet,
die geweldig enthousiast was, die ook altijd bereid was om zich te laten afleiden
om over zinnige culturele onderwerpen met de klas te praten. Ik heb daar erg
veel van geleerd, vooral door zijn enthousiasme. Door natuurkunde werd ik erg
geboeid, door de leraar Hoogteijling.

Ook kwam er een leraar, de heer Mulder, die pas zijn ingenieursexamei
in Wageningen had gehaald, zowel voor biologie als voor scheikunde, ook een
enthousiast iemand, waar ik graag bij op les kwam. Biologie was een van mijn
lievelingsvikken, dat was mijn enige 10 bij het eindexamen. Ik was eigenlijk ook
van plan o1 1 biologie te gaan studeren, maar die enthousiaste leraar natuurkunde
heeft me overgehaald om naar de VU te gaan voor natuurkunde, daar had hij
zelf gestudeerd.

Het was een school die heel weinig had. Proeven konden er nauwelijks gedaan
worden. Ik herinner mij nog dat er eens een fles kwik was aangeschalft, en toen
kwam de werkster, die wou de fles oppakken en die had helemaal niet in de
gaten dat dat kwik was. Ze schrok zo van dat gewicht en liet hem vallen en
daar brak-ie. Gelukkig in de gootsteen, en uit de elleboog kon nog een deel van
het kwik gered worden. Maar dat was bijna het hele practicumkapitaal dat daar
werkelijk ‘through the drain’ ging.

Maar ach, mijn zwakke vakken waren de talen. Daar heb ik ook erg lacunair
les in gehad en daar ben ik nooit sterk in geworden. Ik heb nooit goed Frans
geleerd bijvoorbeeld, want de eerste leraar Frans, die is aan tbe overleden
daar stierf je toen nog aan, kort na de oorlog —, toen hebben we een tijd zonder
leraar Frans gezeten, en toen kreeg de leraar geschiedenis opdracht om Frans
te geven want die had in Belgié gewoond, dus die was relatief deskundig. Dat
was de heer Van Dijk, zijn vrouw is de bekende schrijfster van streekromans
geweest, Nellie van Dijk-Has. Ik heb van mijnheer Van Dijk leuk geschiedenis
gehad, maar ik heb geen Frans geleerd. Toen kregen we daarna een juffrouw
Frans, die was nauwelijks ouder dan de oudste jongen in de klas, misschien nog
jonger, die had toch wel enige moeite met orde in de klas. Kortom, Frans is
nooit mijn sterkste vak geworden.

Maar Grieks vond ik leuk onder de talen, en dat vind ik nog steeds een heel
leuk vak, en van Latijn heb ik ook nog wel wat opgestoken. En voor de exacte
vakken hoefde ik niks te doen.

En gymnastiek?

Nee, daar was ik de miskleun. Dat kwam ook, de eerste jaren ging ik vanuit
Bergen op Zoom in Goes op school, dat is maar een kilometer of 40, denk ik,
maar in die tijd ging er nog een stoomtrein eens in de twee uur. En die deed
er een uur over, ja, en dan kon je soms twee uur later vertrekken als je het
eerste uur mocht missen. En vooral als het eerste uur gymnastiek was, dan
wist ik het voor elkaar te krijgen dat ik daar toestemming voor kreeg. Mijn
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gymnastiekopleiding laat dus te wensen over.
Na je eindexamen, in 1951, ben je gaan studeren aan de Vrije Universiteit.

Ja, daarna ben ik naar de VU gegaan. Mijn vader zag aankomen dat ik zou
gaan studeren, probeerde de zaak economisch in de hand te houden, en had
inmiddels gesolliciteerd naar een positie in Alphen aan de Rijn, en in 1951 zijn
we daarheen verhuisd.

Toen wij daar woonden is Avifauna opgericht; dat gaf in het dorpsleven nogal
wat commotie. Ik ben daar geweest. Ik ben altijd een groot liefhebber van
dieren, in het bijzonder van vogels geweest. Dus Avifauna was best de moeite
waard. Het was alleen nauwelijks te betalen voor ons. Mijn ouders moesten na
de oorlog behoorlijk zuinig zijn, want die zijn volledig berooid, zonder iets, uit
Indié teruggekomen en moesten wel zes kinderen groot brengen.

Ik herinner me verder nog hoekhandel Haasbeek, die bestaat nog steeds.
Haasbeek trok liet land rond en kocht overal winkeldochters op en verkocht die
voor een verlaagde prijs. In die hoekhandel heb ik heel wat uren rondgehangen
en heb daar ook heel wat zakcentjes naartoe gebracht om toch maar weer een
boek aan te schaffen.

Dat heeft de basis gelegd voor je boekencollectie?

Die basis is al in Indié gelegd, vlak na de oorlog. De Japanners hadden een
rare gewoonte. Ze sorteerden alles en sloegen dat dan weer op. Dan had je dus
een straat daar was een aantal huizen helemaal volgestouwd met stoelen, in de
volgende straat stonden de tafels, die ameublementen waren uit elkaar getrok-
ken. En weer in een volgende straat stonden de bedden, en zo was er een groot
huis volgestouwd met boeken. Alle mensen waren geinterneerd, alle blanken,
die huizen stonden leeg, en de Japanners hadden alle huisraad opgeslagen, maar
eerst wel even sorteren. Alle boeken waren bijeen gebracht in een verdiepings-
huis (zoals we dat noemden in Indié). En die boeken moesten geregistreerd
worden, en ik heb als jochie in Bandung zakgeld verdiend door van de boeken
de titels op te schrijven, lijsten te maken van die boeken, en ach, ik mocht wel
eens een boek meenemen van de toeziende man die daar de leiding gaf. Daar
komnen niijn eerste boeken vandaan. Nog niet zo veel maar daar begon het mee.
Ik had dus al een paar boeken toen ik uit Indié kwam.

Wat had je grootste interesse? Fictie, non-fiction, ...

Dat was gemengd. Zowel De Drie Musketiers als De Wonderen der Wereld,
en een boek over kunstgeschiedenis. Van de heer Haasbeek, de boekhandelaar
in Alphen aan de Rijn, heb ik bij mijn doctoraal nog een boek gekregen, en
dat waren de Analects van Confucius. Ik heb het nog steeds. De vertaling
van de wijze woorden van Confucius. Daar was ik ook altijd in geinteresseerd,
religies, gewoonten, met name religieuze gewoonten van andere volkeren. Ik heb
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als student de Koran van begin tot eind, alle sura’s, doorgelezen. Ik had de
Nederlandse vertaling gekocht, met aan de ene kant, zo hoort het bij een goede
vertaling, Arabisch waarvan ik alleen de Arabische cijfers heb leren ontcijferen,
en aan de andere kant Nederlands, in kolommen naast elkaar.

Ik heb mijn hele leven een zwakke plek gehad en dat zijn maagzweren. En
daar heb ik voor het eerst voor gekuurd in 1954. Maar toen betekende dat nog
6 a 7 weken plat en niet bewegen en heel laffe kost. Lezen met behulp van
een plankje en zo, je mocht niet overeind komen. De theorie was toen nog dat
dat nodig was om zo'n maagzweer te genezen. En in die tijd heb ik de Koran
uitgelezen. Tk had hem al, een vertaling van het Almadija Genootschap. De
vertaling van Kramers heb ik gekocht zodra die uitkwam. Drie Nederlandse en
twee Engelse vertalingen heb ik van de Koran. Ik heb hem toen doorgelezen en
hele discussies gehad met de predikant die op ziekenbezoek kwam.

Je hebt nu heel vaak kerkelijke discussies en zo. Dat mensen de vraag stellen
van “Waarom is de ene godsdienst meer waar dan de andere?”. Nou die vraag
kwam toen bij mij ook al op en ik heb die vraag ook aan de predikant gesteld,
van “Ja, waarom moet ik de bijbel voor waar houden en de Koran nou niet?”.
Uiteindelijk is dat natuurlijk geen zinvolle vraag, maar laten we daar nu niet op
in gaan. Maar dat soort discussies had ik toen met de predikant.

Ik kan wel stimulansen aanwijzen. In de eerste plaats mijn Indische verleden,
waar je natuurlijk opgroeide in een cultuur die Islamitisch is. In de tweede plaats
die school in Goes waar ik naar toe ging. Dat was een Christelijke school die
erg veel werk maakte van zijn Christelijke karakter. Op een Christelijke school
heb je vaak godsdienstles, maar die school in Goes had verschillende religieuze
vakken. We kregen een vak Kerkgeschiedenis waar ik echt veel van geleerd
heb. We kregen een vak Bijbelkennis en een vak Zendingswetenschappen, en
bij dat vak werden ook de grote godsdiensten van de wereld behandeld. Dus
op de middelbare school maakte ik al kennis met andere godsdiensten, onder
deskundige leiding. Er waren dominees die les gaven, maar dit was een dominee
die er echt wel verstand van had. Met de hoofdlijnen van het Hindoeisine,
Boeddhisme, de Islam, het begon met animisnie en dynamisme, het was keurig
netjes systematisch opgebouwd. Dat boeide me, dat vond ik interessant, en ben
ik altijd interessant blijven vinden.

Ik heb geprobeerd in de loop van de tijd naar de bronnen terug te gaan.
Ik heb materiaal over het Boeddhisme, Hindoeisme, het heeft me altijd gein-
teresseerd. Het interesseert me nog steeds hoe andere mensen, andere culturen
denken, ik probeer mij in te leven hoe mensen uit zo'n cultuur hun bestaan
beleven, ik probeer daar enige empathie voor te ontwikkelen, daar hoort de
Islam zeer beslist bij.

Hoe verliep je studie?

Ik heb tot mijn kandidaats vanuit Alphen aan de Rijn als bus-student ge-
studeerd aan de VU. Dat betekende dat ik ook geen lid was van een of andere
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studentenvereniging, ik was nihilist zoals dat toen heette, maar dat heb ik ook
overleefd.

Zoals ik al eerder zei, had ik heel lang biologie willen gaan studeren, maar
het is mijn leraar natuurkunde geweest die gemaakt heeft dat het natuurkunde
werd. En ik heb daar nooit spijt van gehad, al bleek dat later wiskunde te
worden.

Je kon op twee manieren kiezen voor natuurkunde in die tijd: letter A en
letter D. Letter A was wiskunde en natuurkunde met sterrenkunde. Letter D
was natuurkunde en wiskunde met scheikunde. Ik heb voor A gekozen. Sterren-
kunde leek me ook wel leuk en wiskunde vond ik ook leuk. Hoewel scheikunde
ook niet bepaald een van mijn slechte vakken was.

De VU was toen nog een kleine universiteit. Als ik het goed heb waren wij
in 1951 voor A met zo’n 13 studenten. En dan was er nog een aantal studenten
D (waaronder Maarten Maurice), en wat verder weg zat E en zo. Tussen A en
D zat niks. Verschillende mensen uit die tijd kom ik nog steeds tegen op de VU.
Nel Velthorst, Guus Somsen, dat zijn allemaal studiegenoten.

Wat herinner je je nog van de hoogleraren natuurkunde?

Ik herinner me de colleges van Sizoo, dat was ecn inspirerend docent, boei-
ende man, was in die tijd bestuurder van TNO. Hij nam geen tentamens af, dat
liet hij zijn assistenten doen, maar hij gaf nog wel college.

Ik herinner me ook de colleges van de theoretisch natuurkundige Jonker,
maar die heb ik pas leren kennen na het kandidaatsexamen. Ik herinner ne zeer
wel een van de jongere, zeg maar, adjudanten, van Sizoo, die ook tentamens voor
hem afnam en dat was Jan Blok. Die is ook al weer jaren geleden overleden.
Het enige tentamen waarvoor ik ooit gezakt ben was bij Jan Blok, atoomtheorie.
Toen mocht ik nog geen Jan zeggen uiteraard, de afstand tussen docenten en
studenten was groter dan nu.

In mijn tijd was Andriessen de portier van het VU-gebouw in De Lairesse-
straat, een echte Amsterdammer, een heel zware man, en die bewaakte de lift,
want die was alleen voor hoogleraren en wij als student probeerden toch wel
eens via de lift te gaan. Maar als Andriessen je in de kraag kon grijpen dan
stuurde die je de trap op hoor!

Wie gaf sterrenkunde?

Grosheide. Dat deed hij heel consciéntieus; ik vind dat hij dat goed deed. Ik
heb zijn sterrenkunde altijd begrepen. Zijn meetkunde heb ik vaak pas achteraf
begrepen. Pas later door zelf boeken over lineaire algebra te gaan bestuderen
ontdekte ik dat ik dat bij Grosheide ook al geleerd had. Ik kon het wel repro-
duceren maar ik kon het kennelijk niet in een verband plaatsen. Grosheide was
heel erg formeel. Hij gebruikte de kern-index-methode, systematisch, kennelijk
kun je zo'n mmethode leren correct te hanteren zonder dat je weet wat je doet. En
dat hebben meer mensen gemerkt aan colleges van Grosheide. Maar Grosheide
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gaf boeiend sterrenkunde, dat wil zeggen, ik werd er door geboeid.

Wanneer heb je besloten toch wiskunde te gaan doen en hoe ben je daartoe
gekomen?

Dat is in de loop van de voorkandidaatsstudie gebeurd. Toen ik eenmaal
kandidaats gedaan had was het duidelijk dat ik verder zou gaan met wiskunde
als hoofdvak, in het bijzonder door de colleges van Koksma en Mullender.

Ik koos wel natuurkunde als bijvak, in eerste instantie, maar ik heb toen een
aanvaring gehad met de practicumleider, die vond ik niet zo erg plezierig. Ik had
denk ik ook de pech dat ik mijn kandidaats deed op een moment waarop geen
anderen eea bijvak natuurkunde begonnen, en ik kreeg dus een opdracht om in
mijn eentje een apparaat in elkaar te zetten. Dat ging van: hier is wat materiaal,
hier is een soldeerbout, en daar is het magazijn, en maak maar een univibrator.
Nou ja, de natuurkunde-hoofdassistent, de heer Hamers, verwachtte dat ik daar
dag en nacht aan zou werken want ik legde daarbij beslag op kostbare appara-
tuur: oscillografen e.d., en ik vond 2 & 3 middagen in de week wel voldoende,
want ik wilde ook mijn wiskunde bijhouden. En dat heeft op een gegeven mo-
ment tot een botsing geleid; toen is mijn apparatuur weggehaald onder het mom
van: Je bent er toch nooit! En ik ben nou eenmaal zo, ik accepteer een hele tijd
verschillen van mening, maar dan word ik dwars, dus toen ben ik naar de heer
Hamers toegegaan en heb gezegd: Ik zie van mijn studie natuurkunde af.

Dus je keuze voor wiskunde is terug te voeren op die meccanodoos die je niet
gekregen hebt?

Ja vast. Een oude frustratie, die blijft doorwerken. Toen ben ik als een
van de eersten toegelaten tot het uitgebreid wiskunde. Formeel was er die mo-
gelijkheid, dus hoofdvak wiskunde met slechts één bijvak. Maar Koksma en
Grosheide en Mullender waren daar niet voor. Dat gaf maar eenzijdige studen-
ten, je moest bijvakken doen, liefst natuurkunde want daar komen tenslotte alle
differentiaalvergelijkingen vandaan, waar je als wiskundige zoveel plezier aan
beleeft. Maar ik heb voor elkaar gekregen dat ik uitgebreid wiskunde mocht
doen, door te beloven dat ik nog meer zou doen dan een dubbele portie, met
meteorologie als bijvak. Mechanica zat er ook bij, zal wel onderdeel van het
verplichte wiskundepakket geweest zijn.

Welke herinneringen heb je aan de wiskundecolleges?

Koksma was een geweldig enthousiast en inspirerend docent, had vanuit zijn
enthousiasme een heel leuke manier om met je om te gaan. Tentamens deed je
toen nog bij hoogleraren thuis en tentamen bij Koksma was een ervaring, daar
ging je met vrees en beven naar toe. Maar als ik daar op terugkijk, die man was
ook dan vormend met je bezig, je leerde daar op het tentamen. Grosheide was
heel systematisch en verlangde van je dat je het precies zo terug kon vertellen

23



als hij het je verteld had, tenminste zo beleefden wij dat.

Aan de colleges van Mullender denk ik met plezier terug. Hij heeft altijd iets
speels gehad, je zou het ook iets slordigs kunnen noemen, maar speels en een
beetje slordig horen vermoedelijk bij elkaar. Die kon heel geniaal met zijn vak
omgaan maar liep weleens vast in zijn epsilons en delta’s.

De VU was in die tijd klein, en verschillende colleges werden gecombineerd,
maar voor diegenen die A gekozen hadden werden nog eens op een apart college,
ik meen op de woensdagmiddag, de puntjes op de 1 gezet. Dus op het brede
college werd wel eens een aantal dingen geponeerd, en dan kreeg je op het aparte
college bij voorbeeld de sneden van Dedekind.

Ik wilde aan het eind van het eerste jaar al meteen tentamen doen, ik was
kennelijk nogal ijverig en was goed bij. Ik heb toen meegemaakt dat ik tijdens
het college analyse, zeg maar voor het brede publiek, Mullender kon helpen
die was vastgelopen in een bewijs. Dat bewijs had hij ook al gedaan op het
aparte college en dat had ik al geleerd, dus ik kon hem vertellen hoe het verder
moest. Ik geloof nog steeds dat dat mij geweldig geholpen heeft. Want toen
ik eenmaal bij Mullender tentamen kwam doen, toen kwam ik daar vrij vlot
doorheen. Ik zie me nog zitten met bibberende handen, met zo’n kopje thee dat
mevrouw Mullender binnenbracht, vol prachtige concentrische kringetjes: toen
was ik geloof ik al geslaagd ...

Koksma had de zeer aantrekkelijke gewoonte om colleges te geven voor alle
jaren — voorkandidaats, nakandidaats, tot vijfde-jaars toe. College verzame-
lingenleer, college groepentheorie, en dat waren heel leuke colleges, dat deed hij
met heel veel flair, met veel improvisatie ook, maar dat was boeiend.

In die tijd was het onderwijs aan de VU nog tamelijk conservatief. Het college
groepentheorie kwam niet verder dan het allereerste beginstukje, een bladzijde
of zestig in Van der Waerden Deel I, en misschien nog wel minder. En een van
de argumenten waarmee ik destijds voor elkaar kreeg dat ik uitgebreid wiskunde
doctoraal mocht doen was dat ik Koksma aanbood om geheel Van der Waerden
te doen als tentamen. Ik denk dat ik toen meer in Van der Waerden gelezen
had dan waar hij ooit aan toe gekomen was. Ik heb daar veel van geleerd. Ik
vond het een schitterend boek.

Werd er topologie gegeven in die tijd?

Ouderejaars vertelden met een zekere nostalgie dat Grosheide eens een caput

en ik verstond hen maar niet, ‘tautologie’ verstond ik — gegeven had, maar
ik begrijp dat hij een keer een college topologie heeft gegeven, ik neem aan
voornamelijk algebraische topologie. Maar dat was dus een legende, dat was
ééns een keer gebeurd. Ikzelf was al aan het eind van mijn studie toen er bij
de nieuwe boeken in de bibliotheek een boek lag van Kelley, General Topology.
Ik heb daarin zitten kijken en dat was volkomen abracadabra voor me, maar
het leek me wel heel erg interessant. Ik heb dat boek toen gekocht en gelezen,
dat was mijn eerste kennismaking met topologie, maar toen was ik al bijna
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afgestudeerd.
Waren er nog meer vakken die jou in het bijzonder aantrokken?

Tk vond eigenlijk het hele wiskundeprogramma leuk. Als gymnasiast had ik
geen beschrijvende meetkunde gehad, en dat moest je dus inhalen, net zoals de
HBS-ers wat analytische meetkunde moesten inhalen. Mullender gaf opdrachten
voor beschrijvende meetkunde, en ik herinner me nog dat ik als tentamenop-
dracht een regelmatig twaalfvlak moest tekenen in drie verschillende projecties,
dus volledig geconstrueerd. Dan moet je om te beginnen de regelmatige vijfhoek
construeren en daarna verder met centrale projectie en orthogonale parallel-
projectie en zo. Dat moest keurig op een groot papier in inkt, dat werd dan
ingeleverd en daarna besproken. Het leverde uiteindelijk een handtekening op.
Ik had nooit leren tekenen, ik heb toen voor het eerst een trekpen gehanteerd.
Ik heb boeken van Van Veen en zo gelezen, over beschrijvende meetkunde, en
ik vond dat leuk en boeiend en heb dat met plezier gedaan.

Eigenlijk vond ik alles leuk. Maar wat mij bijzonder aantrok was alge-
bra, verzamelingenleer, en na het kandidaats ook weer de capita van Koksma,
bijna-periodieke functies, heel boeiend. Tegenwoordig heb je het over de Bohr-
compactificatie en dan trek je het in de harmonische analyse. Maar dat gebeurde
toen nog echt op reéle getallen zonder generalisatie naar topologische groepen.
Dat vond ik een heel boeiend college. Koksma gaf een aantal colleges waarin
iedere keer eenzelfde structuur aan de orde kwam, een Banach-ruimte of Banach-
algebra die volledig was, en dat heb je bij de bijna-periodieke functies zo. Waar
had je dat nog meer bij? Bij Fourier-transformaties en Fourier-reeksen, en dat
behandelde hij dan systematisch op dezelfde manier. Je had een eenduidig-
heidsstelling en een volledigheidsstelling en de ongelijkheid van Parcefal en dat
kwam dus in verschillende contexten terug. Heel weinig efficiént maar wel heel
leerzaam. Je gaat dan inderdaad zien dat er een gemeenschappelijke structuur,
een abstracte structuur, ligt achter allerlei concrete wiskunde. En dat heb ik
boeiend gevonden.

Statistiek, daar heb je het nog niet over gehad.

Nee, dat werd nauwelijks gegeven. Van Rooijen was buitengewoon hoogle-
raar en gaf verzekeringswiskunde. Dat heb ik bij hem gelopen. Hij gaf ook van
tijd tot tijd colleges statistick en numerieke wiskunde, maar die heb ik nooit
gelopen. Tk heb dus helemaal geen statistiek gehad. En met zijn numerieke
wiskunde ben ik ook nooit geconfronteerd. Wel heb ik nog eens een college
demografie van hem gelopen. Hij werkte bij een verzekeringsmaatschappij, de
“Hollandsche Societeit”, dus demografie was zijn specialiteit en zijn kernbe-
langstelling. Maar statistiek en waarschijnlijkheidsrekening en ook numerieke
wiskunde zijn helemaal aan mij voorbij gegaan.

Ook omdat het je minder interesseerde?
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Van Rooijen gaf niet zoveel colleges en het was het ene jaar dit en het andere
jaar dat en ik ben niet zo erg lang als student blijven hangen. Ik heb in 1954
mijn kandidaats gedaan en in 1957 mijn doctoraal. Ik had in 1952 een meisje
ontmoet waarmee ik zou trouwen, ben in 1954 verloofd en heb de hele zomer
hard gewerkt in een jamfabriek om voldoende te verdienen om verlovingsringen
te kopen. En ik ben in 1956 voor de klas gegaan, leraar geworden, om een basis
te leggen voor de bruiloft.

En ja, op een gegeven ogenblik zette ik er nogal de vaart in, ik was van ons
jaar de eerste die afstudeerde. Dat betekende dat ik vermoedelijk nauwelijks de
gelegenheid gehad heb nog veel extra colleges bij Van Rooijen te volgen.

In welke jamfabriek werkte je?

Pfeiffer of De Pijper of zo, hij bestaat al lang niet meer. De fabriek stond
aan de Leidse Rijn, en die jamketels ... Er werd iemand op de uitkijk gezet en
die ketels werden dan met dat vieze Rijnwater omgespoeld, voordat de volgende
portie erin gekookt werd. En bovendien, als je zag hoe die frambozenmandjes
van de veiling kwamen, bedekt met een laag schimmel en rupsen en zo, en
die gingen gewoon met levende have het vuur op, er ging vervolgens toch een
heleboel sulfiet bij. Het was zeer leerzaam, ik heb jarenlang geen jam willen
eten.

Daarna ben je ook uit Alphen aan de Rijn vertrokken?

Na mijn kandidaatsexamen in 1954 ben ik op kamers gaan wonen. Ik zat op
een zolderkamertje op de Tweede Kostverlorenkade, vlakbij de Wiegbrug. Heel
plezierig om je eigen baas te zijn.

Wie herinner je je nog van je medestudenten?

Ik noemde Maarten Maurice al (later hoogleraar wiskunde aan de VU), Wim
Kuyk (later hoogleraar o.a. in Antwerpen), zijn vrouw Minke Zuidema, die
kwamn een jaar later, maar daar ben ik nog samen mee naar school gegaan in
Solo, samen in een andong, in zo’'n paardewagentje daar. Een jaar eerder Piet
Born, heeft natuurkunde gestudeerd, gepromoveerd en is naar Pakistan gegaan
en heeft daar een Christelijk College opgebouwd. Daar is hij nu net bezig
afscheid te nemen.

Later uit de kandidaats-fase: Nico Habermann, die gepromoveerd is bij
Dijkstra in Eindhoven en later naar de VS gegaan, Hoofd Computer Science
bij Carnegie Mellon geworden. Ik heb hem daar nog opgezocht, de laatste keer
dat ik daar zijn gast was. Toen ben ik ook te gast geweest bij Dana Scott thuis,
met mevrouw Habermann en Nico. Laatstelijk was Nico de Computer Science
Advisor van de National Science Foundation. Maar hij is een jaar geleden, veel
te vroeg, heel onverwacht, overleden.

Wim Blokhuis moet ik zeker noemen, die is later naar Den Helder gegaan,
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naar de Opleidingsschool voor de Marine. Hij was een oudere studiegenoot die
ons zo nu en dan tot kalmte maande als we weer eens wat te enthousiast met de
bordenwissers gingen gooien, die wist al dat dat niet hoorde. Eyt Algra, moet
ik zeker ook noemen, die heb ik al heel lang niet gezien, ook aan hem heb ik
heel plezierige herinneringen. Een goede vriend die ik nooit meer gezien heb
sinds we afgestudeerd zijn.

En iemand die ik dan ook nog even moet noemen dat is Han Schippers,
de zoon van Professor Schippers, de theoloog. Die jongen had tbc, en in de
periode nadat hij uit het sanatorium was en genezen verklaard heb ik hem leren
kennen. Wij hebben toen met een aantal studenten — Maarten Maurice en Wim
Kuyk ware 1 daar ook bij, maar Han Schippers prominent ook — een werkgroep
formele logica opgezet, en zijn daar een aantal boeken gaan bestuderen, en
nodigden daar de hoogleraren uit, en die waren zo sportief dat ze ook kwamen.
Koksma, Grosheide en Mullender. We bestudeerden dus een boek van Carnap
en een boek van Curry. We hadden wel Koksma om advies gevraagd, en die
had Beth om advies geviaagd en had dat overgebracht. En daar heb ik voor
het eerst kennis gemaakt met de formele logica. Dat vond ik heel erg boeiend.

Maar Han Schippers is heel j g overleden. Waar ik mij hem ook altijd om
blijf herinneren is omdat hij een heel sympathiek iemand was. Ik heb hem niet
lang gekend, hij deelde met ons de belangstelling voor dat soort abstracte zaken
als logica maar hij heeft mij ook geintroduceerd in andere zaken, Gargantua
et Pantagruel van Rabelais heb ik van hem geleend in de vertaling van Ernst
van Altena, daar was ik heel erg door geboeid in die tijd. Ik heb het later zelf
aangeschaft.

Dat zijn zo een paar namen die bij me opkounien.

In 1957 ben je afgestudeerd. Wat heb je toen gedaan?

Ik wilde graag promoveren bij Koksma, hoewel ik meer tentamens had gedaan
bij Mullender dan bij Koksma. Maar ik had gesolliciteerd naar een baan als
leraar in Haarlem, en ik had Koksina gevraagd of hij referenties wilde geven.
Toen reageerde hij nogal terughoudend, misschien moet ik zeggen nogal fel. Hij
vond het niks voor mij en bood me bij die gelegenheid een assistentplaats op het
Mathematisch Centrum aan, waarvan Koksma toen Directeur was. Ik ben toen
naar mijn vader gegaan, van “Wat moet ik nou doen?”. Die baan in Haarlem
werd me aangeboden én ik kon assistent worden op het MC. En mijn vader zei:
“Je moet natuurlijk een echte baan nemen”. Hij was in de crisistijd begonnen
en een school was tenminste een serieuze, betrouwbare werkgever.

Maar Koksma heeft me van de school geplukt, en gezorgd dat ik een beurs
naar de VS kreeg. Er was toen nog een programma van het State Department,
voor uitwisseling met Europa, de International Cooperation Administration, in
het kader van de wederopbouw van Europa.

Ik Leb twee jaar in Berkeley gezeten. Ik heb toen college gelopen bij Van
der Corput, die zat toen in Berkeley, maar vooral bij Tarski en Henkin. Ik heb
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erg veel steun van Henkin gehad. Hij was heel sociaal gericht en ving mensen
die van buiten kwamen op, deed daar wat voor. Kelley was met sabbatical, die
was er niet, maar Loéve, de waarschijnlijkheidstheoreticus, gaf college topologie
uit het boek van Kelley.

Ik heb in Berkeley de moderne wiskunde geleerd. Ik heb daar heel veel
colleges gelopen. 1k kwam daar eigenlijk met een fellowship met de bedoeling
dat ik daar onderzoek zou leren doen of mee zou doen met het onderzoek.
Maar ik heb daar heel veel colleges gelopen, en daar de moderne benadering
van de wiskunde leren kennen die ik op de VU niet tegengekomen was, algebra,
moduletheorie, topologie, veel logica. Mostowski kwam daar in sabbatical, gaf
axiomatische verzamelingenleer, Lieel boeiend, heel aimabele, knappe man ook.
Daar heb ik Dana Scott voor het eerst gezien, ik ken hem langer dan hij mij
kent. Hij hield een verhaal op het seminar van Tarski. In die tijd was er ook
een keer een congres waar ik als toehoorder bij zat, op het gebied van logica
en grondslagen. Montague heb ik daar ook ontmoet. Dat is voor mij een heel
belangrijke ervaring geweest.

Na je tijd in Berkeley ben je op 1 oktober 1959 aan het MC begonnen. Hoe
verliep je promotieonderzoek? Hoe werd dit beinvloed door je tijd in Berkeley?

Toen ik terugkwam uit Californié had ik een heel wat andersoortige wiskunde
in mijn bagage dan toen ik er naar toe ging. Wat ik in Berkeley geleerd heb is de
moderne opzet van de wiskunde, de meer abstracte opzet, het gebruik van het
Lemma van Zorn, de meer algebraische, meer structurele benadering van zaken,
in plaats van alles precies doorrekenen. Koksma gaf toch veel meer colleges
complexe functietheorie, differentiaalvergelijkingen, op de ouderwetse manier,
waarbij je de zaak helemaal doorrekent, en begint met éénachttiende epsilon en
aan het eind komt het precies allemaal goed, en daar was hij geniaal in.

Mijn bedoeling was om bij Koksma te gaan promoveren. Maar Koksma is
ik meen eind 1960 ernstig ziek geworden en een tijd lang uitgeschakeld geweest.
Koksmia is toen ook opgevolgd als Directeur van het MC door Van Wijngaarden.

Koksma kon mij toen niet coachen, en in die periode ben ik in het gravita-
tieveld van De Groot terecht gekomen en ben ik aan problemen gaan werken die
De Groot mij voorhield. Tk was erg geboeid door laten we zeggen de Bourbaki-
wiskunde, die ik uit boeken en geschriften in die tijd leerde, en De Groot als
topoloog deed natuurlijk onderzoek in die richting.

Dus als Koksma je meer had begeleid was je misschien in een meer klassieke
richting gegaan dan waarin je nu bent gegaan.

Ja, maar Koksma had er zeker oog voor dat het inmiddels op een andere
manier moest en kon. Dat blijkt al uit de opdrachten: probeer die ideeén van
Weyl over gelijkverdeling nou eens te generaliseren naar andere lokaal compacte
groepen dan de reéle getallen. Dat is natuurlijk al een moderne benadering.
Dus Koksma wilde me wel degelijk in een andere richting.
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Ik heb eerst geprobeerd op mijn eentje op het gebied van gelijkverdeling wat
te doen en op Koksma’s suggestie de ideeén van Weyl te generaliseren naar to-
pologische groepen. Dat is me toen niet gelukt. Later heb ik samen met Gilbert
Helmberg op het gebied van gelijkverdeling wat gedaan. Dat was nadat Koksma
weer voldoende hersteld was. Er is toen een colloquium gelijkverdeling geweest
en Helinberg was een van de sprekers. Hij was toen een jaar gastmedewerker
op het MC en ik heb later samen met Gilbert een artikel geschreven, waarbij
ik graag ruiterlijk toegeef dat Gilbert daar heel wat meer expertise en kennis in
ingebracht heeft dan ik. Hij had ook een kleine voorsprong op mij ...

Maar later heb ik ook een aantal dingen, waar we samen niet uitkwamen,
opgelost, in de zomer van 1964, bij een bezoek aan Zdenek Hedrlin in Praag.
Daarvoor, in diezelfde zomer ben ik ook gepromoveerd.

.. in diezelfde zomer ben ik ook gepromoveerd ...

Hoe was de sfeer op het Centrum?

Leuk, heel plezierig. Ik heb met Van Herk op een kamer gezeten en dat was
leerzaam. Heel interessante man, een keel-, neus- en oorarts die altijd wiskunde
had willen studeren, maar ziju ouders vonden dat je als dokter een betere bo-
terham kon verdienen. Hij was bijna bezeten van de Riemann-hypothese. In
die richting was hij iedere keer aan het graven. Hij was hoogleraar in Bandung
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geweest. Aanvankelijk was hij op het Mathematisch Centrum aangesteld op een
plek waar op dat moment plaats was en dat was op de Afdeling Statistiek, en
daar werd hij aan het werk gezet maar dat had niet zijn hart. Zijn hart was
de Riemann-hypothese, de getaltheorie, de priemgetalverdeling. Toen is men
lankmoedig geweest en heeft men gezegd, goed, de helft van je tijd mag je aan
je dierbare wiskunde besteden, en dat betekende dan ook de helft van de tijd
gestationeerd bij ZW. En de andere helft van zijn tijd moest hij dan toch het
werk van Statistiek blijven doen, consultaties e.d., want als medicus was hij
daarvoor natuurlijk bij uitstek geschikt. Veel van de consultaties bij Statistiek
kwam van medici en andere onderzoekers die proeven opzetten en experimenten
wilden doen en die statistisch wilden interpreteren. En die moesten dan gehol-
pen worden om niet van tevoren hun uitkomsten al te projecteren in de wijze
waarop ze hun experiment deden; Van Herk sprak hun taal.

Van Herk had ook een eigen ‘theory of everything’ waarbij hij, geloof ik, het
aantal dimensies van de fysische realiteit kon uitrekenen, en dat was weer een
heel ander aantal dan wat je bij andere auteurs aantreft. Later is Van Herk
hoogleraar in St. Andrews in Schotland geworden.

In de lunchpauze werd er gebridged. Ik werd gewoon geronseld, ik kon
helemaal niet bridgen, nou, dat heeft Lekkerkerker me dan maar geleerd. Hij was
een goed bridger, hij heeft zich vrees ik nogal eens aan mij moeten ergeren want
ik ben nooit een goed bridger geworden. Maar die traditie die toen begonnen is
hebben we jarenlang voortgezet. Gert-Jan Forch is toen een tijdlang medewerker
geweest bij TW, bekend auteur van bridge-handboeken, zeer deskundig. Als
partner bleef hij altijd heel keurig en hoffelijk. Al was het nog zoveel troep wat
ik daar voor hem neerlegde, ik werd heel hoofs bedankt, ‘thank you, partner’;
ja dat was een levensles!

We hadden een heel leuke traditie, we gingen heel amicaal met elkaar om,
met name de mensen van TW en ZW. De Rekenafdeling was een groep apart,
hoewel Dirk Dekker vaak bij ons kwam meebridgen, maar die was natuurlijk in
feite een oud-ZW-er, bij De Groot gepromoveerd. En Statistiek was ook een
groep apart, daar hadden we niet zo veel contact mee.

En de Algemene Dienst?

De Algemene Dienst, ja, Mevrouw Qosting, hoofd van de huishouding. En
de heer Van Ommen, die de koffie rondbracht. Die had een heel gore stofjas die
vermoedelijk in geen jaren gewassen was, waarmee hij achter de stencilmachine
stond en die onder de inkt zat en zo. In die stofjas zaten dan de lepeltjes, en
dan kwam hij binnen, geklopt werd er nooit, de deur werd opengestoten en daar
zat ik dan met mijn benen op mijn bureau, die trok je dan gauw naar beneden
(of niet, als je zag dat het Van Ommen was). Dan werd er koffie neergezet en
dan graaide hij in die grauwe zak en dan kwam er een lepeltje uit, of een klontje
dat had hij ook los in zijn zak. Dat hoorde er allemaal bij en dat was wel leuk.

Bep Reckman was natuurlijk een zeer bekende figuur, ook een zeer invloedrij-
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ke figuur, en weleens een wat onvoorspelbare figuur. Ze kon wel eens emotioneel
zijn. Had ze ook wel aanleiding toe.

Ook als je goed met haar overweg kon dan kon het je gebeuren dat je op het
verkeerde moment bij haar kwam en dan werd je dat ook wel duidelijk gemaakt.
7e nam nooit een blad voor de mond. Dus als ze vond dat je je niet gedroeg
zoals zij passend vond dan liet ze je dat wel weten.

Mevrouw Monasch herinner ik mij op de bibliotheek, op de tijdschriftenafde-
ling. Ik zat altijd veel op de bibliotheek, ik had toen nog de tijd om de nieuwe
boeken door te kijken en tijdschriften door te bladeren, en te studeren. Ik kende
dus de bib'iothecarissen allemaal. Mevrouw Monasch zat op de tijdschriftenaf-
deling, ze vas politiek uiterst links en was dus in het bijzonder gericht op alle
ruilingen met Qost-Europa. En daar heeft de bibliotheek heel veel aan gehad
want allerlei Russische, maar ook Roemeense en Georgische en Azerbeidjaanse,
en misschien wel Tsjetsjeense tijdschriften, hadden wij hier en die waren nergens
anders in West-Europa. Wij hadden een complete collectie. Mevrouw Monasch
ging bij voorkeur achter het 1Jzeren Gordijn met vakantie en zocht academies
op en vertelde ze hoe stom ze waren dat ze niet met ons ruilden en bracht dan
weer ruilingen tot stand.

Meestal lag ze overhoop met wie op dat moment bibliothecaris was, wie dat
ook was. Maar ik kon het goed met haar vinden op de een of andere manier.
Ze maakte nogal eens een praatje met me en dat vond ze kennelijk wel leuk. Ik
mocht haar wel, het was een pittig vrouwtje.

Hoe heb je Koksma op het MC leren kennen?

Koksma zette me meteen aan het werk, hij gooide me meteen in het diepe.
Die kreeg als secretaris van de Akademie voor de Indagationes artikelen aange-
boden en die gaf hij dan aan mij en daar moest ik hem dan een rapport over
geven en dat soort zaken. Dat ging soms over dingen waar ik nog niets van wist.
Maar de Afdeling Zuivere Wiskunde bestond toen uit twee personen, de andere
was Gerrit Lekkerkerker, en die heeft mij geweldig gecoached, daar heb ik erg
veel van geleerd. Dus als Koksma mij dan weer een hap gaf die eigenlijk mijn
kunde te boven ging dan zei Lekkerkerker heel wijs en relativerend: “Dat doe
je zo en zo”, op een beetje socratische manier.

Koksma schakelde e onmiddellijk ook in bij colloquia, het was toen nog be-
langrijk dat er ieder jaar een groot colloquium was waar een van de afdelingen
voor verantwoordelijk was en waar in principe iedereen uit het land uitgenodigd
was. Koksma leeft colloquia georganiseerd over p-adische getallen en over ge-
lijkverdeling. Er werden van tevoren syllabi uitgereikt. Dan werd je, als Koksma
aan de beurt was als spreker, op zijn kamer geroepen, daar in de Boerhaave-
straat, een kamer beneden, vlakbij de ingang. Daar liep hij te ijsberen — dat
deed hij altijd als hij diep nadacht, ook op een tentamen, als hij je dan vragen
stelde dan liep hij achter je rug heen en weer; dan had je het gevoel van wat
komt die nou weer doen, uit welke lioek zal hij me bespringen.
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Dan liep hij dus te ijsberen en telefoneerde, het ene telefoontje na het andere,
Barning, secretaris van de directie, rende in en uit en gaf hem stukken, Koksma
las al telefonerend de stukken, en tussendoor dicteerde hij zinnen voor zijn
syllabus. Ik zat dat allemaal ijverig op te schrijven, en werd dan weer naar
boven gestuurd om dat uit te gaan werken.

Koksma kon drie dingen tegelijk doen. Daar is hij, denk ik, ook aan dood-
gegaan. Hij is uit hetzelfde jaar als mijn vader, 1903, en is in december 1964
overleden, dus hij was 61 jaar. Koksma heeft het meest van de oprichters gedaan
aan de realisatie van de Stichting en het instituut. Hij is van de stichters ten
onrechte het meest verwaarloosd.

Er is veel meer erkenning voor Van Dantzig als de visionaire man, de man
van de toepassing van de wiskunde, op alle mogelijke vakgebieden. Van der
Corput was de man met gezag, de senior, hij was de promotor van Koksma.
Van der Corput kende Van der Leeuw nog als collega in Groningen, en had
dus het oor van de minister, want Van der Leeuw was in 1945 Minister van
Onderwijs, Kunsten en Wetenschappen.

Maar het werk werd grotendeels door Koksma gedaan. Het Internationale
Congres van 1954 is door Koksma georganiseerd (met een stel adjudanten zoals
Jaap Seidel), hij dirigeerde alles, maar de voorzitter van het congres was niet
Koksma maar Schouten. En in de stukken kom je Koksma nauwelijks tegen. Het
is Schouten als voorzitter van het congres. Maar het werk, de hele organisatie
was in handen van Koksma.

En zo was het ook onder de oprichters van het MC. Koksma deed geweldig
veel werk. De basis voor de bibliotheek is gelegd door Koksma, hij was de
inspecteur van de boekerij van het Wiskundig Genootschap, secretaris van de
Koninklijke Akademie, had overal zijn netwerk zitten, hij gebruikte dat om
dingen voor elkaar te krijgen, had geweldig veel informatie en een geweldige
werkkracht.

Vond Koksma zichzelf ook ondergewaardeerd?

Nee, hij was een heel bescheiden man, hij werkte heel hard maar vond dat
ook zijn vanzelfsprekende plicht. Hij was lid van de KNAW en van de Fryske
Akademie, zat in allerlei schoolbesturen, deed kerkeraadswerk, deed heel veel.

Is hij altijd een voorbeeld voor je geweest?

Ja, Koksma is een voorbeeld voor me geweest in een heleboel opzichten.
Dat komt ook omdat ik de facto zijn opvolger was aan de VU. Dat is een hele
verantwoordelijkheid geweest. Het is met name ook Koksma geweest die mij
aangetrokken heeft op de VU, met zijn collega’s uiteraard, want Koksma deed
dat in goed overleg. Eerst voor leeropdrachten (vanaf 1962), en later heeft hij
mij voorgedragen voor een buitengewoon hoogleraarschap. En toen hij overleed
in december 1964 heb ik zijn colleges overgenomen en gecontinueerd. Zo was hij
bijvoorbeeld bezig met een college variatierekening, daar had ik nog nooit iets
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... Koksma is een voorbeeld voor me geweest in een heleboel opzichten ...

van gedaan. Maar ik heb toen het dictaat van Jan de Vries geleend en heb de
Kerststilstand van de colleges gebruikt om dat door te werken en wat vooruit
te werken, en ik heb Koksma’s college afgemaakt. Ik vertelde op donderdag
alles wat ik wist en dan rende ik naar huis en dan ging ik weer een week, alle
ogenblikjes die ik kon vinden, studeren, om dan de volgende week weer drie uur
college te kunnen geven.

Ook heb ik de tentamens afgenomen van de mensen die bij hem eerder col-
lege hadden gelopen, zoals bijna-periodieke functies en zo. Ik ben dus in zijn
voetsporen getreden, ik ben altijd beschouwd als zijn opvolger. En ja, dan heb je
toch het gevoel dat je andermans profetenmantel op de schouder hebt gekregen
en zo iemand wordt je alleen daardoor al tot voorbeeld.

Je bent in 1965 niet alleen benoemd tot hoogleraar aan de VU, maar ook tot
chef van de Afdeling Zuivere Wiskunde van het MC.

Ja, najaar 1964 stierf niet alleen Koksma, maar ook werd De Groot door
ziekte getroffen. Ik moest dus zowel op de VU het werk van Koksma overnemen,
als op het MC de leiding van de afdeling Zuivere Wiskunde. Ik heb toen echt
héél hard gewerkt. Dat is een heel zware tijd geweest, maar wel boeiend want het
lukte. Tk was natuurlijk ook een stuk jonger, je kunt dan ook meer hebben. Ik
heb heel veel kunnen doen. Maar er bleef weinig tijd over voor eigen onderzoek.

Ik Leb de facto eind 1964 de leiding van de afdeling ZW gekregen, woonde
ook de vergaderingen van de Raad van Beleer bij. Maar alleen het Curatorium
kon mij benoemen tot lid van de Raad van Beheer en dit vergaderde pas in
1965. Toen ben ik ook benoemd tot chef en lid van de Raad van Beheer. Dus
in 1964 ben ik al begonnen als chef de belangen van de afdeling waar te nemen,
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maar in 1965 is dat geformaliseerd.
Hoe groot was de afdeling toen je chef werd?

Niet zo erg groot. Maarten Maurice was denk ik vertrokken na zijn promotie,
hij had een halve baan op het MC en een halve aan de VU. Wim Kuyk was hier
nog. Dirk Kruyswijk was hier inmiddels, Ietje Paalman was hier en ik denk dat
Jan van der Lune al assistent was, ik weet niet of Peter van Emde Boas er al
was als assistent, ik denk het eigenlijk wel, of misschien al adjunct-medewerker
of zo. Jos van de Slot is ook een leerling van De Groot, die zal er ook al geweest
zijn. Dan ben je al een heel eind. De meeste anderen zijn later gekomen.

Waar lag je zwaartepunt in die tijd? Je werkte 4 dagen in de week op de VU
en 1 dag in de week op het MC.

Vanaf 1 juni 1965 ja. Vrijdags was ik hier, maar het meeste werk gebeurde
op de VU.

Maar je hebt het MC altijd heel belangrijk gevonden, verhoudingsgewijs meer
dan eenvijfde baan?

Zeker, maar ja, zoals ik al zei, Koksma was overleden, er moest een heleboel
werk gedaan worden aan de VU, ik had daar een heleboel werk. Maar vrijdags
was ik hier, en dan ook volledig hier, en dan probeerde ik hier de zaak op te
bouwen, niet zonder succes want de afdeling ZW is behoorlijk gegroeid in de
jaren dat ik daar chef was.

Je bent in die tijd ook een jaar naar Seattle geweest.

Ja, dat had De Groot nog voor elkaar gekregen, dat ik kort na mijn promotie
een jaar naar Seattle zou gaan. Toen overleed Koksma, en is mij gevraagd om
Koksma te vervangen en is het uitgesteld tot 1966. In 1966-1967 heb ik in
Seattle gezeten.

Ik was erg geinteresseerd in het werk van Edwin Hewitt. “Abstract Harmonic
Analysis”, het tweedelige boek van Hewitt en Ross. Ik had het eerste deel
helemaal doorgewerkt, er zaten ook heel wat topologische groepen in, prachtig
boek! Het tweede deel is twee keer zo dik, en daar ben ik nooit echt mee klaar
gekomen.

Ik heb daar ook weer genoten van het college geven, ik had een heel goed
rapport met de studenten. De enige keer in mijn leven dat ik aan het eind van
een college een applaus kreeg; dat is me hier in Nederland nooit gebeurd. En
ik heb daar het seminar van Hewitt bijgewoond. Ik moet achteraf zeggen dat
mijn voorkennis onvoldoende was. Ik had meer van maattheorie en harmonische
analyse van maten moeten weten om daar ten volle van te kunnen profiteren.

Maar ik heb daar ook wel weer de kans gehad een aantal seminars en zo te
volgen. Branko Griinbaum die daar aan convexiteitstheorie deed, Victor Klee.
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Ik heb daar veel opgestoken maar onvoldoende zelf resultaten bereikt vind ik
achteraf. Ik was toch in sommige opzichten wellicht iets te ambitieus geweest in
wat ik wilde.

Ik heb toen wel de tijd gevonden om met De Groot — dat wil zeggen, ik
schreef, maar we publiceerden het onder gemeenschappelijke naam — een over-
zichtsartikel over mijn proefschrift te schrijven, over een aantal resultaten daar-
uit waar De Groot ook aan bijgedragen had. Ik heb zo die tijd in Seattle vooral
gebruikt om een aantal dingen te consolideren die ik al had.

Maar de bedoeling was natuurlijk dat ik er met nieuwe ideeén vandaan zou
komen en lat is onvoldoende gelukt vind ik achteraf.

. eigenlijk de eeuwige student ...

Heb je duar te weinig aandacht aan gegeven?

Nou ik denk dat mij daar parten speelde wat mij mijn hele leven parten
heeft gespeeld, dat ik te veel tegelijk wilde en een te brede belangstelling heb,
te weinig focus op één onderwerp. Ik ging naar Griinbaum en ging naar Klee
en ging naar Hewitt en ik zat weer college te lopen bij wijze van spreken. O ja,
ook Namioka gaf een seminar over K-theorie en ik ging naar een seminar over
Lie-algebra’s. Ik vond lLet allemaal even interessant, maar ik had minder mijn



aandacht breed moeten uitspreiden en mij meer moeten focussen op een of twee
onderwerpen.

Waarom?

Dan had ik zelf meer research kunnen doen. Dan had ik misschien een wat
minder brede basis gehad voor later, bijvoorbeeld voor mijn functie op het MC,
maar dan was de kans groter geweest dat ik zelf wat originelere bijdragen had
geleverd. Ik vind dat ik daar een kans gemist heb.

Maar ik heb er wel weer een heleboel geleerd hoor! Mijn inzicht in wiskunde
is daar weer gegroeid.

Je bent dus eigenlijk de eeuwige student.
Ja, een beetje wel.
Vind je dat je te weinig gebruik hebt gemaakt van je capaciteiten?

Ik heb eens de illusie gehad dat ik meer eigen, origineler, creatief werk kon
doen en er is een aantal redenen waarom dat niet van de grond is gekomen.
Een daarvan is een brede belangstelling, waardoor ik mijn aandacht vrij breed
verdeelde. Een andere reden komt voort uit de problemen in mijn persoonlijke
leven, die al heel lang, 25 jaar, veel energie en veel tijd van mij gevraagd hebben.
Waardoor ik mij ook niet zo kon concentreren als wenselijk ware geweest. Ach-
teraf gezien zijn die problemen er mede de oorzaak van geweest dat ik eind 1969
een tijdlang uitgeschakeld geweest ben, afgeknapt, een aantal maanden mijn
werk niet heb kunnen doen, en daarna heeft het een tijd geduurd voordat ik een
deel van mijn oude energie terug had. Eigenlijk heb ik altijd het gevoel gehad
dat ik die nooit volledig terug gehad heb. Ik heb na 1970, vaak, zo gekscherend
maar niet helemaal badinerend, gezegd: “Ik heb weer net gedaan alsof ik nuttig
gewerkt heb”.

De ziekte van 1969-1970 ging ook terug naar je tijd in het kamp?

Het was een combinatie van zaken. Het ziekteproces bij mijn vrouw begon in
die tijd duidelijk manifest te worden. Ik had het geweldig druk gehad. Ik was op
de faculteit voorzitter van de commissie Computers en daar waren spanningen,
het was de tijd viak voor de oprichting van SARA. De natuurkundigen hadden
een computer en de wiskundigen vonden dat zij dan tenminste ook een compu-
ter mochten. Er moesten leerplannen ontwikkeld worden voor onderwijs in de
informatica. Ik ben toen ook voor korte tijd voorzitter van de wiskundegroep
geweest. Ik had een zware belasting zowel op het MC als op de VU. Problemen
thuis, de gezondheid van mijn vrouw, dat totaal is mij teveel geworden. De-
cember 1969 kreeg ik daar een zware griep bij en op de een of andere manier is
er toen iets geknapt en in die periode zijn allerlei herinneringen uit Indonesié
en het kamp teruggekomen. Maar de directie aanleiding was gewoon ordinaire
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overbelasting door combinatie van mijn twee banen en mijn huiselijke situatie.
Dat is alweer 25 jaar geleden.

Ik ben binnen een half jaar weer aan het werk gegaan maar ik kon eigenlijk
nog niks doen. Ik ben toen echt goed van de kaart geweest.

Je hebt aan de VU gelijk gewerkt met Maarten Maurice, die ook topoloog is.
Heb je dat als een probleem gezien?

Nee, ik heb trouwens veel meer colleges gegeven dan topologie. Cassels zou
naar de VU komen en toen heb ik een jaar algebraische getaltheorie gegeven.
Ik heb recursieve functies gegeven, logica, topologische groepen, harmonische
analyse, het boek “Integrals and Operators” van Segal en Kuntze heb ik een
keer op college behandeld. Ik heb vooral nakandidaats heel veel onderwerpen
gegeven ook buiten de topologie. Ook de eerste informaticacolleges op de VU
heb ik gegeven. Tk heb automatentheorie gedaan.

Dat zat ook een klein beetje in mijn leeropdracht, die was veel breder dan
topologie, dat was gewoon de zuivere wiskunde, en dat heb ik geinterpreteerd als
het introduceren van de moderne wiskunde. Naarmate er specialisten kwamen
die het konden overnemen schoof ik weer door.

En dat is je goed bevallen?

Ik heb er zelf heel veel van geleerd. De topologie liet ik voor een belangrijk
deel aan Maarten over. Maar we hebben ook dingen samen gedaan, we hebben
een keer samen college categorietheorie gegeven. We verdeelden ook wel de taak.
Ik deed topologische groepen, dat liet Maarten liggen. Maarten deed meer aan
homotopietheorie en zo, en dat liet ik dan weer liggen. Dat was geen enkel
probleen.

College geven heb je ook altijd graay gedaan.

Dat heb ik altijd heel graag gedaan, ja. Dat mis ik het meeste. Toen ik mijn
huidige functie accepteerde was ik net mijn onderzoek weer aan het optuigen.
Dat hieb ik niet kunnen volhouden, dat is blijven liggen, maar ik heb nog jaren
college gegeven en toen ik dat ook moest opgeven vond ik dat echt sneu. En
dat bad een dubbele reden.

Enerzijds de toenemende werkdruk hier op het CWI en anderzijds, het laatste
college dat ik gaf was logica voor informatica-studenten en ik vond het jammer
om dat op te geven, dat mis ik nog steeds.

Ik heb altijd met het grootste genoegen ook voorkandidaats-colleges gegeven,
en speciale colleges zoals Boole’se algebra’s, daar haalde je de goede studenten
mee uit. Jan van Mill die op tentamen met veel onconventionele bewijzen kwam
omdat Lij bij lineaire algebra, groepentheorie, of zo, dingen had geleerd die hij
probeerde toe te passen. Het werkte niet, maar lLet feit dat hij het probeerde
was al zo ongewoon dat je meteen dacht, dat is iemand die denkt voor zichzelf.
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Het was veel werk maar ik heb de tentamens altijd mondeling afgenomen
dus ik kreeg ze allemaal langs, ook diegenen die daar niets van brouwden. Maar
dat persoonlijk contact met de studenten, mis ik ook. Ik persoonlijk vond de
mondelinge tentamens leuk.

Hoe was de sfeer op de VU toen je daar als hoogleraar zat?

Ik heb de sfeer daar altijd fijn gevonden, collegiaal, plezierig, je kon elkaar
aanspreken op toch een grotendeels gedeelde levensbeschouwing. Het was een
groep mensen die een flink stuk achtergrond deelden, in leeftijd dicht bij el-
kaar zaten, elkaar als student gekend hadden. Maar er is natuurlijk ook een
gemeenschappelijk uitgangspunt.

Koksma, Mullender en Grosheide vond ik echt heel nobele en heel humane
mensen die heel wijs en heel cobperatief bezig waren. Ik heb grote bewondering
voor deze mensen. lk kwam vorige week op de dies Mullender nog tegen en
dan realiseer je je hoeveel warme gevoelens je voor die mensen hebt. Er waren
eigenlijk nooit spanningen.

Ik was overigens van geen enkele taak uitgesloten. Ik had een volle onder-
wijslast, bestuurlijke taken e.d. Andere hoogleraren hadden een dag om thuis
te werken en ik had een dag op het MC.

Maar je wilde waarschijnlijk ook niet minder? Of was het zo dat je aandrong
op vermindering van je taken?

Nee. Ik heb altijd een misschien wat doorgeschoten plichtsgevoel gehad.
Woekeren met je talenten?

Ja. En misschien toch ook een soort schuldgevoel. Ik zei het al, ik heb het
gevoel dat ik in mijn leven meer eigen creatieve bijdragen had moeten leveren
en als je daar op de een of andere manier niet aan toe komt, voel je je verplicht
dat te compenseren. Dat heeft bij mij beslist ook wel een rol gespeeld.

Het s natuurligk ook een keuze van je geweest.

Je kunt vervolgens dat als excuus gaan gebruiken, maar het is inderdaad
ook een keuze geweest. Ik heb ook allerlei dingen gedaan op verzoek van stu-
denten hoor. Ik ben college logica gaan geven op verzoek van studenten. Het
werkgroepen-idee heb ik destijds voorgesteld, en het is ingevoerd. Ik heb daar
nog steed heel goede herinneringen aan, werkgroep modale logica, verzamelin-
genleer. Tk vond die werkgroepen bijzonder boeiend, met vijf, zes studenten, die
al gevorderd waren en dan samen literatuur doornemen, ze helpen een verhaal te
houden en zo. Maar dat betekende ook dat je als docent vrij breed georiénteerd
moest blijven.

Zag je dat als een zware taak?
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Nee, dat vond ik leuk. Ik was er zelf enthousiast voor. Ik meende te kunnen
constateren dat dat overkwam. Ik heb daar vaak positieve reacties op gehad.

Je hebt ook een aantal promovend: gehad.

Ja, een stuk of tien. Behalve voor de eerste, Nico Dekker, die begeleid is door
Rien Kaashoek, heb ik voor alle andere toch wel flink verantwoording genomen.
Ook al kwamen ze zelf met een idee, ik was gesprekspartner. Peter van Emde
Boas kwam terug uit Cornell met ideeén, maar ik ben, denk ik, de enige die zijn
proefschrift ooit volledig gelezen heeft.

De mauvier waarop jij mensen hebt gestimuleerd bestond er ook vaak uit de
mensen op het goede, bij de persoon passende, spoor te zetten, vaak een modern
spoor. Is dat een bewust beleid van je geweest of ging dat vanzelf 2

Nou je weet dat ik op het MC bewust de discrete wiskunde ingevoerd heb,
ter vervanging van de topologie. Het begon met een colloquium met Seidel en
Van Lint als sprekers. Mensen aantrekken en ook tegen de topologen zeggen:
“Ja mensen, jullie hebben een aantal jaren kunnen werken, maar nu is het tijd
om iets anders te zoeken”.

En ik vind dat dat ook moest. Er zijn maar beperkte middelen in een insti-
tuut als het onze. Je moet een vakgebied een tijdlang stimuleren maar op een
gegeven ogenblik kun je zeggen: dat wordt aan de universiteiten gedaan. Jan
Aarts in Delft, Maarten Maurice aan de VU, het MC moet wat anders gaan doen.
En ik heb toen de discrete wiskunde bewust gekozen en de formatieruimte, ge-
leidelijk maar toch, overgeheveld van topologie naar discrete wiskunde. Andries
Brouwer had een la vol met topologie-resultaten liggen, maar is hier aangetrok-
ken om discrete wiskunde te gaan doen. Jij ook. Ik wist er zelf toen niet zo
erg veel van af. Maar ik dacht: dat is belangrijk, dat gaan we doen! En ik heb
aan de VU daarover jarenlang college gegeven, geholpen door een uitstekende
syllabus van Martyn Mulder.

En logica?

Dat is altijd een hobby van me geweest.

Maar je hebt ook mensen in die richting gestimuleerd of aangetrokken.
Ja, Krzysztof Apt, Danny Leivant, Theo Janssen, Loek Fleischhacker.
Als chef ZW zat je ook in de Raad van Beheer van het MC.

De oude Raad van Beheer vergaderde iedere vrijdag bij Van Wijngaarden
op de kamer. Daaraan heb ik ook heel kostelijke herinneringen. Die Raad van
Belieer is later omgezet in de Beleidsraad, waar ik persoonlijk van vind dat die
veel minder goed functioneerde. Een versterking van de Directie en verzwakking
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... koppig dwars tegen Van Wijngaarden in ...

van de positie van de andere afdelingschefs, waardoor het ook vrijblijvender
werd. Met daarin toch een heel constructieve relatie tussen de afdelingschefs,
zowel in de Raad van Beleer als in de Beleidsraad.

Ik heb altijd een heel plezierige relatie met Van Wijngaarden gehad. Mis-
schien wel omdat ik ook wel eens behoorlijk met hem in botsing ben gekomen.
Ik heb eens een heel duidelijk conflict met Van Wijngaarden gehad over een
bepaalde zaak. Ik ben hem toen niet uit de weg gegaan en ik heb de indruk over
gehouden dat hij dat respecteerde, en dat we (laarna ontspannener met elkaar
omgingen dan daarvoor. Daarvoor was de relatie met hem wat formeler. Ik
ben eens een keer, het betreft een derde, koppig dwars tegen Van Wijngaarden
ingegaan en ik respecteer en waardeer het dat dat de relatie met Aad van Wijn-
gaarden alleen maar ten goede is gekomen. Ik heb daar heel goede herinneringen
aan.

Heb jij toen je zin gekregen?

Het is een wapenstilstand geworden, en door slijtage is het probleem verdwe-
nen.
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Hoe zag jij het functioneren van Van Wijngaarden?

Dat is een delicate vraag. Van Wijngaarden was een inspirerend man met
een warme en echte belangstelling voor de wiskunde, zij het dat zijn wiskundige
expertise eenzijdig was. Je kunt hem numericus noemen. Hij heeft systematisch
de numerieke wiskunde opgezet en er college in gegeven. Zijn hart ging naar
getaltheorie, denk ik. Hij was natuurlijk ten zeerste deskundig, hij had een diep
inzicht in recursiviteit en hoe dat werkte zonder dat hij nou de theorie van de
recursieve functies als zodanig in de vingers had. Maar hij wist gewoon hoe het
werkte en hoe je ermee kon manipuleren.

Als directeur was hij wel duidelijk afhankelijk van de mensen om hem heen
voor wat betreft de wiskunde. Hij had natuurlijk in Jan Hemelrijk een plaats-
vervangend directeur, die ook al wat ouder was, heel nuchter en bestuurlijk
heel goed. En die eerste jaren dat ik lid was van de Raad van Beheer had hij
de inbreng van Hemelrijk, Lauwerier en mij wel nodig. Hij was informaticus,
druk met de IFIP, druk met Algol 68, daar was hij dé motor van. De 2-niveau
grammatica waarin Algol 68 is gedefinieerd is zijn idee en dat heeft hij moeten
bevechten in die werkgroep.

Daarnaast had hij het natuurlijk ook in zijn persoonlijk leven niet gemakke-
lijk. Wat ik daarmee wil zeggen is, dat Van Wijngaarden mede aangewezen was
op de inzichten en ondersteuning van de andere leden van de Raad van Beheer.
Hij was overigens ook zo dat hij je zijn vertrouwen schonk. Ik heb me altijd zeer
junior gevoeld naast hem, maar hij liet dingen in vertrouwen aan mij over. Dat
maakte het samenwerken met hem dus ook plezierig.

En als persoon was hij een heel aimabele, vriendelijke en breed geinteres-
seerde man met wie je over alles kon praten en die overal een opinie over had,
maar dan ook een beargumenteerde opinie. ledereen die hem gekend heeft is
vol anecdotes. Ik dus ook, maar daar zal ik nu niet mee komen.

In 1980 werd je Directeur van de Stichting Mathematisch Centrum. Die
functie heb je niet geambieerd. Waarom niet?

Daar is een aantal redenen voor. Ik heb ze me recentelijk niet afgevraagd.
Tk zal daar niet erg systematisch op reageren, maar daar is een aantal redenen
Voor.

In de eerste plaats ben ik geen wiskundige van topniveau. En voor het
nationale instituut voor wiskunde en informatica zou je bij voorkeur iemand
moeten hebben als Jack van Lint of zo. Iemand van de beste, de hoogste klasse
die je in Nederland in de wiskunde hebt.

Dat is één overweging. Een tweede overweging is dat het een baan is met
een heleboel management. En ik vind onderwijs en onderzoek veel leuker dan
management. Dat is een van de redenen waarom ik destijds, toen men mij
onder druk zette, uiteindelijk gezegd lLeb, ja, maar dan is een noodzakelijke
voorwaarde dat er een aparte directeur Beheerszaken komt. Ik ben niet van
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plan om al dat management echt voor mijn verantwoording te nemen, dan doe
ik het zeker niet. Ik zag dus op tegen al het management-werk, maar eerlijk
gezegd ook tegen het representatieve karakter van het werk. Ik voel me altijd
beter als ik midden of achter in de zaal niag zitten, en vandaar uit mag luisteren
en meedoen. Voorin zitten, laat staan met de voorzittershamer in de hand, dat
is iets dat ik helemaal niet leuk vind. En het was van te voren al duidelijk dat
dat uiteraard wel van me verwaclit zou worden.

Het is me niet op het lijf geschreven, vind ik, om voorzitter te zijn, of sociale
contacten te leggen en te onderhouden. Dat doe ik niet van nature, als het
moet doe ik het wel en tot mijn eigen verbazing meen ik te kunnen constateren
met succes. Ik heb een nuttig en breed netwerk van contacten opgebouwd, met
mensen bij wie je ook echt kunt aankloppen. Maar het is niet mijn ambitie. Het
is ook niet iets waar ik mezelf in uitleef.

Er waren dus allerlei aspecten aan de baan die me helemaal niet aantrokken.
Nog afgezien van het feit dat er op dat moment, in 1980, een behoorlijke druk
was. De middelen liepen terug, het was de periode van Bestek '81. Er moest
bezuinigd worden. Ik weet nog wel dat op de Beleidsraad, waar wij als afdelings-
chefs probeerden posities veilig te stellen, Van Wijngaarden zei: “Ja, 2 halen,
3 betalen”. Je ziet ook de formatie teruglopen. In 1981 zijn er minder mensen
dan in 1980, in 1982 nog minder, het was een dalende lijn.

Daar stond natuurlijk tegenover dat ik me heel actief had ingezet — dat was
min of meer mijn portefeuille binnen de Beleidsraad en daarvoor de Raad van
Belieer — voor de integratie van het MC in het Nederlandse gebeuren. Ik was
de contactpersoon in de Raad van Advies vanuit de Raad van Beheer. Ik was lid
van de Nederlandse Commissie voor de Wiskunde en had me daar erg ingezet
voor het idee van één Stichting voor de Wiskunde en niet twee. Dat was in die
tijd nog een reéle optie, een stichting voor het instituut en een aparte stichting
voor de landelijke activiteiten. Er lag ook wel duidelijk een taak, namelijk
proberen te voorkomen dat het MC zou afglijden en proberen de relaties met
het onderzoek aan de universiteiten te versterken. Maar opnieuw, als je erover
nadenkt hoe je dat moet doen, dan is je eerste reactie, dat weet ik eigenlijk ook
niet, en vervolgens: ik zal daar veel mensen voor moeten aanspreken en zo, en
dat is nou niet direct wat ik ambieerde.

Waarom heb je het uiteindelijk wel gedaan?

Nou, hoe zat die benoemingscommissie in elkaar? Seidel, iemand die ik goed
kende en zeer waardeerde, Zandbergen, iemand die ik ook al heel erg lang ken,
Tijdeman zat er in, Korevaar zat er in, Wessels en Van Est zaten er in. Nou
dat waren dus allemaal mensen die ik respecteer en die ik meer of minder tot
mijn vrienden reken. Die zijn ook niet gelijk met mij begonnen — in de loop
van de jaren kom je zo nu en dan toch wel signalen tegen waaruit je achteraf
kunt constateren hoe het proces geweest is — ik weet dus dat ze niet bij mij zijn
begonnen. Maar wel bij mij zijn uitgekomen en zijn begonnen met druk op mij
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uit te oefenen. En toen ben ik met mensen gaan praten. Met Van Wijngaarden,
die tegen mij zei: “Als jij mijn opvolger wordt dan heb ik er vrede mee dat ik
er eerder mee stop”. Nou, zoiets maakte indruk.

Tk ben met alle afdelingschefs gaan praten. Ik herinner mij die gesprekken
nog heel scherp. Ik herinner me zelfs bijvoorbeeld de plek nog waar ik met
Hans Lauwerier praatte. Dat was in de grote collegezaal in de Boerhaavestraat.
Nadat iedereen weg was, heb ik nog een tijdje met hem zitten praten en hij zei:
“Tk denk dat je het heel goed zult doen, maar het zal een hele belasting voor je
zijn, en ik weet niet of je dat aan kunt”.

Tk heb een lang gesprek gevoerd met Van Lieshout, met Van Zwet, met Van
Lint. Tk hcb met verschillende mensen gesproken en daaruit groeit het gevoel dat
je het misschien toch niet mag weigeren. Zonder uitzondering zeiden de mensen
dat ze er vertrouwen in hadden, of zelfs positiever dat ze het toejuichten. Jack
van Lint heeft duidelijk geprobeerd mij te vertellen dat ik het moest doen. En
Leeft me gewaarschuwd dat er aan de universiteiten donkere tijden kwamen.

En ja op een gegeveu ogenblik denk je: hier kan ik niet onderuit. Het was
wel zo dat in die periode, voorjaar 1980, mijn vrouw weer een moeilijke episode
had, ze was niet thuis. Onze dochter was toen 10 jaar oud en die had op de
lagere school te maken met het ocfenen voor het landelijk proefwerk en zo. Daar
moest ik nogal wat extra aandacht aan geven, die was een beetje defaitistisch op
dat moment. Ik had het toen niet gemakkelijk en ook niet erg veel tijd om alles
tegen elkaar af te wegen. Ik had ook niet de gelegenheid om met nmijn vrouw
de zaken door te praten, want die was niet aanspreekbaar. En dat maakte het
niet makkelijker.

Maar ja, uiteindelijk ben ik voor de druk bezweken. “And the rest is history.”

Vond je het ook niet een “uitdaging”?

Ook wel, natuurlijk. Het instituut van Van der Corput, Koksma en Van
Wijngaarden, daar leiding aan geven, dat is wel degelijk een uitdaging. En ik had
natuurlijk wel veel nagedacht over wat je zou kunnen en moeten doen. De NCW
lad een werkgroep ingesteld om na te denken over de toekomstige structuur van
de tweede geldstroom, twee stichtingen of één stichting, en hoe moest die dan
in elkaar steken. Jan Nuis was lid van die werkgroep, Bob van Lieshout was
lid. In die werkgroep hebben we nagedacht, en ik heb toen voor het eerst een
diagrammetje getekend dat je eigenlijk nog steeds, in aangepaste vorm, aantreft
in Annual Report en “aarverslag. Een stichting met een stichtingsbureau en een
instituut met afdelincen en werkgemeenschappen daarbuiten, die ook door het
bureau bediend worden, een wetenschapscommissie en zo. Ik had wel ideeén,
en door de benoeming te aanvaarden was ik in de gelegenheid om die ideeén te
toetsen, uit te werken, dat was een uitdaging.

Zou het je teleurgesteld hebben als ze je niet gevraagd hadden?

Dat is een vraag waar ik nog nooit over nagedacht heb. Nou, bij miju eerste
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uitnodiging bij de benoemingscommissie werd mij niet gevraagd of ik directeur
wilde worden. De commissie wilde met een aantal mensen in het land praten.
En de commissie heeft mijn mening gevraagd. Als ze dat niet hadden gedaan
dan was ik wel teleurgesteld geweest, want ik vond dat ik kon meepraten over
de zaak. We hebben toen gesproken over waar het naartoe zou moeten et het
MC, met het instituut, met de Stichting.

En op een gegeven moment hebben ze mij gevraagd wat ze zouden moeten
doen als ze geen goede kandidaat zouden kunnen vinden. Ik heb toen gezegd
dat ze Seidel zouden moeten benoemen tot Directeur, als tussenpaus, waarop
Seidel bijna explodeerde want die vond dat helemaal geen goed voorstel. Als
ze me niet hadden uitgenodigd voor dat gesprek dan zou ik me teleurgesteld
gevoeld hebben ja. Ik wilde wel meepraten over de toekomst.

. waarop Seidel bijua explodeerde ...

Maar ik was totaal niet teleurgesteld dat ze anderen vroegen voor de functie.
Ze hebben mensen gevraagd waarvan ik het nu nog jammer vind dat die het
toen niet gedaan hebben. Dat was veel heter geweest, van het begin af aan.

Je kijkt niet met louter voldoening terug op je tijd als Directeur.
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Het is gemengd, er zijn hoogtepunten, er ziju dieptepunten. Er zijn perioden
waarin ik met geweldig veel enthousiasme en een zekere zwier bezig was. En er
zijn perioden waarvan ik het gevoel heb dat ik et lood in de schoenen door
een moeras aan het baggeren geweest ben.

Als je terugkijkt heb je altijd perspectivische vertekeningen. Als je kijkt naar
een landschap dan zie je de voorgrond het duidelijkst terwijl de achtergrond
misschien belangrijker is. Als ik terugkijk, dan zie ik terug op het laatste jaar
dat ik als uiterst onaangenaam en grauw heb ervaren. Terwijl op de achtergrond
jaren zijn waarin ik met enthousiasme heb gewerkt en naar mijn gevoel ook met
succes.

Als ik zou moeten proberen de zaken in perioden in te delen dan is er de
periode, de eerste paar jaar, waarin ik de stiel moest leren. Ik moest nog heel
veel leren. Ik heb veel van Barning geleerd, hoe je stukken maakt, hoe je dingen
opzet. Ik heb veel van Nuis geleerd, de terriérachtige vasthoudendheid, het
doorzettingsvermogen. Ik heb veel gehad aan contacten met iemand als Seidel
als voorzitter van het Curatorium.

Maar het is geen geheim dat ik er op een gegeven ogenblik uit heb willen
stappen. Dat ik heel serieus geprobeerd heb terug te gaan naar de VU, maar
daar was in feite mijn positie, hoewel formeel nog beschikbaar, niet echt meer
vrij. Het is geen geheim dat er persoounlijke spanningen ontstaan zijnn tussen
Nuis en mij. Tk heb altijd grote waardering gehad voor Jan Nuis. Voor 1980
had ik al intensief met hem samengewerkt maar op een gegeven ogenblik zijn
we door onze persoonlijkheden op elkaar gebotst. We hebben geleerd dat te
hanteren, allebei, maar er is toch iets van de collegialiteit, de vriendschap van
voor die tijd, door beschadigd en dat betreur ik nog steeds, dat is erg jammer.
Er zijn ook anderen in meegezogen en dat is niet goed. Daar kijk ik dus niet
met voldoening op terug.

Die eerste jaren waren ook financieel moeilijke jaren. Toen is er een periode
van contacten gekomen, Van Spiegel, directeur-generaal Wetenschapsbeleid van
het Ministerie van Onderwijs en Wetenschappen, is daarin heel erg belangrijk
geweest, aan hemn heb ik erg veel gehad. Want jarenlang ben ik, 3 a 4 keer per
jaar, met Van Spiegel gaan praten, die nam daar ook de tijd voor, gaf me allerlei
aanwijzingen, deed suggesties. Dat heeft ook geleid tot opname van het CWI
in het Informatica Stimuleringsplan (INSP). Dat heeft een groei van het CWI
mogelijk gemaakt. Daar kijk ik met voldoening op terug. We lLebben een tijd
gehad van grote bezuinigingen, Nota-Beiaard, Taak-Verdeling en Concentratie,
Selectieve Krimp en Groei, het ene na het andere, overal werd bezuinigd. Maar
in die tijd is het CWI tegen de verdrukking in gegroeid. Ik denk niet alleen in
omvang maar ook in kwaliteit. We zijn er verbazend goed in geslaagd voor de
informatica echt goede mensen aan te trekken, in een hoog tempo.

Mij is verweten — van de kant van NWO miet name, maar van die kant niet
alleen — dat tijdelijke middelen — vijf jaar lang twee miljoen maar ook niet meer
dan dat — gebruikt zijn om vaste mensen aan te stellen. Ik ben nog steeds van
mening dat ik dat terecht gedaan heb. Anders kun je geen centre of excellence



in de informatica worden. Je kunt de informatica niet opbouwen van 20% tot
50% van de onderzoeksinspanning van je instituut zonder ook vaste mensen
aan te stellen. Dat kun je gewoon niet met tijdelijke mensen. Je moet nieuw
onderzoek binnenshuis halen en daarvoor heb je onderzoeksleiders nodig. Ja,
toen de continuering van de INSP-steun maar voor een deel mogelijk bleek zaten
wij met verplichtingen, vaste aanstellingen die we niet konden en trouwens ook
niet wilden afstoten. Ik heb wel eens het gevoel gehad dat op een niet helemaal
reéle en faire wijze aan de Directie verweten is dat ze die verplichtingen heeft
aangegaarn.

Jaren van heel hard werken, van heel veel contacten, van ‘voor wat hoort
wat’. Wij kregen geld, maar mij werd gevraagd om van alles en nog wat te
doen. Ik zat in allerlei commissies en werkgroepen en zo. Keihard gewerkt in
die jaren, maar toen kwam er een periode van reorganisatie. Dat is een heel
nare periode geweest. Ik weet dat er mensen in het instituut zijn die daardoor
beschadigd zijn maar ik ben er in zekere zin zelf ook door beschadigd.

Het had geen reorganisatie moeten worden of hoeven worden denk ik. Ik
denk dat we in de weg van de geleidelijklieid — maar misschien is het heel erg
naief en argeloos wat ik zeg — dat we in de weg van de geleidelijkheid de dingen
ook voor elkaar hadden kunnen krijgen. Maar zodra het op een gegeven ogenblik
echt reorganisatie heette moest er ook een reorganisatieplan komen. Moesten
er op een gegeven ogenblik formaties worden aangegeven, en dus ook wat er
werd afgestoten. Moesten er in de laatste fase namen worden genoemd. Dat
heeft allemaal veel te lang geduurd. Ik zou kunnen uitleggen waarom, maar daar
begin ik niet aan. Zo’n proces moet je in een half jaar doen en het heeft wel twee
jaar geduurd. Dat is tranmatiserend geweest voor een heleboel mensen. Ook
voor mij. Dat is dus ook niet een periode geweest waarnaar ik met genoegen
terugkijk.

Maar zeg je nu eigenlijk niet dat de reorganisatie jou uit de hand gelopen is?
Het heette op een gegeven moment nu eenmaal reorganisatic. en toen moesi er
een plan komen, en toen moesten namen genoemnd worden.

Wij moesten de tering naar de nering zetten. Dus wij moesten bezuinigen
en aangezien loonkosten onze grootste uitgavenpost vormen, betekende dat een
reductie in personeelsomvang. Als je dat kunt doen in de vorm van een herstruc-
turering zonder gedwongen ontslagen, in overleg (maar je zult zo nu en dan toch
op mensen druk moeten uitoefenen) dan kun je dat in alle argeloosheid toch soe-
peler doen dan wanneer iets formeel reorganisatie heet. De ondernemingsraad
komt tegenover de directie te staan, het onderhandelen begint, met adviseurs,
vakbonden aan de ene kant, juristen aan de andere kant, van wat kun je nou
wel zeggen en wat niet. Ieder woord wegen op een goudschaaltje. Zodra je
formeel aan het reorganiseren bent zijn er kaders en zijn er spelregels waar je
je aan moet houden. En die spelregels zijn bedoeld om mensen te beschermen,
maar ze hebben een terugslag, namelijk op een gegeven moment moet je dan
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ook formeel aangeven wat er te gebeuren staat. Je moet een reorganisatieplan
hebben waarin staat dat bepaalde functies worden opgeheven en dat dus mensen
overcompleet zijn en dan moet je namen gaan noemen.

Was het niet mogelijk om alsnog wat op de rem te gaan staan?

Lex, ik denk niet dat ik op de rem had kunnen gaan staan. Maar ik moet
hieraan toevoegen — en dan wil ik helemaal niet mijn eigen verantwoordelijk-
heden ontkennen dat op een gegeven ogenblik door de ondernemingsraad,
in het overleg, is afgedwongen, misschien is dat niet helemaal let juiste woord,
vastgestel., dat gesproken moest worden van een reorganisatie, en op dat mo-
ment kun e niet meer terug. Het overleg met de OR is met grote zorgvuldigheid
en met grote vasthoudendheid gevoerd; ik ga er van uit dat het kennelijk niet
anders kon.

Maar je wilt toch niet zeggen dat het eigenlijk de schuld is van de OR dat er
een plan kwam en daardoor ontslagen?

Nee, nee, dat zeg ik helemaal niet. NWO heeft een grootscheepse actie achter
de rug en ze hebben kans gezien dat herstructurering te noemen en te blijven
noemen. Dat is ook een reorganisatie geweest. Er zijn geen gedwongen ontslagen
bij gevallen, maar er zijn posities verdwenen, maar dat is een herstructurering
geweest.

Wij moesten herstructureren. Ik denk dat er geen schuldige is aan te wijzen,
ik denk dat het voor een deel een autonoom proces is. Wat ik herstructurering
had willen houden, is formeel een reorganisatie geworden en zodra het dat is
moet je een adviesbureau in huis halen en moet je plannen maken en dan is
er een stoomwals zonder rem die de helling afgaat en die je niet meer kunt
tegenhouden.

Maar moet een reorganisatic altijd tot gedwongen ontslagen leiden?

De herstructurering die nodig was moest wel leiden tot een verminderde
formatie. Dat was een absolute voorwaarde van NWO. Een voorwaarde voor
het vangnet dat NWO ons wilde geven.

Ik denk dat dit niet de goede plaats en gelegenleid is om dat te gaan analy-
seren. Ik wil alleen zeggen dat ik het erg jammer vind dat na een aantal jaren
waarin het CWI zich .ieel goed ontwikkeld heeft, tegen de verdrukking in is ge-
groeid, dat ccht trammatische proces van reorganisatie kennelijk onvermijdelijk
was. Ik vind dat jamner, en opnieuw: het heeft mensen beschadigd maar het
heeft ook mij beschadigd. Ik ben erg gevoelig voor goede relaties met mensen
en sommige relaties zullen nooit meer zijn wat ze geweest zijn, want ik ben wel
verantwoordelijk en die verantwoordelijkheid ga ik ook niet nit de weg. Juist
daarom til ik er ook zwaar aan.

Hoe kijk je terug op de, soms wat gespannen, relaties met NWO, SION, de
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wiskundige buitenwereld?

Je noemt weer even een aantal dingen in één adem. De contacten met NWO,
dat is een vreemde zaak in zoverre dat een groot deel van die contacten niet door
mij maar door Nuis werden onderhouden. Dat zat gewoon in de taakverdeling.
Eens per jaar was er een hearing van GB-E over de noden en de daaruit volgende
budgettaire behoeften van de stichtingen. Daar zat je met alle E-stichtingen
en GB-E rond de tafel en iedereen mocht even wat zeggen en iedereen vertelde
natuurlijk hoe slecht het met ze ging en dat zij in ieder geval niet gekort moesten
worden in subsidie volgend jaar. Nou, dat was geen reéel contact.

Contacten met het Algemeen Bestuur zijn er nauwelijks, afgezien van een
werkbezoek. Nogmaals, de eigenlijke contacten werden door de directeur Be-
heerszaken onderhouden. Dus daar heb ik niet zoveel directe inbreng in gehad.
En daar heb ik dus ook niet te veel triomfen of teleurstellingen te melden. Ver-
der zijn er contacten geweest echt op hoog bhestuurlijk niveau, tussen voorzitter
en voorzitter en dat soort zaken. Opnieuw ben ik daar meer iemand aan de
zijlijn, dan dat ik daarbij rechtstreeks betrokken ben.

De relatie met SION is altijd wel turbulent, vurig, impulsief, emotioneel
geweest, maar dat heb ik altijd boeiend gevonden. Ik heb geen nare nasmaak
of vervelende herinneringen aan de relatie met SION. Je moet wel leren met
mensen om te gaan. Met voorzitter Van de Riet moest je op een andere manier
omgaan dan met voorzitter Hertzberger. Uiteindelijk kan ik het met allebei
goed vinden. Ik beschouw Reind van de Riet als een van mijn goede vrienden.
Ik ben iets minder persoonlijk bevriend met Bob Hertzberger, maar ik kan het
uitstekend met hem vinden, ook al zijn we het zo nu en dan niet met elkaar
eens. En de spraakmakende informatici, er is niemand met wie ik het gevoel
heb dat er spanningen zijn tussen hem en mij. Wel eens meningsverschillen maar
die zijn zonder meer bespreekbaar. Dus, de relatie met SION staat natuurlijk
vanzelfsprekend onder druk, dat zit hem in de constructie. Dat zit hem in het
feit dat SION de tweede geldstroom-stichting is voor de informatica, en de helft
van de tweede geldstroom informatica gaat via het CWIL En in het feit dat
SION geen formele zeggenschap over het CWI heeft.

Ze hebben daarom misschien het gevoel dat ze buitengesloten worden.

Dan moet je dus een constructie zien te vinden dat ze niet huitengesloten
worden. Ik heb altijd gezegd dat je een instituut niet als integraal instituut kunt
besturen als er via twee geldkranen door twee partijen meegestuurd wordt, dat
kan niet. Je moet als instituut één bestuur hebben en geen twee. En je moet
als instituut een vast basissubsidie hebben. Maar vervolgens moet het mogelijk
zijn om SION een echte, reéle greep op het onderzoek op het MC te geven.
Kennelijk is dat nog steeds niet volledig overtuigend gelukt. Nog niet zo heel
erg lang geleden heb ik een Lele dag in Amersfoort mogen voorzitten waar door
informatici binnen en buiten het CWI gesproken werd over strategische plannen,
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en ik had het idee dat we toen aardig op weg waren om elkaar te vinden. Daar is
de klad in gekomen doordat andere dingen de aandacht ziju gaan opeisen. Het
laatste jaar met name. Ik geloof nog steeds dat het mogelijk is om een echte,
inhoudelijke, reéle betrokkenheid van het SION-bestuur met het onderzoek hier
te realiseren zonder dat de integriteit van het CWI daaraan wordt opgeofferd.
En het is meer een uitdaging om dat nu eindelijk eens een keer goed te doen dan
dat ik vind dat ik daar met gemengde of nare gevoelens op terug moet kijken.
Het is een klus die ik niet afgemaakt heb.

Maar waarom is er nooit gekozen voor één stichting wiskunde en informatica,
waarmee je toch veel sterker staat?

SION wilde dat niet. De informatici wilden dat niet. ZWO, destijds nog,
heeft de psychologische fout gemaakt die ouders moeten leren niet te maken.
ZWO heeft er namelijk erg op aangedrongen. Niet voor niets is SION tien jaar
lang een stichting in oprichting gebleven. ZWO bleef zijn erkenning onthouden
want ZWO vond dat STON en SMC samen moesten in één stichting. Nou ja dat
is het varkensprincipe. Als je een varken vooruit wil hebben, dan moet je aan
zijn staart trekken, want als je tegen zijn achiterste gaat duwen dan loopt hij je
achteruit omver.

Waarom wilde SION dat niet?

Ik heb een vergadering hier meegemaakt, toen SION nog opgericht moest
worden. Ik heb toen aangeboden, helemaal van harte, om aan werkgemeen-
schappen informatici alle ruimte te geven binnen de SMC. Alles wat aan bureau
en ondersteuning beschikbaar is. Het was Blaauw, hij was nog geen curator, die
op zijn bedachtzame en rustige manier zei dat hij ‘geen voorstander was van
inwoning bij de wiskunde, want inwoning duurt als regel veel te lang’. Blaauw,
echt een van de meest bedachtzame, wijze en codperatieve informatici, was er
duidelijk voorstander van om een eigen organisatie te ontwikkelen. De jongeren
waren het daar alleen maar des te meer 1mee eens. Het zat er gewoon niet in. Ik
heb geprobeerd dat aan Van Lieshout duidelijk te maken. De informatici willen
het niet, geef ze dan de ruimte zoals ze het zelf willen. En ik ben nog steeds
van mening dat dat de enige verstandige manier is. We hebben als Stichting
MC dan ook iedere keer geadviseerd aan ZWO/NWO om SION wel te erkennen
en ik vind nog steeds dat wij niets anders konden doen. Ik zou het overigens
geweldig mooi vinden als er in de toekomst toch nog eens een fusie zou komen.

Het AB van NWO heeft opnieuw, bij ziju herstructurering, wel degelijk
laten we zeggen — gehoopt dat SION en SMC zouden samengaan. Ze hebben
let iets minder expliciet uitgesproken dan destijds ZWO. Maar ja, uiteindelijk
vind ik dat men moet respecteren wat de onderzoekers in een bepaald gebied
zelf willen. En je kunt veel beter twee goed samenwerkende stichtingen hebben
die na verloop van tijd concluderen dat het toch efficiént zou zijn om meer
dingen samen te gaan doen, dan dat je mensen dwingt tot, wat e Fransen een
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cohabitation noemen.
Blaauw zag het als inwoning, maar dat is toch iets anders dan samenwoning?

Zo is het in Frankrijk gebruikt met betrekking tot de socialistische president
en de huidige en een vorige regering. Zo bedoelde ik het dus, in die termen. Een
accommodatie van twee partijen die nolens volens met elkaar verder moeten.

Er is in jouw directeurstijd ook steeds meer druk ontstaan vanuit de wiskun-
dige buitenwereld op het CWI, ook kritiek.

Die kritiek is er altijd geweest. Ik ervaar het niet dat de druk groter is dan
vroeger. Het is natuurlijk wel zo dat het totstandkomen van onderzoeksscholen
noopt tot een herbezinning over wat dan precies de taak en de positie van het
CWTI is. De onderzoeksscholen hebben financiering nodig, die kijken natuurlijk
ook naar de tweede geldstroom. En die vragen zich ook af in hoeverre taken,
met geld en al, van het CWI misschien naar onderzoeksscholen zouden kunnen
overgaan in de loop van de tijd. Dat soort geluiden hoor ik wel.

Het antwoord van SMC en het CWI moet zijn: een herbezinning op eigen
taken, en vervolgens duidelijk maken aan beleidsmakers in onderzoeksscholen,
bij NWO, en waar dan ook, dat die eigen taak zo waardevol is, zo ondersteunend,
complementair. Dat op zichzelf vind ik ook een uitdaging. Dat vind ik niet iets
om benauwd over te zijn, ook niet iets om over te chagrijnen. Vooral de laatste
twee jaar werd er in een bepaalde hoek van de Wetenschapscommissie weleens
uitgeprobeerd hoe ik, hoe het CWI, op bepaalde dingen zou reageren. Ik vind
dat dat moet kunnen. Het is misschien niet altijd even plezierig, maar goed.
That’s in the game. En als CWI moeten we een voldoende duidelijk zelfbeeld
hebben en voldoende goed argumenteren waarom we dat zelfbeeld hebben. Dat
we ons daar tegenover staande kunnen houden. Opnieuw vind ik dat meer iets
dat de zaak spannend maakt, dat de zaak levend houdt, dan dat ik daar nare
gevoelens van heb. Nare gevoelens heb ik van beschadigingen van personen en
persoonlijke relaties, niet van belangentegenstellingen. Daar kun je zakelijk over
praten, daarover kun je het ook heel goed met elkaar oneens zijn en vervolgens
samen een biertje gaan drinken.

Persoonlijke relaties die beschadigd worden, dat is veel erger. En dat heb ik
in deze veertieu jaar van tijd tot tijd meegemaakt. Van vrij in het begin af aan,
in verschillende context, en dat maakt dus dat ik met gemengde gevoelens op
de tijd terugkijk. Het is echt niet alleen maar een leuke tijd geweest.

Er zijn wel hoogtepunten en leuke ogenblikken geweest. Ik heb lLeel veel vol-
doening beleefd aan de oprichting van ERCIM en de daaruit voortkomende sa-
menwerking. De eerste periode daarvan was uitermate constructief. Seegmiiller
en Bensoussan en ik, met zijn drieén probeerden wij te zorgen dat de onder-
zoeksgroepen elkaar leerden kennen, dat de instituten wat meer van elkaar op
de hoogte raakten, dat we wat van elkaars cultuur gingen begrijpen. Een aantal
van de mensen beschouw ik echt als mijn vrienden. Met hen heb ik een heel

50



. informatica en toegepaste wiskunde zijn voor de toekomst van ons en onze
kinderen tenminste even belangrijk als ruimtevaart en hogere energie fysica ...

plezierige relatie opgebouwd. ERCIM groeit nu zo snel dat het moeilijk is om
goed vast te houden aan wat je ermee wilt bereiken.

Wat wil je ermee bereiken? Ik neem aan dat het niet alleen om de persoonlijke
relaties gaat.

Nee. Wat ik wil bereiken is samenwerking op organisatieniveau, waar moge-
lijk contractonderzoek, uitwisseling op het gebied van fundamenteel onderzoek
tussen de wiskundigen, met name de toegepast wiskundigen, en de informatici
in Europa. Om op die manier voor ons vak te kunnen opkomen. Wat de fysici
al jaren met groot succes doen rondom CERN e.d. Wat de astronomen en de
ruimte-onderzoekers met groot succes doen omn nationale en internationale on-
dersteuning te krijgen. de publieke opinie te actualiseren voor hun onderzoek.
Dat moeten wij voor informatica en toegepaste wiskunde ook kunnen. Want
informatica en toege| aste wiskunde zijn voor de toekomst van ous en onze kin-
deren tenminste even belangrijk als ruimtevaart en hogere energie fysica. Onze
wereld wordt gestructureerd door allerlei toepassingen van computers en van
informatieverwerking. Ouze toekomstige beschaving wordt daardoor gedomi-
neerd. Wij moeten daarin een eigen stem ontwikkelen en dat kunnen we alleen
maar als we gaan samenwerken en als we niet iedere keer met elkaar concurreren
of niet eens weten wat er aan de overkant van de grens gebeurt. Ik wil dus ge-
woon een grotere samenhang, een grotere cohesie, een groter aggregatie-niveau



voor het onderzoek in de informatica. Een groter, ook informeel netwerk. Het
is pas een succes als je ook de onderzoekers in de industrie, in het bedrijfsleven
daarbij betrekt. De mensen die bezig zijn bij de banken om informatiebeveili-
ging toe te passen. Bij de PT'T’s, bij industrieén op het gebied van de IT, die
er in Europa nog wel zijn, ook buiten Philips, Siemens en Bull. Die moeten
van elkaar weten wat voor mogelijkheden er zijn, welke mensen je daarbij kunt
inschakelen, waar je nou in Brussel, Straatsburg, of bij de nationale regeringen
moet lobbyen. Dit is een onderwerp waar ik echt in geloof.

Het is jammer dat je je werk door je ziekte niet goed hebt kunnen afronden.

Ja. Een jaar geleden ben ik opnieuw ziek geworden. Kennelijk heb ik daar
aanleg voor. Eigenlijk onder dezelfde omstandigheden als in 1969-1970. Ontwik-
kelingen in mijn werk die ik moeilijk vond, gecombineerd met ontzettend ver-
velende, nare, traumatische ontwikkelingen in mijn persoonlijke leven, en die
combinatie is kennelijk niet zo gezond voor me.

Emotioneert het werk je ook?
Soms ja. Ik ben daar heel emotioneel bij betrokken ja.
Te veel volgens jou?

Nou dat weet ik niet, vermoedelijk functioneer je efficiénter als je niet emo-
tioneel wordt maar zonodig wel kunt spelen dat je het bent. Maar ik ben niet
zo goed in simuleren en als je emotioneel wordt dan kun je daar ook energie aan
ontlenen. En ik heb dat in het verleden ook wel eens bewst gebruikt. Vechtend
voor het CWL In Den Haag.

Lag je ook wakker van je werk?

Ja, daar kan ik echt wel van wakker liggen. Kijk als ik lees, ik geloof gisteren
in de krant, dat Minister Wijers vindt dat het technologisch onderzoek veel te
veel navelstaarderig bezig is (dat zijn mijn woorden), veel te waardevrij bezig
is en het moet allemaal anders en er moeten Centres of Excellence komen,
dan heb ik op dat moment de neiging eimotioneel te worden van: verdikkeme
nog aan toe, Deetman en Van Aardenne samen hebben bij het INSP-gebeuren
uitdrukkelijk het MC de opdracht gegeven nationaal Centre of Excellence for
Computer Science te worden. In de rapportage aan de Kamer heeft Deetman
die opdracht nog vier jaar daarna herhaald. Ik moet naar Wijers toe en ik moet
hem daar mee confronteren, en ik moet hem daaraan herinneren.

Je bent waarschijnlijk in dat opzicht ambitieus, je wilt alle dingen goed doen.

Je hoeft niet alles even goed te doen maar je moet het wel allemaal bijhouden.
Je kunt je niet veroorloven en zeggen: We laten de wiskunde een tijdje aan zijn
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lot over en we gaan verder met de informatica, zo werkt dat niet. Of nu gaan
we eens een tijdje aan de landelijke activiteiten werken, Let instituut komt de
volgende keer wel weer. Nee, dat moet je allemaal tegelijk proberen actief te
houden. In de aandacht van de mensen en in je eigen aandacht te houden.

Zijn er concrete dingen waarvan jij zegt: dat had ik echt beter moeten doen?

Ja maar die heb ik niet op een rijtje. De relatie met SION is niet af. Er
zijn natuurlijk dingen, ik zeg het nu in een bijua lege platitude, die ik met de
ervaring, het inzicht en de kennis die ik nu heb beter had kunnen doen, als ik
die kennis eerder had gehad. Spanningen in de relatie met Jan Nuis, waren niet
nodig geweest als ik eerder begrepen had waar bepaalde gevoeligheden liggen.
Ik betreur die spanningen ten zeerste en achteraf zeg i dat had niet gehoeven.
Maar het was misschien ook onvermijdelijk want pas door er doorheen te gaan
merk je hoe het anders had gekund.

Vergelijkbaar met de reorganisatie?

Ja, vergelijkbaar met de reorganisatie. Er zijn dingen die niet af zijn. Laat
ik één ding noemen waarvan ik vind dat dat ook niet goed is zonder dat ik
bereid ben nu te analyseren hoe dat zou kunnen komen. De kernwiskunde in
dit instituut is te zwak geworden. De afdeling AM is te klein, te smal, is bijna
geheel teruggevallen op twee onderwerpen, algebra, met name computer-algebra,
en niet-lineaire dynamica, met name mathematische biologie-modellen. Dat is
te smal voor dit instituut. Dat is jammer, dat is niet goed.

Zie je dat als een taak voor een opvolger?

Ik denk dat het voor het instituut heel goed zou zijn als de kernwiskunde, de
grondmethodologieén, verbreed en versterkt zouden worden. Voor computer-
algebra ik sta in zoverre aan de wieg van CAN dat ik voor het eerst een
suggestie heb gedaan op een bijeenkomst om een beroep te doen op die pot
expertise-centra. RIACA is terug te voeren op een brief die ik aan NWO heb
geschreven destijds. Willen CAN en met name RIACA een succes ziju dan
moeten we ze ook wiskundig, vanuit fundamenteel onderzoek, vanuit het CWI
ondersteunen. Daarvoor is een sterkere groep nodig dan er nu bij AM zit. Dus
enerzijds moet er geinvesteerd worden in de algebra, niet alleen de computer-
algebra maar ook de theoretische algebra en de algoritmiek, ten behoeve van
CAN en RIACA. Anderzijds moet de basis verbreed worden. Er zou hier eens
een goed project meetkunde moeten komen, echte goede differentiaal-meetkunde
bijvoorbeeld.

Omdat wij dat nodig hebben?

Omdat dat een uitstraling zal blijken te hebben. Als je differentiaal-meet-
kunde kiest, outstaat er als het goed is samenwerking met controltheorie. Op



een gegeven moment ontstaat er ook samenwerking met de biomathematica en
de niet-lineaire modellen. Dan blijk je daar ook symbolisch rekenen voor te
kunnen gebruiken, en raakt CAN erbij betrokken en je krijgt een nieuwe groep
mensen in het land die met enige interesse volgen of het experiment lukt of niet.

Vind je het achteraf, alles overziende, jammer dat je geen biologie bent gaan
studeren?

Ik heb nooit spijt gehad van wiskunde. Ik vind het misschien achteraf jammer
dat ik niet meer wiskunde heb gestudeerd. Maar biologie, ja en nee. De laatste
tien boeken die ik gelezen heb gingen over biologie.

Dit sluit misschien aan bij de vraag: Wat ga je na je afscheid doen?

Een medicus met wie ik niet zo lang geleden sprak zei tegen mij dat ik heel
duidelijk nog met het gezicht naar het verleden sta en met mijn rug naar de
toekomst. En ik denk dat dat waar is. Ik weet nog niet wat ik na mijn afscheid
ga doen. lk weet dat ik op de VU nog welkom ben. Ik heb daar een heel
kleine aanstelling, maar het is wel een vaste aanstelling, en ik hoop dat ik die
mag houden en dat ik daar nog iets kan opbouwen, onderwijs, of wellicht zelfs
betrokken kan raken bij onderzoek, bij afstudeerders of wat dan ook. Maar
dat is geen weektaak. Ik moet mijn baan hier afronden. Ik ben bezig mijn
afscheidsverhaal op papier te zetten en dan moet ik verder hier alles leeg gaan
halen en mijn archieven gaan opruimen of weg doen, dan ga ik vervolgens een
andere woonplaats zoeken buiten de Randstad. Ook om persoonlijke redenen.
Ik moet nog beginnen te zoeken, ik heb nog geen flauw idee waar, dat gaat ook
tijd kosten. Dus ik ben in teder geval voorlopig nog bezig met het afhechten,
het afronden van het verleden. En ik kan eigenlijk pas goed nadenken wat ik
daarna ga doen als ik die deur achter me gesloten heb.

Wat eigenlijk veel te weinig in dit gesprek aan de orde is geweest en waarvoor
ik verwacht veel meer tijd te zullen hebben, zijn mijn kinderen en kleinkinderen.
Zij hebben altijd heel heel veel voor mij betekend, en zijn ook een belangrijke
steun voor mij geweest zowel in mijn professionele als in mijn privéleven.

Ook hoop ik meer tijd te hebben voor een aantal liefhebberijen, zoals de
natuur, de tuin, fotograferen (in het bijzonder bloemen en vogels), geschiedenis,
poézie, (iniddeleeuwse) muziek.

Je zei: ik ben nog welkom op de VU. Ga je er van uit dat je op het CWI niet
meer welkom zou zign, of is het meer dat je zelf niet wilt?

Ik zal hier voorlopig niet komen. Ik ben ervan overtuigd dat ik op allerlei
niveaus welkom ben maar ik voel me toch op een andere wijze niet thuis. Ik
voel me ongemakkelijk. Ik heb een erg ongemakkelijk jaar achter de rug, en die
ervaring wil ik niet voortzetten.

Maar je bent waarschijnlyk al een aantal jaren niet op de eerste en tweede
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verdieping geweest. In de bibliotheek bijvoorbeeld, waar je vroeger altijd graag
kwam.

Ik kom zelfs niet meer in de kantine. Er is een situatie ontstaan waarin
ik mij hier erg ongemakkelijk voel. En ik denk niet dat ik die verbreek door
bijvoorbeeld naar de bibliotheek te gaan. Laten we het er maar op houden
dat er bij mij nog steeds een paar moertjes los getrild zijn en die moeten weer
aangeschroefd worden.

Ik denk dat velen je nog vaak hier hopen te zien.

Een zelere mate van koppigheid is mij niet vreemd. Ik ben niet van plan
om, als ik hier de deur achter mij dichtgetrokken heb, binnen afzienbare tijd
terug te komen, daar heb ik mijn redenen voor.

Het 50-jarig jubileum, zien we je dan?

Een van de levenswijsheden die de Angelsaksische taal ons geleverd heeft is:
Never say never. Laat ik het antwoord op die vraag dus maar schuldig blijven.

Wordt het een verrassing?
Tk meen het antwoord te weten maar ik spreek het niet uit.

Cor, hartelijk bedankt voor het interessante gesprek.

Dit interview werd afgenomen op 27 oktober 1994, met medewerking van Miente Bak-
ker. Met veel dank aan Coby van Vonderen voor het vervaardigen van de transscriptie.
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Operational Operations Research at the
Mathematical Centre

Ko Anthonisse and Jan Karel Lenstra

This ceprint is dedicated to Cor Baayen on the occasion of his retirement
as scientific director of CWI. It was written in 1982, when CW| and NWO
were still Institute MC and ZWO. Just before, the Foundation MC had
confirmed its national position by becoming the ‘Netherlands Foundation
for Mathematics'. Shortly afterwards, the Institute MC changed its name
to CWI and started to play a leading role in the national computer science
stimulation program. These events, which are milestones in the history of
the MC, were largely due to Baayen's efforts.

The paper was published before in the European Journal of Operational
Research (Volume 15, 1984, pp. 293-296) and, in its original Dutch version,
in Kwantitaticve Methoden in het Management, edited by C.B. Tilanus,
0.B. de Gans and J.K. Lenstra (Het Spectrum, Utrecht, 1983, pp. 252-258).
We are grateful to Elsevier Science Publishers B.V. for their permission to
reprint it here. We have chosen to make only a few editorial changes, and
hope that the paper reflects the spirit of the time of its first publication.

This note deals with consultation in operations research at the Mathematical
Centre in Amsterdam. After a short description of the activities of the MC,
in particular of its Department of Operations Research and System Theory,
three practical projects are described.

1. INTRODUCTION

The Mathematical Centre (MC) was established in 1946 as a nonprofit foun-

dation for the promotion of mathematics and its applications.

The Institute MC has six scientific departments: pure mathematics, applied
mathematics, numerical mathematics, mathematical statistics, operations re-
search and system theory, and computer science. Among the supporting non-
scientific departments, the library and the printing office play a role of national
importance. The MC is sponsored by the government through the Netherlands
Organization for the Advancement of Pure Research (ZWO). Next to pure re-
search, the MC also carries out consulting activities in the private and public
sectors. The budget for 1980 amounted to more than thirteen million Dutch
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guilders, of which about 85% was provided by ZWO. The institute employs
around 150 people.

The Foundation MC was recently appointed to coordinate, stitnulate and
evaluate mathematical research at universities to the extent that it is being
financed by ZWO. To this end, a number of research communities in several
branches of mathematics were created. This new task is mentioned here to
emphasize the central position of the MC within Dutch mathematics, although
it is not of primary relevance to the subject matter of this paper: consultation
in the area of operations research.

The Department of Operations Research and System Theory is engaged in
the investigation of mathematical models and methods that could support
optimal actions in decision situations. The motivation originally came from
problems in economics and industrial engineering, and today is also found in
communication and control and even in the political and social sciences.

These investigations entail the study of a wide range of mathematical sub-
Jects, such as complexity theory, combinatories, probability theory and dif-
ferential geometry. The unifying element is the potential applicability of the
models and methods under investigation. Consequently, the department tries
to become involved in projects that lead to original and advanced applications
in areas in which it has expert knowledge. Such projects can vary from answer-
ing specific questions explicitly to participating in development research, with
the purpose of making new theory applicable in practice.

The involvement in practical projects is an essential part of the department’s
scientific policy. The current research projects and the main application areas
are:

- combinatorial optimization, i.e., the determination of optimal distribu-
tion systewms, depot locations, room assignments, timetables, production
plans, cutting patterns, and other discrete structures:

- analysis and control of information flows in networks, such as computer
networks, telecommunication systems and networks of (ueues;

- system and control theory. in particular prediction, filtering, nonlinear
control, system identification and time series analysis.

Experience has shown that consultative activities often lead to innovative ap-
plications as well as to intrigning mathematical problemns and results. This
will be illustrated below on three practical projects. They were carried out by
Antoon Kolen, Ben Lageweg, Leen Stougie, Koos Vrieze. and the authors.

2. PLAYING FOR KEEPS

A consortium of four international contractors had completed a large dredging
contract. An inventory of equipment was left over, consisting of 268 items, in-
cluding crane ships, barges, rock breakers and smaller items such as pipes and
spare parts. An independent consultant had established a price for each item.
The total value of the inventory was about $24.8 million. Since the inventory
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could not be sold locally, it was agreed among the partners that each would
buy a quarter of the lot. It was also agreed that the allocation of the items to
the partners would be determined by an auction, as it was virtually impossible
to decide on this by straightforward negotiations.

The anction consisted of 25 rounds. In each of the first 24 rounds each
partner would be allotted $0.25 million to buy items or to save money for
subsequent rounds. It was not allowed, however, to save an amount exceeding
the price of the most expensive unsold item. In the last round the remaining
budgets must be spent. The order in which the companies should buy from the
inventory in the first round would be determined by drawing lots: Sy = (1, 2,
3, 4). The order in the subsequent rounds followed from that in the first one:
in the second round S» = (2, 3, 4, 1), in the third Sy = (3, 4, 1, 2), and in
the fourth Sy = (4, 1, 2, 3). Then a second cycle of four rounds would follow:
Sy, 83,54, S1. The third cycle would start with S, and so on.

Our client, one of the partners, had composed a listing of the items with
the price of each item, its attractiveness for the company and guesses of the
preferences of the others. The attractiveness was defined as a classification
into categories A (very attractive) to E (scrap). Category A contained three
expensive crane ships; five to six rounds of saving would be necessary to acquire
one. Due to the extended production times for new cranes it was expected that
each partner would try to obtain at least one of these.

A program was developed to keep track of purchases and savings of each
parner and to provide information, if requested, such as lists of attractive items
that could be bought in the present or the next round. This program was run
on the company’s computer and used on-line by the delegation at the auction.

Our assigmnent was to develop a strategy to obtain as much attractive equip-
ment as possible. An analysis of the inventory and the rules of the game pro-
vided useful information. It was impossible to avoid buying from category E;
minimization of this was selected as the primary objective. The drawing of
lots was intended to provide equal opportunities but did not do so; e.g., the
company which draws 2 is preceded by company 1 in most rounds and thus
is at a disadvantage if both prefer the same items. Another problem was the
end-game. It was possible that only expensive items would be left at the end
and no partner has sufficient savings to buy. Even if this situation did not
oceur, at least $0.8 million worth of material would be left at the end, without
rules for allocating it.

For this auction, various strategies are conceivable. With the help of a sim-
ulation program five strategies were investigated, each with and without going
after the cranes. The auction was simulated for over 50 combinations of these
basic strategies for the competitors and assummed preferences for the items, and
the results were analyzed.

According to the simulations, the outcome for the company would depend to
a large extent on the drawing of the lots. At the beginning of the gaime as little
as possible should be saved. It was most advantageous to buy an item requiring
several rounds of saving in one of the last few rounds. The round in which to
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start saving depended upon the outcome of the lottery. While saving, one
might not spend more than the competitor with the closest amount of savings.
Much attention should be paid to items priced $0.25 million or less, which do
not require saving. Finally, the game would probably reach a deadlock, so the
partners should define rules for the endgame.

With the help of the bookkeeping program and the selected strategy, our
client succeeded in spending only 10% of the budget in category E and very
high percentages in categories A and B. This is in spite of an unfavourable
starting position and an arbitrary allocation of the leftovers in the last round.
The estimates of benefits ranged between $0.25 and $1.50 million. An objec-
tive estimate is impossible since the real preferences of the other partners are
unknown. One of them purchased different items than was expected. In gen-
eral, the others tried to optimize in each round, whereas our client pursued an
overall optimum.

This consultation was not remarkable by the problem and the results alone,
but also because we were given only ten days. Nevertlieless, as intensive and
effective preparation for the auction was feasible.

3. AFTER THE LAST RIDE

The public transportation service in one of the major Dutch cities, which oper-
ates 16 tramway lines and 270 tramcars, was interested in an optimal allocation
of trams to depots. On each line, a number of trams runs between both end-
points. After the last ride at night, each tram goes to one of seven depots.
Each depot has a limited capacity. A ride to the depot costs a certain amount
that, among other things, depends on the length of the ride. The problem is to
allocate tramns to depots in such a way that the total costs of the depot rides
are minimized.

Three variants of this problem were of interest. The first one represents
current practice: all trams of the same line are allocated to the same depot.
This stimulates contact among the drivers on one line. The second variant can
vield savings: the trams of a line that make their last ride to the same endpoint
have to go to the same depot. The lower costs were to be weighed against the
inconvenience of dividing personnel. The third variant is the cheapest one: each
tram can go to any depot. This was not considered to be a feasible alternative,
but it would set an informative lower bound on the minimum total costs.

Out of the seven depots mentioned above, only three do exist in reality. Two
of the four fictitious depots are locations at which a depot could be built. Before
deciding to do this, one wanted to have a definite estimate of the potential
savings as a function of the capacities to be chosen. The other two fictitious
depots are in fact two new routes to an existing depot. Building those routes
could diminish noise pollution at night, again depending on the capacities to
be chosen — i.e., the number of tras that would be allowed to use the routes.
One was interested in the relation between operating costs and usage of one or
both new routes. All this led to 40 combinations of depot capacities for each
variant. Therefore, a total number of 120 problems had to be solved.
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The mathematical formulation of these problems was obvious. The third
variant is nothing but a linear transportation problem, for which standard
techniques yield integral solutions; there is no concern that a tram will be
split over several depots. The first and second variants have side coustraints
to enforce that all trams of the same line (or of the same endpoint) go to
the same depot; this required the introduction of a 0-1 variable for each of
the 16 x 7 = 112 line-depot combinations (or for each of the 32 x 7 = 224
endpoint-depot combinations).

The resulting integer linear programming problems were solved by the APEX
system of Control Data, which is available on the Cyber 175 — 750 of SARA
(Foundation Academic Computing Centre Amsterdam). This program comn-
puted good to very good solutions at reasonable costs.

The con.putations were organized as follows. For each variant, our general
LP matrix generator produced an input file for one combination of capacities.
After that, a special procedure handled each case by substituting a combination
of capacities in the input file, calling the APEX system, and adding the solution
to an output file. Finally, a report generator made manageable surveys of all
solutions.

The problems have also been solved for possible future situations involving
increased capacities or modifications of the network.

As has been stated before, one had no intention to simply implement the
best solution in practice. Many of the variants and situations considered are
unrealistic, but this very feature does contribute to the value of the collected
results as an aid to decision making. The transportation service is now investi-
gating the possibility of changing to an allocation rule according to the second
variant; this would yield substantial savings.

4. NASTY CLIENTS

A Dutch firm, primarily engaged in the retail trade, had decided to diversify
and had acquired a large number of summer cottages. A client can make a
reservation at any of the firm’s branches and is immediately told whether a
cottage is still available for the period (s)he is applying for. Ouly at a later
stage it is determined in which cottage each accepted client has to spend the
lholidays. This procedure led to a couple of questions.

Does there exist a simple rule that indicates whether a client can be accepted?
Yes, there does: cottages can be assigned to clients in their desired periods if
and only if, at any time, the number of clients is no larger than the number of
cottages. How about a method that assigns the accepted clients to a minimum
number of cottages? This exists as well: assign the clients to cottages in order
of their starting times, giving priority to cottages used before.

As early as 1954, more complicated versions of these problems were solved
by G.B. Dantzig and D.R. Fulkerson, founding fathers of operations research,
as witnessed by the existence of the Dantzig Prize and the Fulkerson Prize.
The questions asked were closely related to our research in machine sequencing
and scheduling, so the answers could be given offhand during the first (and, as
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it turned out, the last) contact with our potential client.

While leaving, a trivial complication crossed his mind: a client can reserve
a specific cottage by paying Dfl.25 upon application and is then preassigned.
This has a dramatic effect on the problem’s computational complexity. So far,
we had identical cottages and nonidentical clients; but now the cottages are
nonidentical as well. The question whether a client who expresses no preference
can be accepted boils down to the following problem: is it possible to pack n
given time intervals (the unassigned clients) into m other given time intervals
(the idle periods of the cottages)?

This is a beautiful combinatorial problem, but it has not heen dealt with pre-
viously in the literature. The above necessary and sufficient condition for ac-
ceptance remains valid only under the (false) assumption that a client would be
willing to move into another cottage now and then. It recently turned out that
the problem is solvable in polynomial time for each fixed m and NP-complete
for arbitrary m. The complexity theorist is delighted by such a classification.
However, the polynomial method is not practicable for realistic values of m,
and NP-completeness does not imply absolute insolvability. It seems very well
possible to develop an algoritlun that resolves most cases fairly quickly — al-
though one can always constrnet an artificial instance that keeps the computer
runuing until holidays are over.

We never heard from our client again: the complications caused by the nasty
clients are probably trivial indeed and do not prohibit tlie application of the
existing methods.

Is this an example of a consultation that failed? No, it rather is the reverse
of a consultation. A practitioner saddled us with a problem that, after all, was
of no concern to him. Continuing research on this problenm is a task of the
Mathematical Centre. It is primarily motivated hy our professional curiosity,
but also by possible practical demands in the future.

NOTE ADDED IN PROOF
On September 1, 1983, the Institute MC changed its name to CWI (Centre for
Mathematics and Computer Science).
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Mathematical logic has played a useful role in clarifying concepts and ideas
advanced in Artificial Intelligence. However, for specific applications it is
often needed to modify and extend well-known logic formalisms, sometimes
in an unusual way.

A case in point is the treatment of negation in Prolog. To properly render
its meaning and compare formally its use to that in logic programming we
had to extend the customary logic programming formalism by allowing vari-
ables standing in atom positions (so called meta-variables) and adopting
ambivalent syntax.

To define the computational process of Prolog one needs to define formally
backtracking, which is an algorithmic concept. We found a simple account
of it by means of a single operation on finite ordered trees. To deal with the
cut operator one more operation is needed.

After taking care of these matters we establish a formal result showing an
equivalence in appropriate sense between these two uses of negation — in
Prolog and in logic programming. This result allows us to argue about cor-
rectness of various known Prolog programs which use negation by reasoning
about the corresponding logic programs.



This paper is a shorter version of a chapter from Meta-programming in
Logic Programming, K.R. Apt and F. Turini (editors), The MIT Press, (in
preparation).

1 INTRODUCTION

During the last 15 years, a lot of attention was devoted to the study of negation
in logic programming. No less than seven survey articles on this subject were
published. Just to mention two most recent ones: Dix [Dix93] and Apt and
Bol [ABY4].

The main reason for this interest is that in the logic programming setting neg-
ative literals can be used to model non-monotonic reasoning. The computation
process of logic programming provides then a readily available computational
interpretation. This is not the case with other approaches to non-monotonic
reasoning. This computation process is called SLDNF-resolution and was pro-
posed by Clark [Cla78]. Negation is interpreted in it using the “negation as
finite failure” rule. Intuitively, this rule works as follows: for a ground atom A,

- A succeeds iff A finitely fails,
= A finitely fails iff A succeeds,

where “finitely fails” means that the corresponding evaluation tree is finite and
all its leaves are marked as failed.

However, SLDNF-resolution is not a practical way of computing and usually
one resorts to Prolog when seeking for a computational interpretation. But
in Prolog negation is implemented in a different way, namely by the predicate
(or synonymously relation symbol) neg defined internally by the following two
clauses:

neg(X) «— X,! fail. (1)

neg(X) — . (2)

where “I" is the cut operator and fail is a Prolog built-in with the empty
definition.

The intuition behind this definition is perhaps best revealed by first intro-
ducing the if_then_else predicate defined as follows:

if then else(P, Q, R) «— P,!,Q.
if _then_else(P, Q, R) «— R.

if _then_else is intended to model within Prolog the customary

if P then Q else R

construct of imperative programming languages. Then neg can be equivalently
defined by

neg(X) <« if_then else(X, fail, 0O).
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where O is the empty query which immediately succeeds. So intuitively, neg(X)
can be interpreted as “if X succeeds then fail else succeed”.

It is usually tacitly assumed that logic programming and Prolog ways of
dealing with negation are “equivalent”, in the sense that SLDNF-resolution
combined with the leftmmost selection rule (henceforth called LDNF-resolution)
properly reflects Prolog’s way of handling negation. Upon closer scrutiny this
assumption is far from being obvious. The above definition of the neg predicate
and its use in programs calls upon a number of features which are present in
Prolog, but absent in logic programming, and for which a formal treatment is
lacking. These are:

o the use of meta-variables, that is variables which occur in an atom posi-
tion, like X in the first clause,

e the use of meta-programming facilities that arise when applying this def-
inition of neg, so in constructs of the form neg(A) where A is an atom,
or a query in general.

Additionally, two better understood, though not necessarily simpler to handle,
features of Prolog need to be taken care of, namely:

o the ordering of the program clauses,

e the use of the cut operator “1”.

The aim of this paper is to relate precisely these two uses of negation: in logic
programming and in Prolog. To do this we appropriately tune the definition
of the SLDNF-resolution given in Apt and Doets [AD94] to our present needs
and formally define “Prolog trees” in the presence of the cut operator. Then
we prove a result that shows an appropriate equivalence between these two
definitions of negation.

The outcome of this study is that we can now interpret various results
about correctness of general logic programs executed by means of the LDNF-
resolution (see e.g. Apt [Apt94]) as correctness results about the corresponding
Prolog programs that use negation.

2 SYNTACTIC MATTERS
2.1 General Logic Programs
To relate general logic programs to Prolog programs we have to be precise about

the syntax. Fix a first-order language £. To make this comparison possible we
assume that

e a general program is a sequence and not a set of general clauses,

e the predicates !, neg and fail are not present in the language L.
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A general clausc is defined in the usual way (see e.g. Lloyd [Llo87]), so as a
construct of the form A « L,y,..., L,,, where A is an atom and L,,..., L, are
literals, i.e. atoms or their negations, all in the language £. And a query is
a finite sequence of literals. In the context of logic programming the negation

W

connective is written as “—".

2.2 Prolog Programs

Prolog programs here considered are intended to be the programs that allow
us to model the negation by 1means of the predicate neg defined by the clauses
(1) and (2). However, the syntax of clause (1) creates a number of problems,
even if we ignore the cut operator “I”.

First of all, the use of the meta-variable X in clause (1) violates the syntax
of the first-order logic. This use of X in the resolution process leads to further
complications. Take an n-ary function symbol p in the language £ and let
S1,-.., 8, be some terms. Consider now the query neg(p(s;....,s,)). Dur-
ing Prolog computation process it resolves using the clause (1) to the query
p(s1,...,8,),!,fail. Now in the first query p occurs in a position of a function
symbol, whereas in the second one p occurs in a position of a relation symbol.
So every function symbol needs also to be accepted as a relation symbol.

Also conversely: take an n-ary relation symbol p witly some terms s, ....: Sns
and consider the general clause p(sy, ..., 8,) < =p(s1...., s, ). Its desired trans-

lation into a Prolog clause is p(s;,...,s,) «— neg(p(s;,...,s,)). In the head
of the latter clause p occurs in a position of a relation symbol, whereas in its
body in the position of a function symbol.

As in both cases p was arbitrarily chosen, we conclude that to render the
resolution process meaningful we need to accept that the classes of function
symbols and of relation symbols in the underlying language coincide.

This is clearly in violation with the (usually tacit) assumption that in the
first-order language, say £, fixed above, the classes I, and R, of, respectively,
its function symbols of arity m and its relation symbols of arity n are pairwise
disjoint for m,n > 0. In short, the use of the clause (1) cannot he properly
accounted for by just referring to the first-order logic.

A simple solution to the above mentioned two problems is to modify the
syntax of the language £ by allowing

e meta-variables, so variables that can occur in atoms positions, both in
the queries and in the clause bodies,

o ambivalent syntax, so — in this case — by assuming that the classes of
function and relation symbols coincide.

The latter can be achieved by extending £ to a language in which for each
m >0 F,, UR,, are the classes of both its function symbols and relation
symbols. Thus in this language terms and atomns coincide.

Additionally, we assume that
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o the predicates !, neg and fail are present in the underlying language,

e ! is a built-in O-ary predicate (with a meaning to be explained later), and
no clause uses it in its head,

e neg is a built-in predicate defined by the clauses (1) and (2), so no other
clause uses it in its head,

e fail is a built-in 0-ary predicate with the empty definition, so no clause
uses it in its head.

The last two assumptions ensure that neg and fail are indeed defined in-
ternally in the desired way. For the purposes of syntax the cut operator “!” is
viewed here as a O-ary predicate with the empty definition. This might suggest
that its meaning coincides with that of fail. However, this is not the case. Its
real, operational, “meaning” will be defined in Section 4 by means external to
the resolution process.

So in the resulting language, apart of the customary atoms, also 1 fail and
Ineta-variables are admitted as atoms (henceforth called special atoms).

Now, a Prolog program is defined as a sequence of Prolog clauses preceded
by the clauses (1) and (2). In turn a Prolog clause is a construct of the form A
« By,...,B,, where A, B,..., B, are atoms iu the language L, and A is not
a special atom. And a Prolog query is a finite sequence of atomns. For brevity,
in the examples of Prolog programs, we drop the listing of the clauses (1) and
(2). Finally, we denote sequences of atoms or literals by bold capital letters.

Note that at this stage we use two notions of an atom — one within the
language £ and another in its ambivalent extension just defined. From the
context it will be always clear to which of these two languages we refer.

2.3 Restricted Prolog Programs

The translation of a general program to a Prolog program is now straightfor-
ward and as expected: we just replace everywhere a logic progranuning literal
~A by Prolog’s atom neg(A) and prefix the resulting program with the clauses
(1) and (2). In short, the logic programming negation connective “-" is traded
for the built-in predicate neg. Similarly, a general query is translated to a
Prolog query by replacing everywhere A by neg(A).

This translation process maps every general program (resp. general query)
onto a Prolog program. However, not cvery Prolog program (resp. Prolog
query) is the result of translating a general program (resp. general query).
Indeed, in general the cut operator “!” can be used in any Prolog clause, not
only (1).

Let us now characterize the Prolog programs (resp. Prolog queries) which are
the result of the above translation of general programs (resp. general queries).
We call them restricted Prolog programs (resp. restricted Prolog queries). To
this we translate “back” every Prolog program (resp. Prolog query) onto a
general program (resp. general query) by replacing everywhere neg(A) by 4,
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and omitting the clauses (1) and (2) that define the neg predicate. Then a
Prolog program (resp. Prolog query) is restricted if the outcome of this reverse
translation is a syntactically legal general program (resp. general query). For
example the Prolog query neg(q) ,q is restricted because its reverse translation
is =g, q, whereas neither neg(q(neg(a))) nor p(q) ,q is restricted because their
respective reverse translations violate the syntactic assumptions concerning
general programs.

Of course, it is possible to define the class of restricted Prolog programs and
queries directly, though the resulting definition is rather tedious.

We now define a resolvent of a Prolog query as follows.

DErFINITION 2.1 Consider a non-empty Prolog query A, M and a Prolog clause
c. Let H «+ L be a variant of ¢ variable disjoint with A, M and let # be an mgu
of A and H. Then (L,M)# is called a resolvent of A,M and ¢ with an mgu 6.
O

The only unusual feature in the present setting is, that now the mgu’s also
bind the meta-variables. Also, note that the selected literal is always the left-
most literal.

It is worthwhile to mention that a resolvent of a restricted Prolog query
w.r.t. a restricted Prolog program is not necessarily a restricted Prolog query.
This is due to the use of clause (1), which introduces a cut atom. Thus, the
Prolog queries generated in a computation of a restricted Prolog query are not
necessarily restricted Prolog queries. However, the Prolog queries so generated
do have one important property: they do not contain meta-variables. To prove
this fact we need a stronger property.

DEFINITION 2.2
e An atom A is called unsafe if one of the following holds:

— A is a meta-variable,
— A is neg(X) where X is a variable,

A is neg(neg(s)) where s is a term.
e A Prolog query is called meta-safe if none of its atoms is unsafe. O

For example, X, p(X) is not meta-safe because its leftmost atom is a meta-
variable, neg(X) is not meta-safe because the argument of neg is a meta-
variable, and neg(neg(p(X))) is not meta-safe becanse the argument of the
outermost neg predicate is itself a neg predicate.

Note that restricted Prolog queries and bodies of the restricted Prolog clauses
are meta-safe.

LEMMA 2.3 Let Q be a meta-safe Prolog query and P a restricted Prolog pro-
gram. Then all resolvents of Q are meta-safe.

Proof: Let @ be of the form A, L, and let (M, L)®# be a resolvent of , with
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an input clause ¢ and mgu 6. As Q is meta-safe, we know that L6 is meta-safe.
We prove that M# is meta-safe as well. Three cases arise.

Case 1 : c is clause (1).

Then M@ is of the form B,!,fail, where A is of the form neg(B). But
Q is meta-safe, so B is neither a meta-variable nor of the form neg(B’).
So M# is meta-safe.

Case 2 : ¢ is clause (2).

Then M6 is the empty query, so obviously meta-safe.

Case 3 : ¢ is different from clauses (1) and (2).

Thel. the body of ¢ is meta-safe, and consequently so is M#é.

This proves that (M, L)@ is meta-safe. |

COROLLARY 2.4 All Prolog queries generated in a computation of a restricted
Prolog query and a restricted Prolog program are meta-safe. O

In Prolog, if the selected atom is a meta-variable, an error arises. The above
result thus shows that no errors arise in Prolog computations for queries and
programs that are obtained by a translation of a general query and a general
prograrn.

3 COMPUTING WITH GENERAL LoGIic PROGRAMS: LDNF-RESOLUTION

As the next step we define the LDNF-resolution that allows us to compute with
general logic programs. The definition of LDNF-resolution given here is derived
in a straightforward way from that of the SLDNF-resolution given in Apt and
Doets [AD94]. Apart of the fact that we view in this paper a general program
as a finite sequence and not as a finite set of general clauses, the differences are
that:

e the leftmost selection rule is used,

o floundering, so —in this context— an abnormal termination due to selection
of a non-ground literal is ignored.

In this way we bring the procedural interpretation of general programs closer
to that of the corresponding Prolog programs and make the subsequent com-
parison possible. Recall from Clark [Cla78] and Lloyd [Llo87] that floundering
is a problem that arises only when dealing with the semantic aspects of the
SLDNF-resolution, which are irrelevant here.

Before giving the definition of LDNF-resolution, we recall the definitions of
resolvent and pseudo-derivation.

DEFINITION 3.1 Consider a non-empty general query L, M and a general clause
c.
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e Suppose L is a positive literal.

Let H «— L be a variant of ¢ variable disjoint with L, M and let  be an
mgu of L and H. Then (L,M)# is called a resolvent of L,M and ¢ w.r.1.
L, with an mgu 0.

We write then L, M % (L,M)#, and call it a positive derivation step.
We call H «— L the input clause of the derivation step.

e Suppose L is a negative literal. Then M is called a resolvent of L,M
with the identity substitution € w.r.t. L.

We write then L, M ——;—> M, and call it a negative derivation step.

e A general clause ¢ is called applicable to an atom if it has a variant the
head of which unifies with the atom. o

Fix, until the end of this section, a general program P.

. . . [4 [
DEFINITION 3.2 A (finite or infinite) sequence Qo ?’# Q1 Qn == Qi1

“n41
of derivation steps is called a pseudo derivation of P U {Qu} if

e (Qo,...,Qn,... are general queries,
e 0y,...,8,,... are substitutions,
® C1,...,Cn,...are general clanses of P, or

and for every step involving selection of a positive literal the following condition
holds:

Standardization apart: the input clause employed is variable disjoint from
the initial general query @y and from the substitutions and input clauses used
at earlier steps. m]

Intuitively, an LDNF-derivation is a pseudo derivation in which the deletion
of every negative literal is justified by means of a subsidiary (finitely failed
LDNF-) tree. This brings us to consider special types of trees, called forests.

DEFINITION 3.3 A forest is a system F = (F, T, subs) where
o F is a set of trees,
o T is an element of F called the main tree, and

o subs is a function assigning to some nodes of trees in F a (“subsidiary”)
tree from F.

By a path in F we mean a sequence of nodes Ny, ..., Nj,... such that for all
i, Ni;1 is either an immediate descendant of N; in some tree in F, or the root
of the tree subs(N;). The depth of F is the length of the longest path in F. O
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Thus a forest is a special directed graph with two types of edges — the “usual”
ones stemming from the tree structures, and the ones connecting a node with
the root of a subsidiary tree. An LDNF-tree is a special type of forest, built as
a limit of certain finite forests: pre-LDNF trees.

DEFINITION 3.4 A pre-LDNF-tree (relative to P) is a forest whose nodes are
queries. Leaves can be unmarked, or can be marked as either success or failure.
The class of pre-LDNF-trees is defined inductively:

o For every general query @, the forest consisting of the main tree which has
the single unmarked node Q is a pre-LDNF-tree (an initial pre-LDNF-
tree),

e If 7 is a pre-LDNF-tree, then any extension of T is a pre-LDNF-tree.

Before defining the notion of an extension of a pre-LDNF-tree, we need to
define the notion of successful and finitely failed trees: for T € T,

o T is called successful, if one of its leaves is marked as success, and

o T is called finitely failed, if it is finite and all its leaves are marked as
failure.

Now, an extension of a pre-LDNF-tree 7 is defined by performing the following
actions for every non-empty general query @ (with leftmost literal L) which is
an unmarked leaf in some tree T € T:

e Suppose that L is a positive literal.

— If Q has no resolvents w.r.t. L and a clause from P:
Mark @ as failure.
If Q has such resolvents:

For every clause ¢ from P which is applicable to L, choose one
resolvent Q' of Q w.r.t. L and ¢, with an mgu ¢, ond add this as an
immediate descendant of Q in T. Choose the input clauses in such
a way that all branches of T remain pseudo derivations.

e Suppose that L is a negative literal, say —~A.

— If subs(Q) is undefined:
Add a new tree T', consisting of the single node A, to 7, and let
subs(Q) =T".
If subs(Q) is defined and successful:
Mark QQ as failure.
If subs(Q) is defined and finitely failed:

Add the resolvent Q@ — {L} of @ as the only immediate descendant
of @QinT.
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FIGURE 1. Step-by-step construction of an LDNF-tree for the query p w.r.t.
the general program p «— —q,r q «.

Additionally, all empty queries are marked as success. O

Note that, if no tree in 7 has unmarked leaves, then trivially 7 is an extension
of itself, and the extension process becomes stationary.

Next, we define LDNF-trees as the limit of sequences of pre-LDNF-trees.
Every pre-LDNF-tree is a tree with two types of edges between possibly marked
nodes, so the concepts of inclusion between such trees and of limit of a growing
sequence of such trees have a clear meaning.

DEFINITION 3.5
e An LDNF-tree is a limit of a sequence Ty,...,7,,... such that 7 is an
initial pre-LDNF-tree, and for all i 7;;, is an extension of 7;.

e An LDNF-tree for Q is an LDNF-tree in which @ is the root of the main
tree.

e A (pre-)LDNF-tree is called successful (resp. finitely failed) if the main
tree is successful (resp. finitely failed).

e An LDNF-tree is called finite if no infinite path exists in it (cf. Definition
3.3). ]

In Figure 1, we show how the notions of initial pre-LDNF-trees and extensions
of pre-LDNF-trees are used to construct a P-tree.
Finally, we recall the notion of a computed answer substitution.

DEFINITION 3.6 Consider a branch in the main tree of a (pre-)LDNF-tree for
(@ which ends with the empty query. Let «, ..., a, be the consecutive substi-
tutions along this branch.

Then the restriction (a - - - a,)|@ of the composition oy - - - a,, to the vari-
ables of @ is called a computed answer substitution (c.a.s. for short) of Q.
0O
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4 COMPUTING WITH PROLOG PROGRAMS: P-RESOLUTION

In this section, we define the computation process used in Prolog to find answers
to queries, which we call P-resolution. To this end we proceed in two steps.

First, we restrict the LDNF-resolution to logic programs, so general logic
programs without negation, by simply disregarding the selection of a negative
literal. We call the resulting computation process LD-resolution.

Then, we extend the LD-resolution to Prolog programs by allowing the choice
of a meta-variable or of a cut atom as a selected atom. In the first case an
error is reported, and in the second case the computation tree constructed so
far is appropriately pruned.

In Prolog, answers are computed using a left to right depth-first strategy.
In particular, Prolog processes the cut atoms in the tree from left to right.
On the ottier hand, LD-resolution is defined in a breadth-first manner: the
process of extending a pre-tree consists of extending all uninarked leaves of that
tree simultaneously. To solve this problem, we have to refine LD-resolution so
that the depth-first strategy is used instead of the breadth-first strategy. At
first sight it seems that to this end we have to implement the backtracking
mechanism used by Prolog. Fortunately, it is not so. A simpler alternative
is to generate at each stage all direct successors of the leftrnost unmarked leaf
only. In this way the backtracking process is taken care of automatically.

Having discussed the modifications of the LD-resolution we now model the
computation process of Prolog, by providing a formal definition of P-resolution.
The central notion in this definition is that of a P-tree. We define them as the
limit of a sequence of pre-P-trees, which in turn are a subclass of a class of
ordered trees called semi-P-trees.

DEFINITION 4.1 A semi-P-tree (relative to P) is an ordered tree whose nodes
contain queries, possibly marked with success, failure, or error. 0O

The first step in defining pre-P-trees is to define the effect of the cut operator.

DEFINITION 4.2 Let B be a branch in a semi-P-tree, and let ) be a node in
this branch with a cut atom as the leftmost atom. Then, the origin of this cut
atom is the first predecessor of @ in B that contains less cut atoms than Q. O

To see that this definition properly captures the informal meaning of the
origin note that, when following a branch from top to bottom, the cut atoms
are introduced and removed in a First-In Last-Out manner.

DEFINITION 4.3 Let T be a semi-P-tree, @ a query in 7 which has a cut atom
as the leftmost atom, and @’ be the origin of this cut atom. Then, the operator
cut(T, Q) removes from 7 all the nodes that are descendants of Q' and lie to
the right of Q. O

In Figure 2, we illustrate the effect of cut(7, @).

DEFINITION 4.4 The class of pre-P-trees is defined as follows:
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cut

failure  failure failure  failure

FIGURE 2. The effect of the operator cut(7,Q)

o For every query (Q, the tree consisting of the single unmarked node Q is
a pre-P-tree (an initial pre-P-tree).

e If 7 is a pre-P-tree, then any ertension of T is a pre-P-tree.

An erxtension of a pre-P-tree 7 is defined as follows:
Let @ be the leftmost unmarked leaf in 7. If @ is the empty query, mark Q
as successful. Otherwise, let @ be of the form A, M.

e Suppose A is an ordinary atom (i.e. not a special atom).

— If @ has no resolvents w.r.t. a clause from P:
Mark @) as failure.
— If @ has such resolvents:

For every clause ¢ from P which are applicable to A, choose one
resolvent @’ of Q w.r.t. ¢ and add this as a child of @ in T. Choose
the input clauses in such a way that all branches of T remain pseudo
derivations. Order these children according to the the order in which
their input-clauses appear in P.

e Suppose A is a cut aton.
Apply the operation cut(7, Q).
Provide @ with a single child M.

o Suppose A is a meta-variable.
Mark Q as error. )

We now define P-trees as the limit of sequences of pre-P-trees. In Figure 3, we
show how the notions of initial pre-P-trees and extensions of pre-P-trees can be
used to construct a P-tree (the program used in the figure is the translation of
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FIGURE 3. Step-by-step construction of a P-tree for the Prolog query p w.r.t.
the Prolog program p <« neg(q), r. q «. .
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the program used in Figure 1). Note that in this Figure, the result of the ‘cut
step’ (that is, the fifth tree) is not itself part of the sequence of extensions; it
was added to clarify the use of the cut operator in the construction of P-trees.

To be able to define the limit of a sequence of pre-P-trees, we have to define
a notion of an inclusion between pre-P-trees, and of the limit of a growing
sequence of pre-P-trees. For pre-LD-trees and pre-LDNF-trees, these notions
were obvious. In the case of pre-P-trees, the pruning that takes place when
extending a pre-P-tree, complicates the matters a bit.

DEFINITION 4.5 Let 7 and 7’ be pre-P-trees. T is said to be included in T’ if
T’ can be constructed from 7 by means of one of the following two operations:

1. adding some children to a leaf of 7.

2. removing a single subtree from 7, provided its root is not a single child
in7.

We say that T is properly included in T', if T is included in 7’ and 7" is not
included in 7. We use C to denote the transitive closure of the relation “7 is
properly included in 7’7 and define 7 C T as (T Cc T') V(T =T). a

Note that operation (2) never turns an internal node into a leaf.
LEMMA 4.6 The relation C is a strict partial order on pre-P-trees.
Proof: We have to prove that the conditions for a strict partial order hold.

1L.T¢T

Suppose by contradiction that 7 C 7. Then, there exists a T’ such that
T is properly included in 77, and 7' C T. There are two cases:

e 7' is constructed by adding children to a leaf of 7.
But then, some node @ that is a leaf in 7, is an internal node in 7”.
By definition of inclusion, and the fact that 7/ C T, @ is an internal
node in 7. This is in contradiction with the fact that @ is a leaf T.
e 7' is constructed by pruning a single subtree from 7.

By definition of inclusion, the parent of the pruned subtree has at
least two children in 7', and therefore, it has at least one child in 7.
Moreover, new nodes can only “grow” from leaves. Thus subtrees
pruned from 7 can never be “regenerated”, to reconstruct 7 out of
T'. Therefore, T’ € T, which leads to a contradiction.

22 TcCcT andT CT"imply T CT".
Straightforward by the definition of C. O

COROLLARY 4.7 The relation C is a partial order on pre-P-trees. a
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neg(p)

p,!.fail 0

FIGURE 4. A P-tree for the query neg(p) w.r.t. p — p.

Clearly, with this notion of inclusion, we have that if 7 extends 7" in the
sense of Definition 4.4, then 7’ C 7T, so we can use this notion of extension to
construct monotonously growing chains of pre-P-trees.

DEFINITION 4.8

e A P-tree is a limit of a sequence Ty,...,7T;,... such that 7o is an initial
pre-P-tree, and for all ¢, 7;;, is an extension of T;.

e A P-tree for Q is a P-tree whose root is the query Q.
e An P-tree is called finite if no infinite branch exists in it. O

Formally, this definition is justified by the fact that every countable partial
order with the least element (here the relation C on pre-P-trees with the initial
pre-P-tree as least element) can be canonically extended to a countable cpo
(see e.g. Gierz [GHK™80]).

Next, we define the concepts of successful and finitely failed P-trees.

DEFINITION 4.9
e A P-tree is called successful if one of its leaves is marked as success.

e A (pre-)P-tree is called finitely failed, if it is finite, and all its leaves are
marked as failure. O

Note that in P-trees, in contrast to LDNF-trees, some leaves can be un-
marked. Whenever this is the case, the P-tree will contain exactly one infinite
branch to the left of all these unmarked leaves. Such unmarked leaves repre-
sent the resolvents the Prolog computation process did not reach, because it
got “trapped” in an infinite derivation (the infinite branch). For example, take
the program p « p., and the query neg(p). Its P-tree is shown in Figure 4.
This tree contains a branch ending with a leaf containing the empty query.
However, this leaf is never reached by the Prolog computation process (and
therefore never marked) because there is an infinite branch to the left of it.

Finally, it is clear how to define the notion of a computed answer substitution.
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DEFINITION 4.10 Consider a successful derivation in a pre-P-tree for (). Let
afi,...,a, be the consecutive substitutions along this branch.

Then the restriction (a ---ay)|@ of the composition oy -- -, to the vari-
ables of @ is called a computed answer substitution (c.a.s. for short) of Q.
O

5 CORRESPONDENCE BETWEEN LDNF-TREES AND P-TREES

In this section, we prove that there is a close correspondence hetween (com-
puted answers of) LDNF-trees and P-trees. More precisely, we prove that ter-
mination results on general programs w.r.t. LDNF-resolution translate directly
into termination of their translated Prolog programs w.r.t. Prolog computa-
tion. For this purpose, we start by examining finite LDNF-trees, and their
corresponding P-trees.

THEOREM 5.1 Let T be a finite LDNF-tree for a general query Q. Then.
there erxists a finite P-tree Tp for ) such that T;, and Tp have the same set of
computed answers.

Proof: We prove the claim by induction on the depth of LDNF-trees (cf.
Definition 3.3). Assume that the claim holds for all LDNF-trees of depth less
than r. We have to prove the claim for LDNF-trees of depth ».

Let 7, be an LDNF-tree for @ of some finite depth . In the remainder of
this proof, we identify a general query with its translation into a Prolog query.
From the context it will always be clear whether we refer to a general query,
or a Prolog query. Two cases arise.

e Suppose that @ is of the form A, L.

Let Q1,...,Qy (k> 0) be the children of Q in 7. Let, for i € [1.k], T}
denote the subtree of 7}, starting at Q;.

As, for i € [1..K], ’TLi is finite and of depth less than », by induction
hypothesis there exists a P-tree T}, for @, such that T}, contains the same
computed answers as 7;. Now consider the semi-P-tree Tp with root Q.
children @1, ..., Q@ (ordered according to the order of their input clauses
in P) and, for i € [1..k], T} as the subtree starting at ();, as depicted by
the following diagram:
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To prove that Tp is a P-tree for @, it is sufficient to show that all pruning
caused by selection of cut atoms is gnaranteed to be local to the respective
subtrees 7}, (for i € [1..k]). Neither @, nor its children Q1,...,Q in Tp,
contain a cut atom, so no atom in 7p has Q as its origin. It follows from
the definition of the cut operator that all pruning is indeed local to the
respective subtrees 7. Thus Tp is a P-tree for Q). From its construction,
it follows that it contains the same computed answers as 7p. Moreover,
it is finite.

Suppose that @ is of the form —A, L.

Let T} be the subtree of T, starting at the root of subs(Q). Asthe LDNF-
tree 7} for A is finite and of depth less than r, by induction hypothesis
there exists a finite P-tree T} for A that has the same computed answers
as T}. There are two sub-cases.

Suppose that @ has a child in 7.

Then, 7} is finitely failed, and therefore 77 is finitely failed as
well. But then, we can construct a finitely failed P-tree 7, A for
A,',fail,L. In this P-tree, the cut atom introduced at the root
will never be reached.

Let 7/ be the subtree of 7, starting at the single child L of Q.
As the LDNF-tree 77 for L is finite and of depth less than 7, by
induction hypothesis there exists a finite P-tree 77 for L that has
the same computed answers as T/.

Using T} and T3 we can construct a finite P-tree Tp for Q that has
the same computed answers as 77. This tree has the following form:

//—\
Tp- neg(A) , L

~

TV.” A,',fail,L L T2

— Suppose that @ has no children in 7.

Then, 7! is successful, and therefore T3 is successful as well. But
then we can construct a finitely failed P-tree T,%I for A,!,fail,L,
in which the cut atom present in its root is selected at some point.
Let Tp be the semi-P-tree such that its root is @, and the subtree
starting at the single child A,!,fail,L of Q is T,%l. In this tree,
the origin of the cut atom that appears in the single child of Q, is Q.
This cut atom is the selected atom in some node within 73" Thus
Tp is a P-tree for @, because the potential second child of Q, that
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FIGURE 5. A P-tree and an LDNF-tree for neg(p)

would contain the query L has been pruned at some stage. Thus Tp
is finitely failed, just as 7, is. m]

Thus if we have a general query ) that terminates w.r.t. a general program
P, we know that Prolog computation on that query and that program will
terminate, and give the same computed answers as LDNF-resolution.

Now what if we have a finite P-tree for a restricted Prolog query @ and a
restricted Prolog program P? Consider the following restricted Prolog program

P
p<Pp

and the restricted Prolog query neg(p). The P-tree and LDNF-tree for this
query and this program are shown in Figure 5 (note that the pruned branches
are not really part of the P-tree for neg(p), but existed at some point during
the construction of this P-tree). In this example, the P-tree is finite, hecause
the potentially infinite branch caused by the clause p « p is pruned. However,
in the LDNF-tree, this branch has been constructed in full, and therefore this
LDNF-tree is infinite.

6 APPLICATIONS

Due to the presence of cut in the definition of the predicate neg it is difficult
to reason in a declarative way about Prolog programs that use negation. In
other words, it is not clear how to prove correctness of such programs using
their declarative interpretation.

We now show how this is possible using the results of this paper. The key
observation is that Theorem 5.1 provides a crucial relationship between the
computational behaviour of Prolog programs and their translations into general
logic programs.
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In the subsequent discussion we assume that the variables in the input clauses
and the mgu'’s are chosen in a fixed way. We can then assume that for every
Prolog program P and Prolog query @ there exists exactly one P-tree, and
similarly for general logic programs, general queries and LDNF-trees.

So consider a restricted Prolog program P with a restricted query @ and
their translation Py, and Qr onto a general logic program and a general logic
query, respectively. To reason about correctness of P with @ it is sufficient
to reason about P; and Q. Indeed, suppose that we proved already that
all LDNF-derivations of P and @ are finite. Then by Theorem 5.1 the P-tree
for P, and Q is finite, and Py with Q; and P with @ have the same set of
computed answers.

As an example consider the following well-known Prolog prograin TRANS
about which one claims that it computes the transitive closure a binary re-
lation e:

trans(X, Y, E, Avoids) +« member([X, Y], E).
trans(X, Z, E, Avoids) «

member ([X, Y], E),

neg(member(Y, Avoids)),

trans(Y, Z, E, [Y | Avoids]).

member (X, [X | Xs]) .
member (X, [Y | Xs]) «— member(X, Xs).

In Apt [Apt94] the following facts about its translation TRANS., to a general
logic program and a binary relation e were established:

e all LDNF-derivations of trans(X, Y, e, []) are finite,

e the computed answer substitutions of trans(X, Y, e, []) determine all
pairs of elements which form the transitive closure of e.

Now, by Theorem 5.1 the same conclusions can be drawn about the original
program TRANS.

The fact that above approach to correctness is limited to restricted Prolog
programs is in our opinion not serious. In fact, we noticed that practically all
“pnatural” Prolog programs that use negation are restricted.
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Management of the communications among a set of concurrent processes
arises in many applications and is a central concern in parallel computing. In
this paper we introduce MANIFOLD: a coordination language whose sole
purpose is to describe and manage complex interconnections among inde-
pendent, concurrent processes. In the underlying paradigm of this language
the primary concern is not with what functionality the individual processes in
a parallel system provide. Instead, the emphasis is on how these processes
are inter-connected and how their interaction patterns change during the
execution life of the system. This paper also includes an overview of our
implementation of MANIFOLD.

As an example of the application of MANIFOLD, we present a series of small
manifold programs which describe the skeletons of some adaptive recursive
algorithms that are of particular interest in computer graphics. Our concern
in this paper is to show the expressibility of MANIFOLD and its usefulness
in practice. Issues regarding performance and optimization are beyond the
scope of this paper.

1 INTRODUCTION

Specification and management of the communications among a set of concur-
rent processes is at the core of many problems of interest to a number of contem-
porary research trends. The theory of neural networks and the connectionist
view of computation emphasize the significance of the concept of rnanagement
of connections versus the local computation abilities of each node. The con-
cept of dataflow programming has a certain resemblance with connectionismi,
albeit, it is closer to the discrete world of conventional programming than neu-
ral networks. Theoretical work on concurrency, e.g., CCS [1] and CSP [2, 3], is
primarily concerned with the semantics of communications and interactions of
concurrent sequential processes. Communication issues also come up in virtu-
ally every other type of computing, and have influenced the design (or at least,



a few constructs) of most programming languages. However, not much effort
has been spent on conceptual models and languages whose sole prime focus of
attention is on the coordination of interactions among processes.

In their recent paper [4], Gelernter and Carriero elaborate the distinction
between computational models and languages versus coordination models and
languages. They correctly observe that relatively little serious attention has
been paid in the past to the latter, and that “ensembles” of asynchronous
processes (many of which are off-the-shelf programs) running on parallel and
distributed platforms will soon become predominant.

MANTIFOLD is a language whose sole purpose is to manage complex intercon-
nections among independent, concurrent processes. As such, like LINDA [5, 6],
it is primarily a coordination language. However, there is no resemblance be-
tween LINDA and MANIFOLD, nor is there any similarity between the under-
lying models of these two languages. The details of the MANIFOLD model and
the syntax and semantics of the MANIFOLD language are, of course, beyond the
scope of this paper and are described in a separate document [7]. In this paper,
we give an overview of the MANIFOLD language and its implementation anc
present the skeleton of some recursive algorithms which are of particular inter-
est in computer graphics. Also, an application of the language in the field of
scientific visualization is presented. We summarize only enough of the descrip-
tion of the MANIFOLD model and language here, to make the examples and
the significant implementation issues presented in this paper understandable.

The rest of this paper is organized as follows. In §2 the main motivations
behind the MANIFOLD language and its underlying computing model are dis-
cussed. In §3 a more detailed description of the language is presented. In §4 we
mention some of the application areas where MANIFOLD can prove to be a use-
ful tool. In §5, we present the skeleton of a few adaptive recursive algorithms
taken from the field of computer graphics. The purpose of these examples is
to illustrate the use of some of the features of the MANIFOLD language and to
demonstrate the general applicability of MANIFOLD concepts. The analysis of
these programs gives us a good opportunity to show the descriptive power of
MANIFOLD. In §6, we discuss some of the similarities and major differences
between MANIFOLD and certain related systems and models for parallel com-
puting. In §7 we mention some of the extensions and enhancements we plan to
make to the MANIFOLD system in the future. Finally, §8 concludes this paper.

2  MOTIVATION

One of the fundamental problems in parallel programming is coordination and
control of the communications among the sequential fragments that comprise a
parallel program. Programming of parallel systems is often considerably more
difficult than (what intuitively seems to be) necessary. It is widely acknowl-
edged that a major obstacle to a more widespread use of massive parallelism
is the lack of a coherent model of how parallel systeins must be organized and
programmed. To complicate the situation, there is an important pragmatic
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concern with significant theoretical consequences on models of computation for
parallel systems. Many user communities are unwilling and/or cannot afford
to ignore their previous investment in existing algorithms and “off-the-shelf”
software and migrate to a new and bare environment. This implies that a
suitable model for parallel systems must be open in the sense that it can ac-
commodate components that have been developed with little or no regards for
their inclusion in an environment where they must interact and cooperate with
other modules.

Many approaches to parallel programming are based on the same computa-
tion models as sequential programming, with added on features to deal with
communications and control. This is the case for such concurrent programming
languages like Ada [8], Concurrent C [9, 10], Concurrent C++ [11], Occam [12]
and many others (the interested reader mnay consult, e.g., the survey of Bal et al.
[13] for more details on these languages).

There is an inherent contradiction in such approaches which shows up in
the form of complex semantics for these added on features. The fundamental
assunmiption in sequential programming is that there is only one active entity,
the processor, and the executing program is in control of this entity, and thus
in charge of the application environment. In parallel programming, there are
many active entities and a sequential fragment in a parallel application cannot,
in general, make the convenient assumption that it can rely on its incrementally
updated model of its environment.

To reconcile the “disorderly” dynamism of its environment with the orderly
progression of a sequential fragment, “quite a lot of things” need to happen at
the explicit points in a sequential fragment when it uses one of the constructs to
interact with its environment. Hiding all that needs to happen at such points
in a few communication constructs within an essentially sequential language,
makes their semantics extremely complex. Inter-mixing the neat consecutive
progression of a sequential fragment, focused on a specific function, with up-
dating of its model of its enviromment and explicit communications with other
such fragments, makes the dynamic behavior of the components of a parallel
application program written in such languages difficult to understand. This
may be tolerable in applications that involve only small scale parallelism, but
becomes an extremely difficult problem with massive parallelism.

Contrary to languages that try to hide as much of the “chaos of parallelism”
as possible behind a facade of sequential programming, MANIFOLD is based on
the idea that allowing programmers to see and feel this parallelism is actually
beneficial. It is a formidable intellectual experience to realize that if one frees
oneself from the confines of the sequential paradigim and accepts that logical
processes are “cheap” (that is, they are fast to activate and to communicate
with), then a number of practical problems and applications can be described
and solved incomparably more easily and more elegantly. In other words, there
often is a pay-off in using parallel or distributed programming, even if higher
speeds are not (necessarily) achieved. Just as a practical example, the basic
approach of using multi-processing is very clearly one of the reasons for the un-
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deniable technical superiority of the NeWS windowing system over X Windows
[14]; also, almost all the applications listed in §4 fall in this category.

The assumption of having cheap logical processes is not only in line with the
direction of future hardware development, it is also compatible with the cur-
reut trend in the evolution of contemporary software systems. The increasingly
more frequent use of so-called “light-weight” processes within conventional op-
erating systems' is a clear indication (see, for example, the Brown University
Thread Package [15], the so-called pSystem [16], or ever the way some of the
above cited languages, e.g., AT&T’s Concurrent C, are implemented). More re-
cent operating system designs offer light-weight processes in their kernels (e.g.,
OSF/1, based on the Mach system [17, 18] of Carnegie Mellon, or SunOS [19]).

Separating communication issues from the functionality of the component
modules in a parallel systen1 makes them more independent of their context,
and thus more reusable. It also allows delaying decisions about the interconnec-
tion patterns of these modules, which may be changed subject to a different set
of concerns. This idea is one of the main motivations behind the development
of the MANIFOLD system.

There are even stronger reasons in distributed programming for delaying
the decision about the interconnections and the communication patterns of
modules. Some of the basic problems with the parallelism in parallel comput-
ing become more acute in real distributed computing, due to the distribution
of the application modules over loosely coupled processors, perhaps running
under quite different enviromments in geographically different locations. The
implied communications delays and the heterogeneity of the computational en-
vironment encompassing an application become more significant concerns than
in other types of parallel programming. This mandates, among other things,
more flexibility, reusability, and robustness of modules with fewer hard-wired
assumptions about their environment.

The tangible payoffs reaped from separating the communications aspect of
a multi process application from the functionality of its individual processes
include clarity, efficiency, and reusability of modules and the communications
specifications. This separation makes the communications control of the coop-
erating processes in an application more explicit, clear, and understandable at
a higher level of abstraction. It also encourages individual processes to make
less severe assumptions about their environment. The same communications
control component can be used with various processes that perform functions
similar to each other from a very high level of abstraction. Likewise, the same
processes can be used with quite different communications control components.

3 THE MANIFOLD LANGUAGE

In this section we give a brief and informal overview of the MANIFOLD lan-
guage. The sole purpose of the MANIFOLD language is to describe and manage

1Some authors prefer the term “pseudo-parallelism™ for such or similar forms of paral-
lelism, again, see Bal et al [13].
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FiGURE 1. The model of a process in Manifold.

complex communications and interconnections among independent, concurrent
processes. As stated earlier, a detailed description of the syntax and the se-
mantics of the MANIFOLD language and its underlying model is given else-
where [7]. Other reports contain more examples of the use of the MANIFOLD
language [20, 21, 22, 23].

The basic components in the MANIFOLD model of computation are processes,
events, ports, and streams. A process is a black box with well defined ports
of connection through which it exchanges units of information with the other
processes in its environment. The internal operation of some of these black
boxes are indeed written in the MANIFOLD language, which makes it possible
to open them up, and describe their internal behavior using the MANIFOLD
model. These processes are called manifolds. Other processes may in reality
be pieces of hardware, programs written in other programming languages, or
human beings. These processes are called atomic processes in MANIFOLD.
In fact, an atomic process is any processing element whose external behavior
is all that one is interested in observing at a given level of abstraction. In
general, a process in MANIFOLD does not, and need not, know the identity of
the processes with which it exchanges information. Figure 1 shows an abstract
representation of a MANIFOLD process.

Ports are regulated openings at the boundaries of processes through which
they exchange units of information. The MANIFOLD language allows assigning
special filters to ports for screening and rebundling of the units of information
exchanged through them. These filters are defined in a language of extended
regular expressions. Any unit received by a port that does not match its regular
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expression is automatically diverted to the error port of its manifold and raises
a badunit event (see later sections for the details of events and their handling in
MANIFOLD). The regular expressions of ports are an effective means for “type
checking” and can be used to assure that the units received by a manifold are
“meaningful.”

Interconnections between the ports of processes are made with streams. A
streamn represents a flow of a sequence of units between two ports. Conceptu-
ally, the capacity of a stream is infinite. Streans are dynainically constructed
between ports of the processes that are to exchange some information. Adding
or removing streams does not directly affect the status of a running process.
The constructor of a stream (which is a manifold) need not be the sender nor the
receiver of the information to be exchanged: any third party manifold process
can define a connection between the ports of a producer process and a consumer
process. Furthermore, stream definitions in MANIFOLD are generally additive.
Thus a port can simultaneously be connected to many different ports through
different streams (see for example the network in Figure 2). The flows of units
of information in streams are automatically replicated and merged at outgoing
and incoming port junctions, as necessary. The units of information exchanged
through ports and streams, are passive pieces of information that are produced
and consumed at the two ends of a stream with their relative order preserved.
The consumption and production of units via ports by a process is analogous
to read and write operations in conventional programming languages. The
word “passive” is meant to suggest the similarity between units and the data
exchanged through such conventional I/O operations.

Independent of the stream mechaunism, there is an event mechanism for in-
formation exchange in MANIFOLD. Contrary to units in streams, events are
atomic pieces of information that are broadcast by their sources in their envi-
ronment. In principle, any process in an environment can pick up a broadcast
event. In practice, usually only a few processes pick up occurrences of each
event, because only they are “tuned in” to their sources. Occurrences of the
same event from the sane source can override each other from the point of view
of some observer processes, depending on the difference between the speed of
the source and the reaction time of an observer. This provides an automatic
sampling mechanism for observer processes to pick up informmation from their
environment which is particularly useful in situations where a potentially sig-
nificant mismatch between the speeds of a producer and a consumer is possible.
Events are the primary control mechanism in MANIFOLD.

Once an event is raised by a source, it generally continues with its processing,
while the event occurrence propagates through the environment independently.
Event occurrences are active pieces of information in the sense that in general,
they are observed asynchronously and once picked up, they preemptively cause
a change of state in the observer. Communication of processes through events
is thus inherently asynchronous in MANIFOLD.

Each manifold defines a set, of events and their sources whose occurrences it is
interested to observe; they are called the observable set of events and sources,
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respectively. It is only the occurrences of observable events from observable
sources that are picked up by a manifold. Once an event occurrence is picked
up by an observer manifold, it may or may not cause an immediate reaction
by the observer. In general, each state in a manifold defines the set of events
(and their sources) that are to cause an immediate reaction by the manifold
while it is in that state. This set is called the preemption set of a manifold
state and is a subset of the observable events set of the manifold. Occurrences
of all other observable events are saved so that they may be dealt with later,
in an appropriate state.

Each state in a manifold defines a pattern of connections among the ports
of some processes. The corresponding streams implementing these connections
are created as soon as a manifold makes a state transition (caused by an event)
to a new state, and are deleted as soon as it makes a transition from this state
to another one. This is discussed in more detail in §3.2.

3.1 Manifold Definition

A manifold definition consists of a header, public declarations, and a body. The
header of a manifold definition contains its name and the list of its formal pa-
rameters. The public declaratious of a manifold are the statements that define
its links to its environment. It gives the types of its formal parameters and
the names of events and ports through which it communicates with other pro-
cesses. A manifold body primarily consists of a number of event handler blocks,
representing its different execution-time states. The body of a manifold may
also contain additional declarative statements, defining private entities. For an
example of a very simple manifold, see Listing 1 which shows the MANIFOLD
source code for a simple program.? More complete manifold programs are also
presented, e.g., in §5. Declarative statements may also appear outside of all
manifold definitions, typically at the beginning of a source file. These decla-
rations define global entities which are accessible to all manifolds in the same
file, provided that they do not redefine them in their own scopes.

Conceptually, each activated instance of a manifold definition — a manifold
for short — is an independent process with its own virtual processor. A manifold
processor is capable of performing a limited set of actions. This includes a set
of primitive actions, plus the primary action of setting up pipelines.

Each event handler block describes a set of actions in the form of a group coun-
struct. The actions specified in a group are executed in some non-deterininistic
order. Usually, these actions lead to setting up pipelines between various ports
of different processes. A group is a comma-separated list of members enclosed
in a pair of parentheses. In the degenerate case of a singleton group (which con-
tains only one member) the parentheses may be deleted. Members of a group
are either primitive actions, pipelines, or groups. The setting up of pipelines

21y this and other MANIFOLD program listings in this paper, the characters “//” denote
the beginning of a comment which continues up to the end of the line. Keywords are typeset
in bold.
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// This is the header (there are no arguments):

example()

// These are the public declarations:

// Two ports are visible from the outside of the manifold ‘‘example”;

I/l

one is an input port and the other is an output one.

// In fact, these ports are the default ones.

{

port in input.
port out output.

// The body of the manifold begins here.
1/
// private declarations:
//  three process instances are defined:
process A is A_type.
process B is B_type.
process C is C_type.

// First block (activated when ‘“‘example” becomes active)

// The processes described above are activated on their turn

//  ina ‘“group” construct:

start: ( activate A, activate B, activate C); do begin.

// A direct transfer to this block has been given from ‘‘start”.
// Three pipelines in a group are set up:
begin: (A — B,output — C,input — output).

// Event handler for the event “‘el”; several pipelines are

//  set up (see Figure 2):

el: (B — input,C — A,A — B,output — A,B — C,input — output).
// Event handler for the event “e2”; a single pipeline

//  is set up (see Figure 3):
e2: C — B.

Listing 1. An example for a manifold process.
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within a group is simultaneous and atomic. No units flow through any of the
streains inside a group before all of its pipelines are set up. Once set up, all
pipelines in a group operate in parallel with each other.

A primitive action is typically activating or deactivating a process, 1aising an
event, or a do action which causes a transition to another handler block without
an event occurrence from outside. A pipeline is an expression defining a tandem
of streams, represented as a sequence of one or more groups, processes, or ports,
separated by right arrows. It defines a set of simultaneous connections among
the ports of the specified groups and processes. If the initial (final) name in
such a sequence is omitted, the initial (final) connection is made to the current
input (output) port. Inside a group, the current input and output ports are the
input and output ports of the group. Elsewhere, the current input and output
ports are input and output, i.e., the executing manifold’s standard input and
output ports. As an example, Figure 2 shows the connections set up by the
manifold process example on Listing 1, while it is in the handling block for
the event el (for the details of event handling see §3.2). Figure 3 shows the
connections set up in the handling block for the event e2.

In its degenerate form, a pipeline consists of the name of a single port or
process. Defining no useful connections, this degenerate form is nevertheless
sometimes useful in event handler blocks because it has the effect of defining
the named port or process as an observable source of events and a member of
the preemption set of its containing block (see §3.4).

Aun event handler block may also describe sequential execution of a series of
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(sets of) actions, by specifying a list of pipelines and groups, separated by the
semicolon ( ;) operator®. In reaction to a recognized event, a manifold processor
finds its appropriate event handler block and executes the list of sequential sets
of actions specified therein. Once the manifold processor is through with the
sequence in its current block, it terminates.

3.2  Event Handling

Event handling in MANIFOLD refers to a preemptive change of state in a man-
ifold that observes an event of interest. This is done by its manifold processor
which locates a proper event handler for the observed event occurrence. An
event handler is a labeled block of actions in a manifold. In addition to the
event handling blocks explicitly defined in a manifold, a number of default
handlers are also included by the MANIFOLD compiler in all manifolds to deal
with a set of predefined system events. The manifold processor makes a tran-
sition to an appropriate block (which is determined by its current state, the
observed event and its source), and starts executing the actions specified in
that block. The block is said to capture the observed event (occurrence). The
name of the event that causes a transfer to a handling block, and the name
of its source, are available in each block through the pseudonyms event_name

3In fact, the semicolon operator is only an infix manner call (see §3.5) rather than an
independent concept in MANIFOLD. However, for our purposes, we can assume it to be
the equivalent of the sequential composition operator of a language like Pascal.

94



and event_source, respectively.

The manifold processor finds the appropriate handler block for an observed
event e raised by the source s, by performing a circular search in the list of
block labels of the manifold. The list of block labels contains the labels of all
blocks in a manifold in the sequential order of their appearance. The circular
search starts with the labels of the current block in the list, scans to the end
of the list, continues from the top of the list, and ends with the labels of the
block preceding the current block in the list.

The manifold processor in a given manifold is sensitive to (i.e., interested
in) only those events for which the manifold has a handler. All other events
are to be ignored. Thus, events that do not match any label in this search
do not affect the manifold in any way (however, see §3.5 for the case of called
manners). Similarly, if the appropriate block found for an event is the keyword
ignore, the observed event is ignored. Normally, events handled by the current
block are also ignored.

The concept of an event in MANIFOLD is different than the concepts with
the same name in most other systems, notably simulation languages, or CSP
[2, 3]. Occurrence of an event in MANIFOLD is analogous to a flag that is
raised by its source (process or port), irrespective of any communication links
among processes. The source of an event continues imniediately after it raises
its flag, independent of any potential observers. This raised flag can potentially
be seen by any process in the environment of its source. Indeed, it can be seen
by any process to which the source of the event is visible. However, there are
no guarantees that a raised flag will be observed by anyone, or that if observed,
it will make the observer react immediately.

3.3 Event Handling Blocks

An event handling block consists of a comma-separated list of one or more block
labels followed by a colon (:) and a single body. The body of an event handling
block is either a group member (i.e., an action, a pipeline, or a group), or a
single manner call(see §3.5). If the body of a block is a pipeline, and it starts
(ends) with a —, the port name input (respectively, output) is prepended
(appended) to the pipeline.

Event handler block labels are patterns designating the set of events captured
by their blocks. Blocks can have multiple labels and the same label may appear
more than once marking different blocks. Block labels are filters for the events
that a manifold will react to. The filtering is done based on the event names
and their sources. Event sources in MANIFOLD are either ports or processes.

The most specific form of a block label is a dotted pair e.s, designating
event e from the source (port or process) s. The wild-card character * can be
replaced for either e, or s, or both, in a block label. The form e is a short-hand
for e.* and captures event ¢ coming from any source. The form *.s captures
any event from source s. Finally, the least specific block label is *.* (or *, for
short) which captures any event coming from any source.
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3.4 Visibility of Event Sources

Every process instance or port defined or used anywhere in a manner (see
§3.5) or manifold is an observable source of events for that manner or manifold.
This simply means that occurrences of events raised by such sources (only)
will be picked up by the executing manifold processor, provided that there is
a handling block for them. The set of all events from observable sources that
match any of the block labels in a manner or manifold is the set of observable
events for that manner or manifold. The set of observable events of an executing
manifold instance may expand and shrink dynamically due to manner calls and
terminations (see §3.5). Depending on the state of a manifold processor (i.e.,
its current block), occurrences of observable events cause one of two possible
actions: preemption of the current block, or saving of the event occurrence.

In each block, a manifold processor can react to only those events that are
in the preemption set of that block. The MANIFOLD language defines the
preemption set of a block to contain only those observable events whose sources
appear in that block. This means that, while the anifold processor is in a
block, except for the manifold itself, no process or port other than the ones
namned in that block can be the source of events to which it reacts immediately.
There are other rules for the visibility of parameters and the operands of certain
primitive actions. It is also possible to define certain processes as permanent
sources of events that are visible in all blocks. A manifold can always internally
raise an event that is visible only to itself via the do primitive action.

Once the manifold processor enters a block, it is iimmune to any of the events
handled by that block, except if the event is raised by a do action in the
block itself. This temporary immunity remains in effect until the manifold
processor leaves the block. Other observable event occurrences that are not in
the preemption set of the current block are saved.

3.5 Manners
The state of a manifold is defined in terms of the events it is sensitive to, its
visible event sources, and the way in which it reacts to an observed event. The
possible states of a manifold are defined in its blocks, which collectively define
its behavior. It is often helpful to abstract and parameterize some specific
behavior of a manifold in a subroutine-like module, so that it can be invoked
in different places within the same or different manifolds. Such modules are
called manners in MANIFOLD.

A manner is a construct that is syntactically and semantically very similar
to a manifold. Syntactically, the differences between a manner definition and
a manifold definition are:

1. The keyword manner appears in the header of a manner definition, before
its name.

2. Manner definitions cannot have their own port definitions.
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Semantically, there are two major differences between a manner and a man-
ifold. First, manners have no ports of their own and therefore cannot be con-
nected to streams. Second, a manner invocation never creates a new processor.
A manifold activation always creates a new processor to “execute” the new
instance of the manifold. To invoke a manner, however, the invoking processor
itself “enters and executes” the manner.

The distinction between manners and manifolds is similar to the distinction
between procedures and tasks (or processes) in other distributed programming
languages. The termn manner is indicative of the fact that by its invocation,
a manifold processor changes its own context in such a way as to behave in a
different manner in response to events.

Manner invocations are dynamically nested. References to all non-local
names in a manner are left unresolved until its invocation time. Such ref-
erences are resolved by following the dynamic chain of manner invocations in
a last-in-first-out order, terminating with the environment of the manifold to
which the executing processor belongs.

Upon invocation of a manner, the set of observable events of the executing
manifold instance expands to the union of its previous value and the set of
observable events of the invoked manner. The new members thus added to this
set, if any, are deleted from the set upon termination of the invoked manner.

A manner invocation can either terminate normally or it can be preempted.
Normal termination of a manner invocation occurs when a return primitive
action is executed inside the mamner. This returns the control back to the
calling environment right after the manner call (this is analogous to returning
from a subroutine call in conventional programming languages). Preemption
occurs when a handling block for a recognized event occurrence cannot be
found inside the actual manner body. This initiates a search through the
dynamic chain of activations similar to the case of resolving references to non-
local names, to find a handler for this event. If no such handler is found,
the event occurrence is ignored. If a suitable handler is found, the control
returns to its enclosing environment and all manner invocations in between are
abandoned.

Manners are simply declarative “subroutines” that allow encapsulation and
reuse of event handlers. The search through the dynamic chain of manner calls
is the same as dynamic binding of handlers in calling environments, with event
occurrences picked up in a called manner. Preemption is nothing but cleanly
structured returns by all manner invocations up to the environment of a proper
handler.

In principle, dynamic binding can be replaced by the use of (appropriately
typed) parameters. Our preference for dynamic binding in manners is moti-
vated by pragmatic considerations. Suppose a piece of information (e.g., how to
handle a particular event, or where to return to) must be passed from a calling
environment A, to a called environment B, through a nummber of intermediaries;
i.e., B is not called directly by A, but rather, A calls some other “subroutine”
which calls another one, which calls yet another one, .. ., which eventually calls
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B. Passing this information from A to B using parameters means that all inter-
mediaries must know about it and explicitly pass it along, although it has no
functional significance for them. Dynamic binding alleviates the need for this
explicit passing of irrelevant information and makes the intermediary routines
more general, less susceptible to change, and more reusable.

3.6 Scope Rules

The scope of a nane is the syntactic context wherein that name is known as to
denote the same entity. The scope of the names of atomic process specifications,
manner definitions, and manifold definitions contained in a source file is the
entire source file. The scope of the names defined in the private declarative
section (inside the body) of a manifold or manner is the manifold or the manner
itself. The scope of the names defined in the declarative statements outside of
any manifold or manner definition, is the entire source file.

Ports of a manifold or atomic process are accessible to any process that knows
its name and the naine of its ports. Ports of a process, together with the events
defined in its public declaration section, provide the communication links of a
process with other processes running in its environment.

Except in manners, non-local names (i.e., used but not defined in a context),
are statically bound to the entities with the same name in their enclosing con-
texts. It is a compile-time error if such a non-local name remains unresolved.
The binding of non-local names (i.e., used but not defined) in manners is dy-
namic: these names are bound upon activation of a manner to the entities
with the same name in the environment of its caller. The chain of manuner
activations leading to the present activation are traversed all the way up to the
environment of a manifold instance, in search of appropriate targets for this
binding. Names that remain unresolved at this point are bound to appropriate
benign defaults (e.g., void described in §5.1.1).

MANIFOLD supports separate compilation. This is a very effective mecha-
nism for modularization of large applications. In principle, all names defined
and used in a source file are strictly local to that file. Names (of events, man-
ners, manifolds, or atomic processes) that are used in different source files and
must indeed designate the same entity at execution tinie, must be explicitly
declared as such using extern, import, and export constructs (see [7]).

4 APPLICATIONS

The MANIFOLD language has already been used to describe some simple exam-
ples, like a parallel bucket sort algorithm, a simplified version of a (graphics)
resource manageinent and the like. The interested reader is referred to the
reports publislied elsewhere [20, 21]. These examples were primarily meant
to test the MANIFOLD concepts themselves. In this section we mention some
of the possible application areas for MANIFOLD in large-scale and non-trivial
parallel systemns.

98



MANIFOLD is an effective tool for describing interactions of autonomous ac-
tive agents that communicate in an environment through address-less messages
and global broadcast of events. For example, elaborate user interface design
means planning the cooperation of different entities (the human operator being
one of them) where the event driven paradigm seems particularly useful. In
our view, the central issue in a user interface is the design and implementa-
tion of the communication patterns among a set of modules?. Some of these
modules are generic (application independent) programs for acquisition and
presentation of information expressed in forms appealing to humans. Others
are, ideally, acquisition/presentation-independent modules that implement var-
ious functional components of a specific application. Previous experience with
User Interiace Management Systems (see, e.g., [24]) has shown that concur-
rency, event driven control mechanisms, and general interconnection networks
are all necessary for effective graphical user interface systems. MANIFOLD
supports all of that and, in addition, provides a level of dynamism that goes
beyond many other user interface design tools. As an example, it has recently
been used to successfully reformulate the GKS® input model [25]; this work
is regarded as a starting point in the development of new concepts for highly
flexible, reconfigurable graphics systems suitable for parallel environments.

Separating the specification of the dynamically changing communication pat-
terns among a set of concurrent modules from the modules themselves, seems to
lead to better user interface architectures. A similar approach can also be useful
in applications of real time computing where dynamic change of interconnection
patterns (e.g., between measurement and monitoring devices and actuators) is
crucial. For example, complex process control systems must orchestrate the
cooperation of various programs, digital and/or analogue hardware, electronic
sensors, human operators, etc. Such interactions may be more easily expressed
and managed in MANIFOLD.

Coordination of the interactions among a set of cooperating autonomous
intelligent experts is also relevant in Distributed Artificial Intelligence applica-
tions, open systems such as Computer Integrated Manufacturing applications,
and the complex control components of systems such as Intelligent Computer
Aided Design.

Recently, scientific visualization has raised similar issues as well. The prob-
lems here typically involve a combination of massive numerical calculations
(sometimes performed on supercomputers) and very advanced graphics. Such
functionality can best be achieved through a distributed approach, using segre-
gated software and hardware tools. Tool sets like the Utah Raster Toolkit [26]
were already a first step in this direction, although in the case of this toolkit
the individual processes can be connected in a pipeline fashion only. More
recently, software systems like the apE system of the Ohio Supercomputer

4In fact, given the previous experiences of the authors, the problems arising in user-
interface techniques provided some of the basic motivation to start this project in the first
place.

5Graphical Kernel System is the ISO Standard for Computer Graphics.
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Center [27], the commniercially available AVS Visualization Package of Stardent
Computer Ltd. [28], the IRIS Explorer system [29] and others, work on the ba-
sis of inter-connecting a whole set of different software/hardware components
in a more sophisticated communication network. The successes of these pack-
ages, and mainly the general ideas behind them, point toward a more general
developiment trend which leads to reconsideration of the software architecture
used for graphics packages in general.

For the emerging new technologies and application areas that are expected to
result in a tremendous growth in computer graphics in the nineties, a new soft-
ware base is necessary to accommodate demands for high performance special
hardware, dedicated application systems, distributed and parallel computing,
scientific visualization, object-oriented methods and multi-media, to name just
a few. Some of the major technical concerns in the specification and the devel-
opment of new graphics systems is extensibility and reconfigurability. To ensure
these features it is feasible to envisage a highly parallel architecture which is
based on the concept of cooperating, specialized agents with well defined but
reconfigurable communication patterns. An “orchestrator” like MANIFOLD can
prove to be quite valuable in such applications.

5 ADAPTIVE RECURSIVE ALGORITHMS IN MANIFOLD

In this section, a well-known class of algorithnis in the field of computer graphics
and image processing is described using the MANIFOLD formalisin. It is not
the purpose of this section to analyze these methods from a strictly algorithmic
point of view, nor do we intend to devise new versions of already existing
algorithms. We simply intend to show the descriptive power of MANIFOLD
using well-established algorithms.

It is beyond the scope of this paper to give all the specific details of each
algorithm. The interested reader can consult one of the standard textbooks on
computer graphics and/or image processing (e.g., [30] for computer graphics
and [31] for image processing) or refer to the literature given iu the references
(e.g., [32, 33, 34, 35, 36] or others).

5.1 Warnock’s Algorithm

One of the very well known problems in computer graphics is what is usually
referred to as Hidden Surface Removal. The problem is as follows. When
a three-dimensional scene, usually modeled using a large number of planar
polygons in space, is visualized on a screen, all of its polygons must be projected
onto a plane (i.e., the plane of the display screen) from a given viewpoint.
Mathematically, this projection is well understood, but there is an additional
problem to solve: those polygons, or parts of polygous, that are occluded by
another one, as seen from the selected viewpoint, must be eliminated. The
removal of these (sub-)polygons is what is called the removal of hidden surfaces.

There are several well-known and widely applied solutions to this problem.
One of the earliest is Warnock’s algorithm which is described in detail in the
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TestAndColor() import.
DivideArea()
port out first_area.
port out second_area.
port out third_area.
port out fourth_area.
import.

export Warnock()

{
process test_and color is TestAndColor.
process divide_area is DivideArea.
process v is variable.
process 1 ig variable.
start:
( activate v, activaten
activate test_and_color,
input — (— test_and_color,— v),
).
subdivide:
( activate divide_area,
v — divide_area,
divide_area.first_area — Warnock(),
divide_area.second_area — Warnock(),
divide_area.third_area — Warnock(),
divide_area.fourth_area — Warnock(),
n=4
);
do wait_to_die.
terminate:
save.
wait_to_die:
void.
terminate:
n=n-1;
if(n == 0, doend, do wait_to.die).
done:
do end.
end:
deactivate parent.

Listing 2. Manifold Program for Warnock’s Algorithm.
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literature, e.g., in [30]. A short description of this algorithm is as follows.

This algorithm is based on a recursive area-subdivision of the computer
screen. At each stage in the recursive subdivision process, the projection of
each polygon has one of four relationships to the area of interest (which is, at
the beginning, the full sereen of the display):

1. surrounding polygons completely contain the area of interest;
2. intersecting polygons intersect the area;

3. contained polygons are completely inside the area;

W

. disjoint polygons are completely outside the area.

Based on these tests, there are certain cases where the exact color(s) for
rendering the area of interest can be determined very easily. Obvious cases
include when all polygons are disjoint from the area (and hence the background
color can be used), when there is only one polygon which either intersects the
area or is contained in it, or when there is one and only one polygon which
completely surrounds the area. There are also sonie less obvious but still easily
decidable cases which the original version of the algorithm takes into account.

There are, however, cases where there is no easy way to color the area. In
these cases, Warnock’s algorithm subdivides the area into four equal sub-areas
to simplify the problem and then the same method is applied recursively for
each of the four sub-areas. The recursion stops when the dimension of the sub-
area has reached the size of one pixel on the screen; soine additional calculations
are then done to determine the color of this single pixel.

5.1.1 A Manifold Program for Warnock’s Algorithms

Before commenting further on the algorithm, let us see how its skeleton can be
described using MANIFOLD. The comnplete listing of the program appears as
Listing 2.

The program uses two (atomic) processes which implement its truly algo-
rithm specific and numerically oriented details. These atomic processes are
“imported”, which means that they are external to the present MANIFOLD
source file and will be made available at link-tiine. TestAndColor is supposed
to receive the description of an area on its standard input (as far as MANIFOLD
is concerned, this description is just an abstract unit to be forwarded; we refer
to it as “area handle” in what follows). It then performs the test on all poly-
gons in the scene, following the scheme described in the previous section. The
result of this step is either:

e the area can be filled without ambiguities, in which case TestAndColor
raises the event done, fills the area with the calculated color(s) and ter-
minates; or
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e the area cannot be filled without ambiguities, in which case TestAndColor
raises the event subdivide and terminates.

The atomic process DivideArea receives an area handle on its standard
input; it has, apart from the standard ports, four publicly declared output
ports, onto which it places the four area handles after it performs a subdivision.
Ounce these units are produced, DivideArea terminates.

It is the manifold process Warnock that embodies the skeleton of Warnock’s
algorithm. It is important to understand the details of this program to gain
a real insight into the descriptive power of MANIFOLD; this is why a more
detailed description of this process is given in what follows.

In the declaration part of Warnock, two instances of the atomic processes
described :#bove are declared. This means that the manifold Warnock now has
a reference for these processes and can, therefore, involve them into several
parallel pipelines, if necessary. The additional two declarations concern two
“utility” processes (part of the standard environment of the MANIFOLD sys-
tem) which are able to store some units and, if the type of the units permit, to
perform some elementary arithmetic on them.

The start state of Warnock activates the two variable processes and the
local instance of TestAndColor. A pipeline is then set up, which involves a
group as well. This pipeline describes the following relationships:

e aunit (i.e., an area handle) arriving on the input of Warnock is redirected
to the local instance of TestAndColor, and

e a copy of the same unit is “stored” in the variable v.

The manifold is suspended in this block and must receive an external event
to change its state. According to our specifications, these external events may
be either subdivide or done, depending on the result of the test performed
on the local area. (Note that although many instances of TestAndColor may
be active and raise the events subdivide and/or done, the only instance of
TestAndColor visible to an instance of Warnock is its locally declared one.
This is why the other events raised by other instances cause no confusion.)

The state labeled subdivide is obviously the essential part of the manifold
warnock. The corresponding block contains, in fact, two statements, joined by
the connective “;”, which can be though of as a delimiter for sequential execu-
tion. In the first statement, the local instance of the atomic process DivideArea
is activated and, also, four independent instances of the manifold Warnock are
implicitly created and activated (using a process specification name in a state-
ment, instead of declaring an instance in the declaration section, means the
implicit creation and activation of an instance of that process). The pipelines
defined in the group are fairly straight-forward:

e the content of the variable v is transferred to the area divider, and
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e the four handles for the generated sub-areas are forwarded, respectively,
to the four (recursive) instances of Warnock °.

This series of pipelines are the ones wlhich realize the recursive step.

The rest of the manifold Warnock makes sure that the processes are termi-
nated properly. A separate variable (n) is used to store the (constant) value
of 4. The top-level instance of Warnock waits for all of its “children” to deacti-
vate before it deactivates itself. This is done by the combination of the states
labeled wait_to_die and terminate. The basic idea is that each instance of
the Warnock manifold sends a deactivation request to its parent before its own
deactivation (see the state labeled end). This deactivation request is turned
by the MANIFOLD systemn into a system event called terminate on the re-
ceiver’s side; the particularity of this event is that it can always be caught in
a manifold, irrespective of the visibility of its originator. This is exactly what
tlie manifold Warnock does: it catches the event and checks against its counter
to see if all of its children processes are deactivated before it terminates itself.
The if statement used for this purpose is, in fact, a manner, with the obvious
meaning and is part of the “standard” MANIFOLD enviromment.

Note that there are two blocks in Warnock with the same label terminate.
The reason is to avoid a race condition which can happen in the block for
subdivide. Indeed, it is perfectly possible that divide_area is still busy cal-
culating, e.g., the fourth sub-area while the Warnock instance for, say, the first
sub-area already terminates. Obviously, Warnock must not (yet) change state
but it must not ignore the event either (otherwise a non-termination will oc-
cur). By putting a separate block for terminate with the statement save we
make sure that the event is neither lost nor preempts the state subdivide.

If no subdivision is necessary, Warnock makes a state transition to the block
labeled done, which does an immediate state transition again. This, finally,
leads to the termination of the manifold. Strictly speaking, it is not necessary
to have a separate intermediary state in this case (a block may have multiple
labels). However, when our example is extended further in the next sections,
having a separate state will prove to be beneficial.

5.2  Analysis of the Program

Warnock’s algorithm is an example of the image space algorithms in computer
graphics. These algorithms are primarily concerned with images and compute
the attributes of each pixel on the screen. Resolution of the relationships among
objects in a scene becomes a secondary concern. On the other hand, object
space algorithms are concerned with the properties of and relationships among
the objects in a scene and compute an image only after these relationships

6The use of the term recursive is perhaps somewhat misleading here. Contrary to its
common connotations in other programming languages, there is no implied “wait for return
or death of your child” process in MANIFOLD. This means that a parent process can
terminate (and have its resources deallocated) as soon as it spins off its (recursively created)
children, if there is no functional requirement for it to wait for their results.
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are determined. Warnock’s algorithm is not very much in use today. Indeed,
if the hidden surface removal is to be performed in image space, availability
of powerful hardware makes other methods (primarily, the so called Z-buffer
method) more attractive. Whether or not this preference will persist in the
future is a matter of debate and its details are far beyond the scope of this
paper.

Nevertheless, Warnock’s algorithms is still of interest, because it is a very
simple example of a general principle which seems to be extreimely popular
both in computer graphics and in image processing. This principle is what
we might call recursive subdivision. The idea is the extremely simple, albeit
very powerful, concept of divide and concur: if a problem cannot be solved at a
given level, the underlying model is somehow divided and the same algorithm is
used recursively on the results of the division. If the subdivision of the problemn
is chosen appropriately, the problemn becomes more easily solvable for each of
the results of the subdivision. Interestingly, with a properly chosen subdivision
scheme, such algorithms are sometimes readily adaptable for parallel hardware.

Although, obviously, the principle of recursive subdivision is not restricted
to computer graphics, its popularity within the computer graphics community
seems to be related to the special nature of the field. Indeed, the geometric na-
ture of the underlying problems often gives very clear clues for how to perform
the subdivisions and how to control its recursion in an optimal way. Thus, the
application of recursive subdivision is very natural in working with synthetic
or digital images. Apart from Warnock’s algorithm for removal of hidden sur-
faces, similar or more elaborate approaches can be used in calculating and/or
displaying spline curves or surfaces [33], perform calculations on CSG7 objects
using quadtrees [32], digital filtering of images, global histogramming of digi-
tal images [37], parallelizing such time consuming rendering procedures as ray
tracing [35] especially on CSG objects, performing the calculations necessary
to visualize volumes [38], etc.

What is the role of MANIFOLD in this respect? Looking at the program on
Listing 2, it is clear that MANIFOLD has a real expressive power in describing
the skeleton of a recursive subdivision algorithm. Note that the atomic pro-
cesses used by the program are defined in a fairly abstract way; any atomic pro-
cess, abiding to these specifications, can be “plugged in” the same MANIFOLD
program to serve a different application. Although most of the algorithms listed
above require a more sophisticated version of the algorithm (and we will elab-
orate on these improvements in the following sections), we believe the listing
commented in detail in §5.1.1 makes the essential point: that using MANIFOLD
it is possible to describe in a very concise and declarative form, the primary
communication skeleton of a certain class of systems or algorithms without
bothering with their computational details.

These examples also reveal another general and more important characteris-
tic: most of the algorithins cited above were, originally, ot meant for parallel

7Constructive Solid Geometry
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hardware. Instead, the recursive subdivision approach made the problems at
hand just (more) easily solvable and manageable; it was the expressive power
of “parallelisin” and not performance gains per se, that was important here. It
is almost a “by—product” that some of these algorithms are good candidates for
true parallelism. We use the term “some” because it is no even certain that all
these algorithms run much more efficiently on a true, massively parallel hard-
ware, than on a conventional sequential machine. There may be a trade-off
between the obvious gains of parallelism and other considerations (e.g., bulk
data access).

Nevertheless, MANIFOLD is useful for expressing the communications and
control structure of these algorithms, even if the actual implementation of a
MANIFOLD system may run only on a conventional single-processor computer
supporting simulated parallelism only (as in the case of our first experimental
implementation based on Concurrent C++). This seems to be a clear case of
a more general principle: it may be extremely beneficial to use mental models
which use concurrency, communication, and coordination, as natural paradigms
to grasp the essence of a problem and/or of an algorithm. Concurrency need
not be considered a “necessary curse,” as perceived by a large number of prac-
titioners. On the contrary, it is often very helpful in conceptual simplification
of the problem at hand. Gelernter and Carriero ([4]) stress that:

. in principle you can use the same coordination langnage that
you rely on for parallel applications programming when you develop
distributed systems. You can use the same model in building ... a
file system.

We agree both with this statement, and with their implied position that the
same language can also be used to describe systems and problems at large, that
will not necessarily end up running in a parallel or distributed environment.
We believe that as a coordination language, MANIFOLD is useful towards these
ends.

5.3  Improvements to the Program

In this section we present enhancements to the MANIFOLD program described
in §5.1 and evolve a better framework for expressing different version of the
adaptive recursive algorithms mentioned above. The improvement to the pro-
gram is done in two steps. First, the restriction of a fixed number of subdivisions
is relaxed. Second, we allow the possibility of backward control in the recursive
processes; i.e., allow a parent to wait for and use the results produced by its
children.

5.3.1 Variable Number of Subdivisions

The program in §5.1 has an obvious restriction that may make it inappropri-
ate for general use in other applications. This program has a “hardwired”
subdivision feature: each area must be subdivided into exactly four sub-areas.

106



Although this is natural in the case of Warnock’s algorithm, and it is trivial to
change the number four, imposing any fixed number by itself is a constraint that
hinders more general usability of this program for other applications. In partic-
ular, a more general class of recursive subdivision algorithms use an adaptive
subdivision scheme wherein the number of subdivisions at each level of recur-
sion, as well as the subdivision boundaries, may depend on the data and thus
cannot be predetermined.

In this section, we present an improvement to the MANIFOLD program of
§5.1 that allows the number of subdivisions to be determined dynamically at
each level. To put our revised MANIFOLD program in the right perspective, we
remark that a later version of Warnock’s algorithm, called the Weiler-Atherton
algorithm (see [30]), subdivides the screen along polygon boundaries, rather
than along the two mid-lines of the screen. Clearly, the Weiler-Atherton algo-
rithm requires a variable number of subdivisions.

The revised MANIFOLD program now consists of two parts: the one in List-
ing 3 and the one in Listing 4. The first part is, in fact, a somewhat simplified
version of the program in Listing 2. We have changed the specification of the
DivideArea process: what we require now is that when DivideArea receives
an area handle, it produces a series of area handles (one for each sub-area) on
its standard output and then terminates.

The recursive step is now hidden into a separate manifold process, called
Distribute. This program appears in Listing 4 and will be explained later.
As far as the manifold Warnock® is concerned, Distribute receives the area
handles for this level’s sub-areas on its standard input and, somehow, takes care
of the recursion. A separate pipeline is set up in the block labeled subdivide
to send these handles to a local instance of Distribute. Note that now it
is Distribute that is responsible for proper termination; consequently, the
counter n has disappeared from Warnock.

As a commentary on MANIFOLD programming, note the difference between
the two pipelines:

v — divide_area, divide_area — distribute

that appear as separate group members in the state subdivide, and the some-
what similar single pipeline:

v — divide_area — distribute

that may be mistaken as their equivalent. While the two alternatives work
the same as long as the flow of units are concerned, they indeed behave quite
differently on termination. In MANIFOLD, a pipeline breaks up as soon as any
one of its processes terminates or raises a special event break. In case of our
single pipeline, this can happen as soon as the process v has delivered its value,

8By now “Warnock” is a misnomer for this program and “Weiler_Atherton” is probably a
better name. However, we prefer to keep the name “Warnock” to preserve the similarity with
the previous MANIFOLD program, for pedagogical reasons.
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TestAndColor() import.
DivideArea() import.
Distribute() import.

Warnock()
{

process test_and_color is TestAndColor.

process v is variable.

process divide_area is DivideArea.

process distribute is Distribute.
start:

( activatev,
activate test.and_color,
input — (— test_and_color,— v),
).
subdivide:
( activate divide_area,
activate distribute,
v — divide_area,
divide_area — distribute
)i
do end.
done:
do end.
end:
deactivate parent.

Listing 3. Program with variable area subdivision; part I.
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Distribute()

{
port in internal.
process n is variable.
start:
( activaten,n =0); do maincycle.
main_cycle:
getunit(input) — internal;
do next_area.
next_area:
(n = n + 1, getunit(internal) — Warnock);
do main_cycle.
terminate:
save.
disconnected.input: wait_for_death:
void.
terminate:
n=n-1;
if(n==0, doend, do wait_for_death ).
end: .
}

Listing 4. Program with variable area subdivision; part II.

which can result in the breakup of the connection between divide_area and
distribute, if they are all in the same pipeline. Having them in two separate
pipelines in a group, as in the state subdivide in Listing 3, ensures that such
premature breakups will not happen. (In MANIFOLD, a group terminates when
all of its members are broken up.)

A number of constructs used in the original Warnock program (Listing 2)
now appear in Distribute (see Listing 4). Using the counter n to count the
number of activated child processes, as well as handling of their deactivations,
are exactly the same as before. The primary difference is, of course, in the
handling of a variable number of incoming units.

The Distribute manifold uses the built-in pseudo-process’ getunit which
acts as follows:

e it is suspended on a port of the caller, as long as there is no unit available
for delivery on the port;

e when a unit is or becomes available, this unit is sent out onto the output
port of getunit and the pseudo-process terminates {i.e., the pipelines in

9By pseudo-process we mean one of the primitive actions of MANIFOLD that behave
like a real process in a pipeline, although they are not truly separate processes.
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which it is involved are broken);

e if there is no unit available for delivery on the port and there is no external
process connected to that port, getunit is not only suspended, but it also
raises the disconnected event (with the selected port as the source of
the event).

The Distribute manifold takes advantage of these features of getunit. In
the block labeled main_cycle (which, except for activation of the counter is the
effective starting block of Distribute), a pipeline is set up using getunit with
its output connected to another (externally non-visible) port of Distribute.
The role of this pipeline is twofold:

1. When a unit arrives (actually, an area handle from the DivideArea pro-
cess, although Distribute does not know the origin of the unit), it is
picked and put into the internal port. Next, an internal state transi-
tion is made which results in the activation of a new instance of Warnock.

2. When there is no unit in the buffer of the input port of Distribute,
and this port is no longer connected to any other port (which means
that the connecting DivideArea process has terminated), getunit raises
a disconnected event (which results in the preemption of the current
state).

The rest is relatively clear: the unit stored in the internal port is picked
by another instance of getunit, which passes it to an (implicitly activated) in-
stance of Warnock, and the manifold returns to its waiting state in main_cycle.

It may not be immediately obvious why we use a separate state (next_area)
to activate a new instance of Warnock. Indeed, merging the two states main_cycle
and next_area is possible and also alleviates the need for the port internal,
since we can use the pipeline

getunit(input) — Warnock

in the block labeled main_cycle. However, the advantage of having two sep-
arate states instead of one is that we avoid an unnecessary activation of yet
another instance of Warnock in each recursion. Using two distinct states, we
can be sure that Warnock is activated if and only if there is another area handle
in the internal port of Distribute.

5.3.2 Handling Return Values

The algorithins that can use the MANIFOLD programs in §5.1.1 and §5.3.1 are
constrained by another limitation. Once the recursive branches of the algorithm
start off, they do not communicate with their parents any more (or, to be
precise, they have no communication expressed by the MANIFOLD program).
This is fine (indeed, desirable) with the original Warnock’s algorithm: the sub-
areas of a screen can be filled independently of one another, and a parent has
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Permanent(inp,outp)
port out inp.
port in outp.

{

start:
inp — outp.

Permanent(middle,second)
process middle.
process second.

{

start:
input — middle — second.

Listing 5. Programs to set up permanent pipelines.

1o reason to stay alive and take up resources once its children are started.
However, this is obviously inappropriate in a number of other applications.

Once again, a slight improvement on Warnock’s algorithm serves as a good
motivating example. In §5.1.1 we assumed that the recursion stops when the
size of an area reaches the size of a pixel. Strictly speaking, this assumption
is true, but it results in aliasing problems (i.e., the appearance of “staircase”
polygon edges and unpleasant color transitions). One of the anti-aliasing meth-
ods which can be easily used with Warnock’s algorithm requires the recursion
to go on at least one more step, to the level of sub-pixels. The color properties
computed at sub-pixel levels are then returned to the pixel level routines, which
in turn average them out to calculated the color of their pixels.

To use MANIFOLD for such an algorithm implies that (at least between the
pixel and sub-pixel levels) each recursive branch must compute and return a
value to its parent, and each parent must wait for the returned result of all of
its children before it can complete its function and terminate. In this section,
we modify our MANIFOLD programs to accommodate returned values.

Listings 6 and 7 show the new version of our MANIFOLD prograni; they
correspond to the Listings 3 and 4, respectively. As in the previous section,
we only highlight the differences between the old and the new versions in this
section.

The specification of the atomic process TestAndColor is now slightly dif-
ferent. Representing the “bottom” of the recursion, this atomic process is
also required to return a value to be forwarded to the upper level (e.g., the
color value, in the anti-aliasing example). Additionally, a new process, called
Merge, is defined: this process receives “values” on its standard input port and
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FIGURE 4. A pictorial representation of the manifold Distribute.

“merges” them into one value delivered on its output port (in our anti-aliasing
example, this process calculates the average of color values it receives)'?. What
Merge does is to read an unknown number of units from its standard input,
compute their “merged” result (e.g., their average), write it out to its stan-
dard output, and terminate. It detects the equivalent of an end-of-file on its
standard input (if it is in fact an atomic process), or reacts to a disconnected
event (if it is another manifold), to realize that it has received all input units
it is expected to process.

With these definitions in mind, the differences bhetween the new and the
old version of Warnock are not too difficult to understand. In the start
block, the pipeline contains an additional item, which stores the output of
test_and_color in a local port. Also, the new version of Distribute is
expected to have an output, too, which is redirected to the output port of
Warnock. Finally, the state labeled done is no longer only a state transition; it
first reads the value produced previously by the bottom of the recursion and

10Note that in Listing 6, the declaration of Merge does not specify whether it is an atomic
process or yet another manifold. It simply states that its declaration is contained in a separate
MANIFOLD source file, and will be available at link time.
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transfers it to the output port. Apart from these differences, the new version
of the Warnock manifold has an identical behavior to the previous one.

The new version of Distribute uses two small manifolds of Listing 5 which
are usually part of the standard MANIFOLD environment. The meaning of
these two manifolds is clear: they set up pipelines which remain unbroken as
long as members of the pipeline are active. Remember that, according to the
specification of MANIFOLD, if a manifold leaves a state, all pipelines set up in
that state are broken before leaving. The use of the Permanent manifolds is to
avoid this breakup.

Distribute now sets up a slightly more complicated network of connections.
Figure 4 is a pictorial representation of these connections. In the startup state
of Distribute, a permanent connection (using the first version of Permanent
in Listing 5) is set up from the output port of merge (an instance of Merge)
to the output port of the running instance of Distribute. Note that this
is a perfectly legitimate setup: ports of a process instance (e.g., merge) can
be connected in pipelines even before the process is activated. Additionally,
another pseudo-process, guard, is activated. The role of this pseudo-process is
to raise an event (named in its argument) if a unit appears on its designated
port.

The pipelines set up in the state next_area are slightly different: the con-
nection between each new instance of Warnock and merge is set up using
Permanent, to prevent its breakup in case of a state transition. This is where
the second version of Permanent is used (note that the different signatures of
the two Permanent manifolds disambiguates the choice).

The two events disconnected. input and wait_for_death are now handled
by two distinct states. The state labeled wait_for death is the sane as before:
it is used to wait to receive the right number of terminate events before dying.
The new state for disconnected.input activates merge and then makes a
transition to wait_for_death.

There is a subtlety about merge that needs more explanation here. Our
specification of Merge states that it receives an unknown number of input units,
and detects the equivalent of an end-of-file to know they have been exhausted.
Thus, we must make sure that at least all connections between merge and its
suppliers are established before it is activated. This is why we connect all
instances of Warnock to merge before arriving at disconnected.input where
we activate it.

Before terminating, Distribute must not only wait for all of its local in-
stances of Warnock to terminate, but it must also make sure that the output
value of merge has actually arrived and is transferred out of its output port.
This is done by the event output_arrived which is raised by guard. Note
the use of the save action for this event; its role is the same as for the event
terminate, as explained earlier.
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6 RELATED WORK

The general concerns which led to the design of MANIFOLD are not new. The
CODE system [39, 40] provides a means to define dependency graphs on se-
quential programs. The programs can be written in a general purpose pro-
gramming language like Fortran or Ada. The translator of the CODE systein
translates dependency graph specifications into the underlying parallel com-
putation structures. In the case of Ada, for example, these are the language
constructs for rendezvous. In the case of languages like Fortran or C, some suit-
able language extensions are necessary. Just as in traditional dataflow models,
the dependency graph in the CODE system is static.

The MANIFOLD streams that interconnect individual processes into a net-
work of cooperating concurrent active agents are somewhat similar to links in
dataflow networks. However, there are several important differences between
MANIFOLD and dataflow systems. First, dataflow systems are usually fine-
grained (see for example Veen [41] or Herath et. al [42] for an overview of the
traditional dataflow models). The MANIFOLD model, on the other hand, is
essentially oblivious to the granularity level of the parallelism, although the
MANIFOLD system is mainly intended for coarser-grained parallelisin than in
the case of traditional dataflow. Thus, in contrast to most dataflow systems
where each node in the network performs roughly the equivalent of an assembly
level instruction, the computational power of a node in a MANIFOLD network is
much higher: it is the equivalent of an arbitrary process. In this respect, there
is a stronger resemblance between MANIFOLD and such higher level dataflow
environments like the so called Task Level Dataflow Language (TDFL) of Suhler
et al. [43].

Second, the dataflow-like control through the flow of information in the net-
work of streams is not the only control mechanism in MANIFOLD. Orthogonal
to the mechanism of streams, MANIFOLD contains an event driven paradigm.
State transitions caused by a manifold’s observing occurrences of events in its
environment, dynamically change the network of a running program. This
seems to provide a very useful complement to the dataflow-like control mech-
anism inherent in MANIFOLD streams.

Third, dataflow programs usually have no means of reorganizing their net-
work at run time. Conceptually, the abstract dataflow machine is fed with
a given network only once at initialization time, prior to the program execu-
tion. This network must then represent the connections graph of the program
throughout its execution life. This lack of dynamism together with the fine
granularity of the parallelism cause serious problems when dataflow is used in
realistic applications. As an example, one of the authors of this paper partic-
ipated in one of the very rare practical projects where dataflow programming
was used in a computer graphics application [44]. This experience shows that
the time required for the effective programming of the dataflow hardware (al-
most 1 year in this case) was not commensurate with the rather simple func-
tionality of the implemented graphics algorithms.

The previously mentioned TDFL model [43] changes the traditional dataflow
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model by adding the possibility to use high level sequential programs as com-
putational nodes, and also a means for dynamic modification of the connec-
tions graph of a running program. However, the equivalent of the event driven
control mechanism of MANIFOLD does not exist in TDFL. Furthermore, the
programming language available for defining individual manifolds seems to be
incomparably richer than the possibilities offered in TDFL.

Following a very different mental path, the authors of LINDA [5, 6] were also
clearly concerned with coordination of communications and the reusability of
existing software. LINDA uses a so called generative communication model,
based on a tuple space. The tuple space of LINDA is a centrally managed space
which contains all pieces of information that processes want to communicate.
A process in LINDA is a black box. The tuple space exists outside of these
black boxes which, effectively, do the real computing. LINDA processes can
be written in any language. The semantics of the tuples is independent of the
underlying programnming language used. As such, LINDA supports reusability
of existing software as components in a parallel system, much like MANIFOLD.

Instead of designing a scparate language for defining processes, the authors of
LINDA have chosen to provide language extensions for a number of different ex-
isting programming languages. T'his is necessary in LINDA because seemingly,
its model of communication (i.e., its tuple space and the operations defined for
it) is not intended to express computation of a general nature by itself. The
LINDA language extensions on one hand place certain communication concerns
inside of the “black box” processes. On the other hand, there is 1o way for a
process in LINDA to influence other processes in its environment directly. Com-
munication is restricted to the information contained in the tuples, voluntarily
placed into and picked up from the tuple space. We believe a mechanism for
direct influence (but not necessarily direct control), such as the event driven
control in MANIFOLD is desirable in parallel programming,.

One of the best known paradigms for organizing a set of sequential processes
into a parallel system is the Communicating Sequential Processes model for-
malized by Hoare [2, 3] which served also as a basis for the development of the
language Occam [12]. Clearly not a programming language by itself, CSP is
a very general model which has been used as the foundation of many parallel
systems. Sequential processes in CSP are abstract entities that can communi-
cate with each other via pipes and events as well. CSP is a powerful model for
describing the behavior of concurrent systems. However, it lacks some useful
properties for constructing real systems. For example, there is no way in CSP to
dynamically change the communications patterns of a running parallel systein,
unless such changes are hard-coded inside the communicating processes. The
communications between a process and its environment are an integral part of
its semantics in CSP. Occam inherits both of these characteristics from CSP.
In contrast, MANIFOLD clearly separates the functionality of a process from
the concerns about its communication with its environment, placing the latter
entirely outside of the process itself. The responsibility for establishing and
managing the interactions among processes in a parallel system is completely
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taken over by manifolds. A manifold orchestrates the interactions among a set
of processes (some of which may be other manifolds) without their knowledge.

Another significant difference between CSP (and Occam) and MANIFOLD
is that all communication in CSP is synchronous, whereas everything (includ-
ing events) in MANIFOLD are asynchronous. Furthermore, the data-flow-like
means of communication and its associated control mechanisms are deemed es-
pecially iinportant in MANIFOLD, for which it has first class support through
special language constructs.

An important distinction between MANIFOLD and many other systemns (e.g.,
Occam) is that they generally fix the number of processes, the topology of
the communication network, and the potential connectivity of each individual
process at compile time. MANIFOLD processes, on the other hand, do not know
who they are connected to, can be created dynamically, and can be dynamically
connected /disconnected to/from other processes while they are running.

An ISO standard for open systems interconnection is the language LOTOS
(Language Of Temporal Ordering Specification)[45, 46, 47]. It is a formal
description technique based on the temporal ordering of observable behavior of
concurrent processes. The LOTOS language is based on a concurrency model of
parallelismn described by Milner, called CCS (see [1]). (CCS is similar in its flavor
to CSP, although there are significant differences between them.) The atomic
form of interaction in LOTOS is through events which, as in CSP, synchronize
their participating processes. The behavior of a process in LOTOS is described
in behavior expressions that are composed of simpler behaviors using sequential
and choice operators. LOTOS includes many other language constructs, e.g., to
support abstract data types. Nevertheless, its view of parallelism is essentially
the same as CSP.

As mentioned in §2, the complexity of using languages like Ada, Occam,
and Concurrent C++ can become overwhelming in highly parallel applications
that require dynamically changing communication patterns. The MANIFOLD
environment offers an abstraction of the necessary comunication facilities
which can then be built on top of a distributed programming language like
Concurrent C++, or Ada.

7 DIRECTIONS FOR FURTHER WORK

More experience is needed with a fully operational MANIFOLD system to eval-
uate its potentials and the adequacy of its constructs in real, practical appli-
cations. Nevertheless, it is already clear that certain changes and extensions
to the MANIFOLD language can have a positive impact on its use in large and
complex systems. Several such improvements are currently in our list, of which
we mention only a few major ones here.

For instance, the notion of derived manifolds may be a useful extension to
the language. This concept leads to a hierarclly of manifold definitions with
inheritance, analogous to the class hierarchies in object oriented languages.
Language support for such syntactic conveniences seem to be quite useful in
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large software developments.

An issue that we have encountered a few times in our examples is a need for
directed events. Strictly speaking, the concept of event in the MANIFOLD model
is, of course, contrary to the notion of directed events, because MANIFOLD
events are broadcast and can be picked up by any process in the environment.
We do not yet know how important the need for directed events is, because we
have been able to do without them so far. Nevertheless, the effect of directed
events can be supported at the language level in MANIFOLD by introducing
proper constructs to explicitly control the observability of event sources and/or
the preemption sets of manifolds. Observability and preemption sets are both
defined implicitly in the current MANIFOLD language: they are derived by
the compiler from the source code. Symmetric to the way in which a third
party process can define streams between two other processes in the current
MANIFOLD language, new language constructs can allow processes to define
and modify observability and/or preemption sets.

8 CONCLUSIONS
This paper is an overview of the MANIFOLD system and sketches the highlights
of its implementation. More experience is still necessary to thoroughly evaluate
the practical usefulness of MANIFOLD. However, our experience so far indicates
that MANIFOLD is well suited for describing complex systems of cooperating
parallel processes.

MANIFOLD uses the concepts of modern programming languages to describe
and manage connections among a set of independent processes. The unique
blend of event driven and data driven styles of programming, together with the
dynamic connection graph of streams seem to provide a promising paradigm for
parallel programming. The emphasis of MANIFOLD is on orchestration of the
interactions among a set of autonomous expert agents, each providing a well-
defined segregated piece of functionality, into an integrated parallel system for
accomplishing a larger task. The declarative nature of the MANIFOLD language
and the MANIFOLD model’s separation of communication and coordination
from functionality and coordination, both significantly contribute to simplify
programming of large, complex parallel systems.

In the MANIFOLD model, each process is respounsible to protect itself from its
environment, if necessary. This shift of responsibility from the producer side to
the consumer of information seems to be a crucial necessity in open systems,
and contributes to reusability of modules in general. This model imposes ouly
a “loose” counection between an individual process and its environment: the
producer of a piece of information is not concerned with who its consumer
is. In contrast to systems wherein most, if not all, information exchange takes
place through targeted send operations within the producer processes, processes
il MANIFOLD are not “hard-wired” to other processes in their environment.
The lack of such strong assumptions about their operating environment makes
MANIFOLD processes more reusable.
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The recursive algorithins as well as the exanple related to the IRIS Explorer
system, described in MANIFOLD, are only small-scale albeit important practical
examples for the usage of MANIFOLD. However, MANIFOLD can he used to
implement more complex interactions, e.g., in a user interface toolkit, as well.
For example, in a separate paper, [25], we describe an implementation of the
GKS logical input device in MANIFOLD.

In our view, massive parallel systems and the current trend in computer
technology toward computing farms open new horizons for large applications
and present new challenges for software technology. Classical views of paral-
lelism in programming languages that are based on extensions of the sequential
programming paradigm are ill-suited to meet this challenge. We also believe
that it is counter-productive to base programming paradigms for computing
farms and massively parallel systems solely on strictly synchronous communi-
cation. Many of the ideas underlying the MANIFOLD system, if not the present
MANIFOLD language itself, seem promising towards this goal.
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TestAndColor() import.
DivideArea() import.

Merge() import.

Distribute() import.

Warnock()

{
process test_and_color is TestAndColor.
process v is variable.
process divide._area is DivideArea.
process distribute is Distribute.

port in internal.

start:
( activate v,
activate test_and_color,
input — (— test_and_color — ,— v) — internal,
).
subdivide:
( activate divide_area,
activate distribute,
v — divide_area,
divide_area — distribute,
distribute — output
);
do end.
done:
getunit(internal) — output;
do end.
end:
deactivate parent.

Listing 6. Program with return values L
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Distribute()

{
port in internal.
process n is variable.
process merge is Merger.

start:

( activate n,
Permanent(merge.output,self.output),
guard(self.output,output_arrived),
n=20

)i
do main_cycle.

main.cycle:
getunit(input) — internal;
do next_area.

next_area:

(n =n + 1, getunit(internal) — Permanent(Warnock,merge));
do main'cycle.

terminate:
save.
disconnected.input:

( activate merge, do wait_for_death ).

wait_for_death:
void.
terminate:
n=n-1;
if( n == 0, do end, do wait_for_death ).
output_arrived:
save.
end:
void.
output-arrived: .

Listing 7. Program with return values II.
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The randomness assumption in word frequency statistics

R. Harald Baayen

Max Planck Institute for Psycholinguistics, Nijmegen

1 INTRODUCTION

The mathematical and computational tools available for the study of word fre-
quency distributions have become increasingly powerful since Zipf published his
seminal studies some 60 years ago (Zipf 1935, 1949). The first frequency counts
were obtained manually, either by going through a text and filing new words
and updating the frequencies of words already encountered on slips of paper,
or by going through (manually compiled) concordances. The first statistician
to study word frequency distributions, G. U. Yule, obtained the data for his
book on “The statistical study of literary vocabulary” (Yule, 1944) in this way.
The first frequency dictionary of Dutch, “De meest voorkomende woorden en
woordcombinaties in het Nederlandsch”, was similarly compiled manually by
De la Court in 1937.

The first frequency list of Dutch obtained by means of a computer was com-
piled at the Mathematical Centre in 1965 by van Berckel, Brandt Corstius,
Mokken, and van Wijngaarden. By 1967, Kucera and Francis had compiled
a corpus of one million wordforms for English, and had published frequency
counts and analyses in their famous “Computational Analysis of present-day
American English” (Kucera and Francis, 1967). This prompted the construc-
tion of a slightly smaller corpus (727000 wordforms) of similar design for Dutch
by the ‘Werkgroep Frequentie-Onderzoek Nederlands’, leading to the publica-
tion of “Woordfrequenties in geschreven en gesproken Nederlands” (Uit den
Boogaart, 1975) and “Spreektaal. Woordfrequenties in Gesproken Nederlands”
(de Jong, 1979). The most recent frequency information for Dutch is avail-
able in the CELEX lexical database (Burnage 1990), which can be queried
on-line in the Netherlands, and of which a version on CD-ROM is also avail-
able (Baayen, Piepenbrock and van Rijn, 1993). The frequency counts in the
CELEX database, which also contains information on spelling, phonology, mor-
phological structure and syntactic features, are based on a corpus of 42 million
wordforms compiled by the Institute for Dutch Lexicology in Leiden.

The transition from printed frequency lists based on relatively small corpora
to on-line lexical databases based on corpora of tens of millions of words is
accompanied by an ever increasing body of texts available in electronic form.
Some collections of texts are made accessible via sophisticated software that
enables users to search for words or word collocations. Typically, the matches
found are presented with some preceding and following context.
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For Dutch, the Institute for Dutch Lexicology (INL) has recently made a
corpus of 5 million wordforms available for such on-line queries. Similarly, a
Dutch newspaper, ‘de Volkskrant’, is now available on CD-ROM. The software
facilitating access to ‘De Volkskrant’ and to the INL on-line corpus has as a
serious drawback that the user is denied access to the texts themselves. Access
to the full text, however, is especially critical for the question addressed in this
study, namely the randomness assumption underlying all presently available
statistical models for word frequency distributions.

Word frequency models build on the fundamental assumption that word to-
kens occur randomly in texts. It is clear that for natural language this assump-
tion is too strong. The syntax of natural languages imposes severe constraints
on where words can occur. For instance, following the Dutch determiner de,
adjectives and nouns, but not verbs, are allowed (de lamp, de felle lamp, *de
schijnt). Similarly, semantic constraints and principles of discourse organiza-
tion may severely limit the way in which words occur in texts. This raises
the question to what extent the predictions of theoretical models can be relied
on, especially since it is known that the interpolated vocabulary size tends to
seriously overestimate the observed vocabulary size (Brunet 1978, Hubert and
Labbe 1988, Labbe and Hubert 1993). The aim of this paper is to trace the
source of this overestimation, and to evaluate its consequences for the applica-
tion of word frequency models in lexical statistics.

To do so, we need access to complete texts in electronic form. Fortunately,
collections of raw electronic texts without limiting software-guided access are
available by anonymous ftp. The Oxford Text Archive, at black.ox.ac.uk, the
Gutenberg Project at mrenext.cso.uiuc.edu, and the Online Book Initiative at
obi.std.com have brought together large numbers of electronic texts, most of
which are in English, ranging from election speeches by Clinton to electronic
Startrek novels, and from Milton’s ‘Paradise Lost’ to the Book of Mormon.
From the Project Gutenberg, I obtained an electronic copy of Alice in Won-
derland, by Lewis Carroll, and a copy of Moby Dick, by Herman Melville.! The
Online Book Initiative has recently made available the first complete text of
a Dutch novel to come to my attention, Max Havelaar by Multatuli, which I
have also included in my analyses.

My discussion is structured as follows. In section 2, I introduce some basic
expressions for the expectation and variance of the vocabulary size Vy as a
function of the number of word occurrences N in the sample, and of the fre-
quency spectrum, the number of different word types Vy(m) with frequency
m, again as a function of N. In section 3, the randomness assumption is tested
by studying the development of the vocabulary in the three texts mentioned
above. For each of these texts, it is shown that the observed and expected
values diverge significantly for a large range of values of N. The goal of sec-
tion 4 is to trace the source of this misfit, which may arise due to syntactic and

1The header of the electronic version of Melville’s Moby Dick requires that I mention that
this version was prepared by E. F. Tray at the University of Colorado, Boulder, on the basis
of the Hendricks House Edition.
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semantic constraints operating at the sentence level, to lexical specialization
(Brunet 1978, Hubert and Labbe 1988), or to the discourse organization of the
text. I will show that it is the way in which discourse is developed over time
that gives rise to the misfit. The consequences of these findings are discussed
in section 5.

2 WORD FREQUENCY MODELS
A text can be viewed as an ordered sequence of occurrences (or tokens) of words

('U.’l,'u)g,’w;}, . ,’LUN).

Usually, the number V of distinct words, the so-called word types, in the ob-
served vocabulary

(AI,A2aA37 .. '7AV)

is much smaller than the sample size N, due to the repeated occurrence of
many word types. Let fy(A;) denote the frequency with which word type
A; occurs in a sample of size N. Expressions for the numbers of different
word types occurring for arbitrary sample sizes, as well as expressions for the
numbers of different word types occurring with some specified frequency at a
given sample size hiave been available since Good (1953), Kalinin (1965), and
Good and Toulmin (1976) (see Chitashvili and Baayen (1993) for a review of
word frequency models). In this section I introduce the expressions required for
studying in what way the randomness assumption is violated in written texts.

Let fn(A;) = m denote the event that word type A; occurs with frequency
m in a sample of N tokens. The expected total number of such word types,
E[Vn(m)], is given by

E[Vn(m)] = E[ZI[fN(Ai)mﬂ

> < v )P(Ai)m(l - p(A:)V (1)

m

i

Note that the assumption that fx(A;) is bin(N, p(A;)) distributed implies that
the tokens of A; occur randomly in the text. The expected overall number of
different types in the sample, irrespective of their frequency, follows immedi-
ately:

E[Vn]

E[Y_ Vn(m)]

m>1

= T )parma-sapy

m>1 i

= (-1 -pANM). (2)

T
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For large N and small p, binomial probabilities can be approximated by
Poisson probabilities, leading to the simplified expressions

E[Vi(m)]

E[VN]

_ Z (A(4:)N)™ e~ AANN

m!
i

D (1— e MAIN), (3)

i

Conditional on a given frequency spectrum (Vy(m),m = 1,2,...), the vocab-
ulary size E[V)y] for sample size M < N equals

E[Vum]

Note that (4) suggests that,

VN
— Z(l _ e—)\(Ai)M)
i=1
VN
_ Z(l_e_fu(/\i)nl)
i=1
= Vn— Y Vn(m)e ¥ (4)
m=1

under randomness, and conditional on the words

appearing in the first N tokens, fy;(A;) can alternatively be viewed as a bino-
mially distributed random variable with parameters M/N and fn(A;).
The Poisson approximation is especially useful for obtaining expressions for

covariances:
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m+k 1
= 6mkE[VN(m)] - < m ) 2m+kE[V2N(m + k)] (5)
Let S denote the number of different word types in the population from which
a given text is sampled. Since E[Vy] =S — E[Vn(0)],

VAR(Vw) = VAR(V(0)) = E[Van] — E[Vw]. (6)

3 TESTING THE RANDOMNESS ASSUMPTION

The left hand panels of Figure 1 show the characteristic divergence between the
observed and expected vocabulary size measured at 40 equally spaced intervals
for Lewis Carroll’s Alice in Wonderland (top), Herman Melville’s Moby Dick
(middle), and Multatuli's Maz Havelaar (bottom). The type definition used
here is a very simple one in which distinct strings represent different types.
No morphological preprocessing has been applied. Hence house and houses
are counted as two different types. The expected vocabulary size E[Vys] was
obtained using (4), for each novel conditioning on the frequency spectrum of
the complete text.

Note that for all three novels the difference between the expected and ob-
served vocabulary size tends to be substantial for a large range of values of A
(M < N). In the case of Alice in Wonderland, the expected vocabulary size
exceeds the observed vocabulary size for the full range of values of M. For
Moby Dick and Maz Havelaar, this divergence is reversed for large M, where
the expected vocabulary size is smaller than the observed vocabulary size. For
the first 20 measurement points, (6) can be used to estimate the variance of
Vu, so that standardized scores Z = (Vy — E[Vn])/+/VAR[Vy] can be ob-
tained. Measurement points for which |Z| > 1.96 have been highlighted. For
the three novels studied here, all Z-scores obtaiued, except for one text size in
Multatuli’s Mar Havelaar, are smaller than —1.96, suggesting informally that
the divergence between the observed and expected growth curves is significant
for at least the first half of the text.

4 TRACING THE SOURCE OF THE MISFIT

We have seen that the predictions derived from the basic model for word fre-
quency distributions, essentially a simple urn model (without replacement),
diverge substantially from the empirical intermediate vocabulary sizes. In-
stead of rejecting the model as unfit for the study of actual language data, it is
useful to study the source of the misfit in some more detail, as this may shed
some light on the conditions under which the model might remain valid.
There are three possible sources for the divergence between the empirical
and expected vocabulary growth curves. Syntactic and semantic constraints
at the level of the sentence are in conflict with the randomness assumption.
These constraints might give rise to the observed misfit. Alternatively, it has
been claimed that lexical specialization is at issue here. If the use of specialized
words is restricted to particular text fragments, as it often appears to be, the
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FIGURE 1. The size of the divergence between the empirical and expected
vocabulary size E[Vys] — Vi for 40 equally spaced measurement points for L.
Carroll’s Alice in Wonderland, H. Melville’s Moby Dick, and Multatuli’s Mazx
Havelaar (left column), and the size of this difference for a version of the novel in
which the order of the sentences but not the order of the words in the sentences
was randomized (right column). Significant differences have been highlighted.

uneven, clustered occurrence of the tokens of these types may underlie the
misfit. Finally, it might be the case that the discourse organization of the
text induces a non-random development of the vocabulary. I will explore these
possibilities in turn.

4.1 Syntactic and semantic constraints

In order to trace the possible role of syntactic and semantic constraints, I made
artificial versions of the three novels in which the order of the sentences was
randomized, while keeping the order of the words in the sentences unchanged.
Table 1 summarizes for each text the number of tokens N, the number of types
V, the number of sentences s and the mean sentence length msl. The mean
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novel N 1% s msl

Carroll 26611 2695 2323 11.45
Melville 213756 16741 16307 13.11
Multatuli 99819 11126 6791 14.69

TABLE 1. Number of tokens N, number of types V', number of sentences s and
mean sentence length msl for Lewis Carroll’s Alice in Wonderland, Herman
Melville’s Moby Dick, and Multatuli’s Max Havelaar.

sentence length ranges between 11 and 15 words per sentence. Given these far
from trivially small mean sentence lengths, syntactic and semantic constraints
at the senience level cannot but be operative. If their presence induces the
misfit between the observed and expected vocabulary size, the randomized
versions of the novels should show a similar pattern as found in the left hand
panels of Figure 1.

The right hand panels of Figure 1 plot the results obtained. For all novels,
the divergence between the observed and expected vocabulary sizes is substan-
tially reduced. For all measurement points, the Z-score did not reach signifi-
cance (JZ| < 1.96). Moreover, the direction of the difference appears to vary
randomly, yielding largely negative scores for Alice in Wonderland, generally
positive scores for Moby Dick, and both negative and positive scores for Maz
Havelaar. These results show that syntactic and semantic constraints at the
sentence level can be ruled out as factors responsible for the lack of goodness-
of-fit.

4.2 Lezical specialization

It has been argued that lexical specialization is to be held responsible for this
lack of goodness-of-fit (Brunet 1978, Labbe and Hubert, 1993). The argument
is based on the observation that the curve of Vv often reflects differences be-
tween texts when texts of different authors, or even different texts of the same
author are studied jointly. To illustrate this simple observation, I concatenated
Carroll’'s Alice in Wonderland, Baum’s The Wizard of Oz, a collection of elec-
tion speeches by Clinton, and Barrie’s Peter Pan.? The observed and predicted
vocabulary growth curves are shown in Figure 2. A marked discontinuity in the
growth curve can be observed at the second vertical line, where the officialese
of Clinton’s election speeches succeeds Alice in Wonderland and The Wonder-
ful Wizard of Oz. The specialized, concentrated use of officialese in the third
partition of this artificial text gives rise to both substantial quantitative as well
as qualitative differences between the observed and expected growth curves.
In this example, it is evident that the texts have not been sampled from the
same population. Different authors will generally tend to use different sets of
words. In addition, present-day officialese can hardly be compared with books

2The last three texts were obtained from the Project Gutenberg, the Online Book Initia-
tive, and the Oxford Text Archive, respectively.
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FIGURE 2. Empirical (solid line) and expected (dotted line) growth curves for
the concatenated texts of L. Carroll’s Alice in Wonderland, L. F. Baum’s The
Wonderful Wizard of Oz, election speeches by B. Clinton, and J. M. Barrie’s
Peter Pan, for 160 measurement points. Dotted vertical lines indicate the
transition points between texts.

written for children more than 70 years ago. The substantial misfit comes as
no surprise. Within a single novel, the effects of lexical specialization will not
be as extreme. At first sight, there are two ways in which lexical specialization
might violate the randomness assumption. It might be that lexical special-
ization is characteristic of certain parts of the text, but not for others, as in
the above artificial example. Alternatively, lexical specialization, although uni-
formly distributed in the text, might as such give rise to the misfit between
the observed and expected vocabulary size. If lexical specialization leads to
local concentration of the tokens of a specialized type, this local concentration
might imply that within the relevant text slice tokens that would otherwise
have been free to represent additional non-specialized types are now allocated
to one specialized type. For text slices with specialized words, this would result
in a lower expected value for the vocabulary size.
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This idea has been formalized by Hubert and Labbe (1988) and Labbe and
Hubert (1993), who present the following modification of (4):

ElVad] = php Vi + (1= p) (Vi = S (Vi (m)e™¥™)). ™

T

To obtain (7), assume that all tokens of a specialized word occur jointly in a
particular fragment of the text. Also assume that a proportion p of all Vi types
in the text enjoy specialized use, and that this specialization affects the same
proportion p of the Vy(m) types for all m. Finally, assume that the chunks
of tokens of the specialized word types (S;,i = 1,2,...,pVn) appear randomly
distributed over the text. If so,

pVN (1-p)Vn
E[VMm] = E[Z Lfa(soy>0) + Z Lifar(a0)>0]
i=1 i=1
pPVN
M _ :
= Y g - e )
i=1 i=1
M 7, 7 b Ay
= thv +(1-p)Vn — Z(l —p)Vn(m)e ¥™, (8)

m

For K measurement points (My,k =1,2,..., K, M} < N), Labbe and Hubert
(1993) determine p by minimizing the chi-squared statistic

K .

Z (Vs — E[Varr))? )
E[Var«] ’

k=1

conveniently ignoring that the variance of E[Vjs ;] increases with M. In this
way, much improved and often excellent fits can be obtained. For instance, for
Alice in Wonderland, the optimal value of p for K = 40 equals 0.16, and the
fit obtained is a perfect smoothed curve through the observed values of Vi«
(X?:w) = 3.58,p > 0.05). These results would suggest that lexical specialization
as such violates the randomness assumption and gives rise to the discrepancy
between the observed and expected vocabulary growth curves. Unfortunately,
some of the assumptions underlying (7) are questionable.
First, for the majority of texts, the number of so-called hapax legomena,
’~(1), accounts for roughly half the number of types V. Hapaxes, by virtue
of occurring once only, cannot enjoy specialized use, if the operationalization
of lexical specialization in terms of the bundled occurrence of all the tokens
of a given type in a particular segment of the text is not to be trivialized.
Second, if text slices in which specialized words occur are characterized by a
deficit in the number of types, there should also be text slices with a surplus
of types — the successive increments in the vocabulary size sum up to Vy for
both the expected and the observed counts. If the text slices with a surplus
of types also occur randomly in the text, it may well be that the effects of
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lexical specialization are counterbalanced by effects of lexical richness. If so,
no discrepancy between theory and observation should arise. Third, observe
that in Figure 1 E[Vjs] — Vs tends to be negative for large M in the novels by
Melville and Multatuli. Application of (7) and (9) shows that for Moby Dick
the optimal choice for Labbe and Hubert’s parameter p, 0.12, does not yield an
acceptable fit (X%sg) = 162.79,p < 0.001), and the same holds for Max Havelaar,
X%:m) = 92,58, p < 0.001 for the Labbe and Hubert parameter p = 0.10. If the
modification of (4) proposed by Labbe and Hubert (1993) is has any validity
at all, this validity is restricted to texts with the developmental profile of Alice
in Wonderland only. Texts with skewed profiles such as observed for Moby
Dick and Max Havelaar cannot be analyzed in this way. We may conclude that
if lexical specialization is to lead to violation of the randomness assumption,
specialized types should not be randomly distributed in the text.

4.3 Discourse Structure

To test for possible effects of lexical specialization as a function of the discourse
structure of the text, we need a formal definition of lexical specialization. Given
the intuitive idea that lexical specialization implies a significant concentration
in the occurrences of a word, we can define lexical specialization in terms of
underdispersion. If a text is divided into K text slices, the dispersion d; of
word A; is defined as the number of text slices in which this word occurs.
If a word’s dispersion is smaller than expected under chance conditions, it is
underdispersed. To test whether A; is significantly underdispersed, the test
statistic

7 d; — E[di]

" /VAR[d]

can be used. Since we have no reason to suppose that overdispersion occurs,
we may assume that A; is significantly underdispersed at the 5% level when
Z; < —1.645.

Expressions for E[d;] and VAR[d;] can be obtained using occupancy theory
(Johnson and Kotz 1977: 113-114). Let X denote the number of text slices
unoccupied by a token of word A; with frequency fn(A;). On partitioning a
text into K slices, we can express X as the sum of the individual unoccupied
slices:

(10)

K
k=1

with

i . i th - slice
X, = { 0 if A; appears in the k" text slice, (12)

1 otherwise.

The number of text slices occupied by at least one token of A; equals d; =
K — X. Since Pr(X}, = 1) = (1—py.)/¥ (49 with p, the probability of assigning
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a word token to the k" text slice, we find that

K
Eld] = E[K-) X
Kk=l
= K- E[Xi]
k=1

K
= K-) (1-p)/nA0. (13)
k=1

When a given word token is equally likely to be assigned to any of the text
slices, (13) reduces to

Eld] = K(1 - (1- )04, (14)

After allotting N word tokens to K equiprobable text slices, each text slice will
contain on average N/K word tokens. This allows us to use (14) to estimate
the expected dispersion of all types A; for the 40 equally large text slices of
Alice in Wonderland, Moby Dick, and Maz Havelaar.

The variance of d; is obtained as follows.

K
VAR _ X

k=1

STVARX ] +2 ) ) COV(XaX,n)
k

n<m

VAR[X]

> _(BIXE] - (B[Xk])?)
k
+2 > ) (E[XnXom] — E[XA]E[Xm])- (15)

n <m

As X} is nonzero only when X; = 1, E[X}] = E[X,]. Similarly, we have that
E[X, X, =1iff X, = X,, = 1, and hence

EX,Xm] = Pr(X,X,=1) (16)
Pr({X, =1} n{X,, =1})
(1-p, — p"l)fN(Ai)'

This leads directly to

K
VAR[X] = Y (1—pe)/M(1 - (1-pi) " 4) (17)
k=1
+2 3 > (1= pu = pn) VA — (1= o) (1 = ppn) ¥ A9,
n<m
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For equally sized text slices, VAR[d;| = VAR[K — X] = VAR[X] is simplified
to

2 .
VAR[,] = K(1- %)f""‘*) +E(K - 1D(1- 2)v
1.
_I'2 1__ ZfN(/\")‘ 1
\( K) (18)

For each of the 40 text slices of Alice in Wonderland, Moby Dick, and Maz
Havelaar, 1 calculated the number of significantly underdispersed words. To
study the relation between the growth of the vocabulary and the amount of
underdispersion, it is useful to compare, for each successive text slice, the influx
of new types with the influx of new underdispersed types. In order to compare
observed with empirical values, it is convenient to introduce two difference
functions. Let Dy (k) denote the difference between the expected and observed
number of new types in text slice &,

Dy (k) = (E[Vama] — EVara—1]) = Vare — Vark1)s (19)

and let
Dy (k) = (Unt e — Unr—1) — (E[Usars] — E[Unrs-1]), (20)

with Ups x the number of underdispersed types in the k" text slice, denote the
difference between the observed and expected numbers of new underdispersed
types in text slice k. Figure 3 plots Dy (k) (small dots) and Dy, (k) (large dots)
and the corresponding smoothed curves using running medians (Tukey, 1977)
for our three texts. In each case, we find that the two curves tend to be each
other’s mirror images. Especially for the first 7 measurement points, Dy (k)
tends to be large and Dy (k) small. In other words, in the initial parts of these
novels, both new types and significantly underdispersed types are scarce. In
later parts of the novels, there is a tendency for the expected increase in vocab-
ulary to slightly underestimate the empirical increase, and it is here that the
emnpirical numbers of underdispersed words are slightly higher than expected.

This pattern of results suggests that lexical specialization, defined in terms of
significant underdispersion, is not randomly distributed in the text, and that
it is the scarcity of significant underdispersion in the initial segments of the
text, combined with a deficit in type richuess, that gives rise to the divergence
between the observed and expected vocabulary growth curves. In hindsight, it
is obvious that lexical specialization and vocabulary richness go hand in hand.
When a particular topic is discussed in detail, key words for that topic will be
used intensively. These key words are the significantly underdispersed words
of this study (see Baayen, 1994, for detailed discussion). At the same time,
additional vocabulary is called upon, without which the many facets of the
topic that make it worth mentioning could not be discussed.

What we find, then, is that the organization of texts at the discourse level is
at issue. In the initial sections of the text, the reader is introduced gently to
the fictive world of the novel. Here, large numbers of specialized words, both
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FIGURE 3. Difference scores Dy (k) (dotted line, small dots) and Dy (k) (solid
line, large dots) for L. Carroll’s Alice in Wonderland, H. Melville’s Moby Dick,
and Multatuli’s Maz Havelaar.

the hard-worked underdispersed words, as well as the specialized low-frequency
words their use brings along, are avoided. Once the general topic domain has
been established, specialized vocabulary is put to use to elaborate more specific
topics in full.

5 DISCUSSION

I have shown that the lack of goodness-of-fit of any probabilistic model for
word frequency distributions of texts that assumes that words occur randomly
in texts is due to the way in which texts are structured on the discourse level.
Syntactic and semantic constraints operating on the sentence level, as well as
lexical specialization by itself, do not play a significant role.

This finding has important consequences for the statistical analysis of word
frequency distributions, as it shows that the theoretical predictions of the urn
model will be accurate either if the textual materials studied do not have the
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discourse structure observed for the novels studied here, or if this discourse
structure is irrelevant to the question at hand. The first possibility arises in
studies where corpora are investigated. Corpora such as Uit den Boogaart
(1975) and Kuéera and Francis (1965) are collections of randomly sampled
short text fragments of approximately the same length. No discourse organi-
zation will be present in the sequence of such fragments. Hence the model will
accurately predict the observed vocabulary size for M < N.

The second possibility arises when the model is used to obtain estimates of
population parameters that are relatively independent of discourse organiza-
tion. For instance, in studies of vocabulary richuess (Good and Toulmin 1976,
Efron and Thisted 1976, Sichel 1986), the number of different word types in an
author’s vocabulary is estimated on the basis of one or more of his texts. If the
number of different word types an author chooses to use to discuss a particular
topic domain is independent of the way in which he structures the text to fa-
cilitate comprehension for the reader, then the rhetorical structure of the text
becomes irrelevant when one’s aim is to estimate the size of the vocabulary the
author had at his disposal for discussing this topic domain, including the words
he knew but did not use.

Summing up, the finding that the randomness assumption is violated at
the level of discourse structure implies that word frequency models for which
this assumption is crucial can nevertheless be reliably applied in corpus-based
studies and in studies of lexical richness.

6 EPILOGUE

Having come to the end of my discussion of the randomness assumption in
word frequency statistics, I would like to add a few words on the occasion of
Cor Baayen’s retirement as scientific director of the Centre for Mathematics
and Computer Science.

As mentioned in the introduction, the first computerized frequency list of
Dutch was compiled in 1965 at the Mathematical Centre, the name of the
Centre for Mathematics and Computer Science at that time. The director of
the institute, Aad van Wijngaarden, one of the pioneers of computer science in
the Netherlands, had a keen interest in language in general, and in lexicology
and etymology in particular. Not surprisingly, the first study of the Dutch
language in which the computer was used as a tool for obtaining word frequency
counts and for carrying out morphological analyses to appear in print was a
Mathematical Centre Tract (van Berckel et al., 1965).

Van Wijngaarden’s successor as director of the Mathematical Centre was Cor
Baayen. While sharing the same interest in historical linguistics and etymology,
Cor was well aware of the importance of methods of formal logic as tools for
the analysis of problems of ambiguity and scope that arise at the level of the
syntax and semantics of natural language, and he has stimulated research in the
interdisciplinary domain of language, logic and computer science throughout
his directorship.
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Looking back, it is clear that the study of natural language in the Netherlands
has profited from the erudition and breadth of vision of the Mathematical
Centre’s last scientific directors. It is to be lioped that the future CWI will
be able to demonstrate a similar breadth of vision, stimulating the use of new
mathematical techniques not only in the sciences and in engineering, but also
in the iumanities.
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Discriminating coded lambda terms

Dedicated in friendship to Cor Baayen

on the occasion of his retirement
Henk Barendregt
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Department of Software Technology
CWI, Amsterdam

A coding for a (type-free) lambda term Af is a lambda term " A7 in normal
form such that M (and its parts) can be reconstructed from M Vin alambda
definable way. Kleene[1936] defined a coding TM7F and a self-interpreter
E® €A° such that

VMeA’ ENTAMTN = AL (1)
In this style one can construct a discriminator AR eA° such that

KraKeak ) true (= dayar) i M =N 5
VA, NEA ATTM TN = { false (= Axy.y) else. (2)
The terms EX and A® are complicated. They depend on the lambda defin-
ability of functions on the integers dealing with coded syntactic properties.
Inspired by a construction of P. de Bruin (see Barendregt [1991]) Mogensen
[1992] constructed a different coding "M ™ and an efficient self-interpreter

EcA° such that
VAIEA ETM™ = AL (3)

This construction does not use an encoding of syntax as numbers but directly
as lambda terms. This results in a much less complex E. Mogensen's
construction was simplified even further in Bohm et al. [1994]. In this paper
we construct a simple discriminator A€A° such that

true if M =. N;
false else.

YM,NeN” ATM "N = { (4)
Note that in (1) and (4) the statement is only about closed lambda terms,
while that in (2) and (3) is about all lambda terms. It will become clear why

this is so.
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1. INTRODUCTION

The most important notations for the type-free lambda calculus will be given
lere. Background can be found in Barendregt [1984].

1.1. DEFINITION. Variables and terms of the lambda calculus are defined by
the following abstract syntax.

var = a|var

term = var |term term | A var term
NOTATION. (i) M,N,...  P,Q,... range over A-terms. The letters =, y,z2,...
range over variables. Note that the variables are {a,a’ a” ... a"") .. }.

(ii) A is the set of lambda terms. FV(A{) is the set of free variables of

M .The set of closed terms is A° = {MeA |FV(M) = 0}.

(iii) The relation = denotes syntactic equality; the relation =, denotes syn-
tactic equality up to a change of names of the bound variables. For example

A =4 Ay.y A,
(iv) The relation = denotes (-convertibility, axiomatized by
(Ax.M)N = M|z := N].
Here [@ := n] denotes substitution of NV in the free ocenrrences of . E.g.
(r(Ae.x))[w = a] = a(Ae.x).

(v) IN is the set of natural numbers. For n€IN the terms ¢, = Afx. f"x,
where f'2 = x and f"*'x = f(f"x). denote the so called Church munerals.
Note that the ¢, are distinct normal forms; hence

C,=C¢C, = n=1m
by the Church-Rosser theorem.

A lambda term can be seen as an executable: the redexes want to be eval-
uated. In this sense a normal form is not executable anymore. For a lambda
term M its code "M 7 is a normal form such that A is reconstructible from Af.
Kleene [1936] defined a code "M % essentially as follows.

1.2. DEFINITION. (i) By induction on the structure of M we define #AJ.

#(n(")) = <0,n>;
#(PQ) <1, <#(P),#(Q) >>;
#(Ar.P) = <2, < (x), #(P) >>.

Here < —,— > denotes a recursive pairing function on IN with the recursive
projections (—)o, (—)1:

(< N, N >),‘ = n;.
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(ii) The map r_7K : A=A is defined by
"M =cyn.
Note that for all M €A the term "M is in normal form. Moreover,
‘MK ="NK o M=N.

1.3. PROPOSITION. There is no lambda term Q such that for all MeA®) one
has

QM ="Mk,
PRrOOF. Suppose @ exists. Then for | = Az.x one has

— K _ —
QUN =" =cyqp) =€y cplgls>
But also )
QN =QI="1"r = €yl = C2 () #(2)>>
Hence < 1,< #(1), #(1) >>=< 2, < #(x), #(x) >>, a contradiction. @

In spite of this fact that the ‘quote’ @ does not exists, the inverse ‘evaluation’
E can be constructed.

1.4. THEOREM (Kleene [1936]). There erists an ER € A° such that for all MeA®
one has

ENTAN = M.
PROOF. See Kleene [1936] or Barendregt [1984], theorem 8.1.16. @

The self-interpreter E can work only for closed terms M (or terms having at
most a fixed finite set of free variables). The reason is that if

ERTAOR = AL
then ) ) )
FV(M) C FV(ENTM™F) = FV(EF).

Therefore if EX is closed, then the A have to be closed as well. This causes one
difficulty in the construction of EX. The closed terins do not form a context-
free language. Kleene solved this problem by constructing E first for the set of
combinatory terms C° built from the basis {K,S} using application only; then
the real self-interpreter can be obtained by translations between A” and C°.

A different construction of a self-interpreter was given by a former student
of mine, using ideas from denotational semantics.

1.5. THEOREM (P. de Bruin). There cxists an Eg€A° such that for all MeA
and all FEA one has

E) M F =Ml[zy,...,x,:=F ... Fla,7] (5)

(simultaneous substitution), where {xy,...,x,} = FV(M).
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PROOF. By the representability of computable functions and the fixedpoint
theorem there is a term Eq€A° such that

E(]r;l?ﬂKF = F'—;TjK;
E)"PQ'"F = F(E,)"P'NF)E,y Q"N F);
E()'—/\;'I‘.P—'KF = /\.’I‘.(E()'—P—'KF[r,‘x,_,l.]),
where Fir o, = F; with
F;F'J.T =
FiryY = Fy, ify#ur

Note that F! can be written as GFx, with G closed. By induction on the
structure of AM€A one can show that the statement holds. B

1.6. COROLLARY. There exists an EB€A° such that for all MEA® one has
EM = AL
Proor (P. de Bruin). We can take
EYB = \in.Eyml.
Indeed, for closed terms M it follows from (5) that

EBCAT=E,,M 1= M. B

2. REPRESENTING DATA TYPES

After seeing the method of P. de Bruin, Mogensen [1992] gave an iinproved ver-
sion of it by representing data types directly (i.e. not using the natural numbers)
in lambda calculus as done in e.g. B6Shm and Berarducci [1985]. This approach
was improved later by Bohm et al. [1994] by constructing a new representation
of data types into type-free lambda calculus. This new representation will be
treated in a slightly modified form in this section.

2.1. DEFINITION. Write

(My,..., M) = AzzM,...M,;
U = Ar... a0
true = U?
false = U3
Note that
(My,...,. MU' = M
true PQQ = P;

false PQ = Q.

In particular we have (M) = Az.2M and () = Az.x = |. Now we define the
notion of lists inspired by the language LISP, McCarthy et al. [1961].
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2.2. DEFINITION. (i) Write

nil = ();
cons = Azy.(x,y);
car = (Ui);
cdr = (U3);
null, = (U3, U3, false, true).

(ii) Define

[1 = (X
[My,...,M,s1] = consMi[My,..., M,

So for example
[My, Ma, M) = (M, (My, (M3, ())))-

(In Barendregt [1984] this term is written as [My, My, My, 1], At the time of
writing that book we did not yet see the usefulness of terminating a list with
a special constructor.) Note that

car(cons PQ) = P;

cdr (cons PQ) = Q;
null»ynil = true;

null,(consPQ) = false.

2.3. PROPOSITION. There erists lambda definable functions ( ); such that for
1 <i<n one has

([Mq,..., M) = M;.
ProoF. Take

(I = carl;
(l),‘+1 — (cdrl);.l

2.4. DEFINITION. An (algebraic) signature s consists of a number n€IN (thought
of as the list of symbols [f1, ..., fu]) together with a list of numbers [$1,..., 5,
(thought of as the arity of the respective fi’s). We write s = [1yc--y8n)-

For example a field has signature s = [2,2,1,1,0,0] (thought of as the arities
of the functionsymbols [+, x, —, 71,0,1]i so fi = +, fa = % etcetera).

2.5. DEFINITION. If s is a signature then term, the set of terms of signature
s, is defined as follows.

r€var = rectermg;
tyy... ty,€term, = fi(ti,... s )Eterm,.
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For example in the signature of fields the term f1(fi(x, f3(f2(y, fa(2))), fo) is
usually written as # — yz=! + 1.

2.6. DEFINITION. Let s = [s1,..., s,] be a signature.
(i) A lambda interpretation of s is a list of ‘constructors’ C', ..., C,€A.
(ii) Let Cy,...,Cy be a lambda interpretation of s. Then we define a map

T: term,—A
as follows.

T, = m
Tf{(h ..... fs',) = Ci[ﬂla"'sT'l ]y

where [T;,,...,T;, ] is the list operation on lambda terms defined in 2.2.

Example. The signature of binary trees is [0,2]. The term t = fo( fo(f1, f1), f1)
denotes a simple tree and t' = fo(f1, f2(f1, f1)) its miror image. Can we find a
lambda interpretation for this signature in such a way that mirroring becomes
lambda definable, i.e. for some FEA° one has FT; = T;»? The following result,
due to Bahm et al. [1994], will affirm this. We present the result in a modified
form that will be useful for §4.

2.7. THEOREM. For cvery algebraic signature s = [sy,...,s,] there exists a
lambda interpretation C1,...,C, such that the following hold.
(1) VA, ... A, AF

FTj,..n,,) = AilTh,..... T, |F, 1<i<n. (6)

(i) The Cy,...,C, only depend on n, not on the s, ..., sn]. In (6) we can
take F = ((A1,...,Ay)).

PROOF. Define Cy, = Me.eU!'l(e).
(i) Given Aq,..., A,, we try whether F = ((4,,...,A,)) works. Indeed,

(A1, .. -,An))(('fi[Tln' '-ny.q,-])

ChlT . Ty J(Ar, .., Au)

(Arr s AU T (Ars o An)
= Ai[ﬂl,...,ES‘]F.

y
o
=

!

It

(ii) By the construction. @

2.8. COROLLARY. Let s = [sy,...,s,] be an algebraic signature. Let C,...,C,
be the lambda interpretation of s constructed in theorem 2.7. Then for all
B, ... B, there exists an F such that

F(Cy[ry,...,x5]) = Bixy ... 2, F, 1<2<n. (7)
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PROOF. Let By,...,B, be given. Define A; = A.B;(l) ... (l)s,- Then
Ai[zy, ... x5, = Bixr, ..., 2,
Then the F for the A; found in theorem 2.7 is the F' satisfying (7). @

Now we canl program the function that ‘mirrors’ trees. In the signature [0,2]
for binary trees let

leaf = Ty, = Cp()
tree = AabTpuy = Aab.Cp(a,b).

By corollary 2.8 there exists an F such that

Fleaf = leaf;
F(treeab) = tree(fb)(fa).

This F has the mirror effect. E.g. F(fo(f2(f1, 1), f1)) = fo(f1, f2(f1, fr)).

3. A SIMPLE SELF-INTERPRETER

In Mogensen [1992] a simple coding and self-interpreter for lambda terms is
defined, using the fact that data types (term algebras of a signature s) have
a lambda interpretation. The method was simplified by Bohm et al. [1994] by
making use of their lambda representation of algebraic signatures given in §2.

3.1. DEFINITION. Let s be the signature (1,2, 1]. Define

const = Cf = Me.eUil(e);
app = Cy, = Me.eUjl(e);
abs = Cj = MNe.eUjle).

3.2. DEFINITION. For M €A define "M as follows.

7 = const[z];
I‘PQ'\ — app [r_P_l’ FQ—I];
"Ax.P7 = abs[Az."P7.

Note that FV(TM™) = FV(M).
3.3. THEOREM (Mogensen [1992]). There exists an EEA® such that
VMeAE"M™ =M.

PROOF (B”olhm et al. [1994]). By corollary 2.8 there exists a term E€A” such
that

E( const [p]) p;

E(app [p, q]) (Ep)(Eq);
E(abs[p]) = Az.E(px).
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Then

ETx? =
EI_PQ—l — (Ef_Pj)(Eer);
E"\r.P? = JXeE"P.

Now the results follows by induction on the structure of M. @
Using the constructions in §2 the self-interpreter becomes

E= ((Mf.(D, MEFD1(f(D)2), Mfa f((Dr2)))-

The construction in Bohm et al. [1994] is simpler. They take

const = Are.eUize;
app = Axye.eUszye;
abs = MAre.cUjre.

The resulting self-interpreter then becomes EB = ((K, S, C)). Here K = Axy.x,
S = Axyz.wz(yz) and C = Aryz.x(zy). For reasons of uniformity we have given
the definition of const, appand absas in 3.1. This will be useful in §4.

4. A SIMPLE DISCRIMINATOR

In this section we will construct a simple term discriminating between coded
closed lambda term. The discrimination is even modulo a-conversion. For open
terms discrimination is possible only for the coding ™ 7 of Kleene.

4.1. LEMMA. (i) There exists a term dw€EN° such that

true if n =m;

ey ={ false else

(ii) There exists a term and €A° such that

and true true = true;
and true false = false;
and false true = false;
and false false = false.

PROOF. (i) By the representability of the recursive functions.
(ii) Take and = Aab.atrueb. @
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4.9. PROPOSITION. There exists a term 6€X° such that (writing 6, for 6c,,)

one has
6" '—.‘l‘_"—.['—‘
(‘)n'_.l:_"—P'Q'—‘
b, A P

6”(-PQ—IF.L',_‘
6"l—PQ-IrP’QI_I
6,7 PQ "\’ P

6 Az P!
5,7 Az PTPQ
6,7 Az. P g P

by
false;
false;

false;
and (bnl_P'll’PIT)(éul‘Qﬂl_Ql‘l)
false;

false;
false;
bup1(TP [ ==, ) (TP [z := c,]).

PROOF. We introduce the following ad hoc notation.

(i) Let Ay,...,A,€A. Then

we write

AF[AL ..., Au] = ((AEAL, .. ATAL)).

(ll) If Bi = [A“, ..
AZU[By, ..

., Ain], then we write

., B, = ((\#By, ..., \#1B.)).

iii) Let for 1 <i < n,1 < j <n be given A;;€EA. Then
g J

[Aij]

[Anh [ Auu]]-
If n = 3 we may write [4;;] as
An A A
An Az Aus
Az Asy Ass
Now define 6 = Antt’.
on(t)1(t')1 false false
()\td!)\t'd'n!! false and (d(t)1(t)1n)(d(t)2(t')2n) false ) tt'n,
false false d(tn)(#'n)(Stn)

where ST lambda defines the successor function. This é satisfies the specifica-

tion. @

1.3. PROPOSITION. For all M, M'€A such that FV(MM') C {x,.

.z} and

for substitutions x = [r1 = €x,| ... [wy = €, ] withk; # k; (for1 < i< j < n)

one has for p > k; (for all 1 <i < n) that

8" MM % = {

true
false
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PRroOF. By induction on the structure of M, in each case making distinctions
according to the structure of M'. We treat four instructive cases.
Case M =x,M' = 1'. Then

8," MM % = b€k Cr, s
where & = x;, 2’ = r;». This is true or false depending on whether x = x' (so
i=iYorxZa (soi#i).
Case M =x,M' = P'Q’. Then
6," M M' % = false.
Case M = PQ,M' = P'Q)'. Then
6" MM T = and (6, P7"P"7%)(6," Q7" Q" M*)
=y and(true/false)(true/false)

= true /false,

as it should (= true only if PQ = P'Q’ i.e. if both P = P' and Q = Q').
Case M = A\x.P,M' = \x'.P'. Then

5,PM M % = 6, (TP = ¢))) (TP = ¢p)) +
= 6,,+1'—P-"_P/[.'l‘l =] [r:=c,) *
= b1 PP = x|,

with *' = [z := ¢,| being an admissible substitution. So

true if P =, P'[v' :=af;

b7 MM =’H{ false else.

Now M =, M’ iff \z.P =, M\r'.P’ (=, M\x.P'[z' :=z]) if P =, P'[x' := x].
Hence we are done. @
4.4. COROLLARY. Write A = ég. Then for all M, M'€N° one has

AFMOT M — true f M =, M’;
false else.
Proor. Immediate from the proposition. B
Note that this corollary cannot hold for arbitrary M, M’c€A. For example,
it is impossible to discriminate "x" and "x'". Indeed take x # &’ and make a
substitution:

ATz z'7 = false = ATz 1" = false,

a contradiction.
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New Trends in Applied Mathematics

Dedicated to Professor Cor Baayen

A. Bensoussan
University Paris-Dauphine and INRIA

Applied mathematics has become an extremely important and useful dis-
cipline in the context of development of powerful computers. On the one
hand, mathematics (in a broad sense) is the most efficient approach to model
reality, especially complex reality. Moreover, it provides the best possibili-
ties of reasoning. With cheap powerful computers, mathematics becomes
implementable and unavoidable in designing, producing, deciding ...

On the other hand, mathematics has evolved considerably to extend its ap-
plicability to real problems. This is why applied mathematics is so alive and
fast progressing. Needless to say, the connection between applied mathe-
matics and information technology is an extremely fruitful approach to new
ideas and a basic source of research topics. This is a line to which Professor
Cor Baayen has always dedicated his efforts. He has greatly contributed to
closing the gap between mathematics and computer science. To give an
exhaustive presentation of all directions of applied mathematics in a short
talk is of course out of reach, and beyond the possibilities of one speaker.
So the purpose of this lecture is more to outline some significant features,
among many others.

1 SCIENTIFIC COMPUTING

The traditional applications of mathematics arise in Physics, Mechanics, . ...
Powerful computing means and supercomputers have permitted :

e to study completely new areas of physical sciences.
e to consider new numerical techniques
e to investigate new approaches.

1.1 New Areas of physical sciences

It would be particularly unrealistic to be exhaustive here. Nevertheless, among
important developments in several fields, we emphasize the Numerical Simu-
lation of Reactive flow. It applies indeed to combustion, aeronomy, partially



ionized plasmas, aerodynamics, gas dynamic lasers, astrophysics, general mul-
tiphase and magneto-hydrodynamic flows, .. ..

The model takes into account the coupling between fluid dynamics and chemical
reactions, and thus opens the door to a large family of complex problems.

The traditional model of an homogeneous, viscous, incompressible flow with
no chemical reactions and no erternal forces consists of Navier Stokes equations

po(%+(u-D)u)—/tAu+Dp =0

ot
divu = 0

If the fluid has a constant specific heat ¢ and there are no external heat sources,
then the temperature of the fluid is the solution of :

poc(%—z; +u-DT) — AAT == 2tre*(u)
where ¢ = 3(Du + (Du)T) is the velocity tensor. The internal energy density
is cT.

In general, all variables are coupled and appear as the solution of a complex
system of P.D.E.

The main unknown are the mass density p, the velocity of the flow u, the
number densities n’ of the individual chemical species and the total energy
density E.

The system of equations is the following :

dp

E+D-(pu) =0
M+D-(puu)+D-¢7 = Zpiai
ot -
on’ i i i i i
.70__+D~(n(u+u)) = Q' -L'n
t
OF i i
o TP (B)+D-(u-0)+D-(g+a) = D (utu)-m'a

7

where o is the pressure tensor, q the heat flux, g, the radiative heat flux, a’
represent external forces, and Q, L' represent the chemical production rates
and losses of species i, u' is the diffusion velocity of species i. They are highly
nonlinear expressions of the unknowns, including the temperature 7.

In view of the complexity, a modular approach is useful. Each physical
process is calculated accurately and calibrated separately .

The physical properties should be incorporated in the numerical algorithms
and a mathematical analysis of the behaviour of the algorithms should be
performed. For more details, see [18].
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1.2 Numerical methods
We shall illustrate the general idea of decoupling the difficulties in the case of
Navier Stokes equations:

%+(u Dyu—pAu+Dp=f

divu=0

u(z,0) = uo(x) divup=0

u=gonl /V-ng‘=0
r

The two main difficulties are non linearities and incompressibility condition.
Operator splitting will realize the decoupling.

Let 6 be a parameter in (0,3) and o, 8 with a« + 3 = 1.
Knowing u", we compute {u"*¢,p"+%},u"+1=% and {u"*!,p"+'} by the it-
eration :
ﬂ;A_iLn —apAut? 4+ Dp*t? = BuAu®
—(’U," A D)u" + fn+0 (1)
div u™t? =0
utl = gnt? onT

un+1—0 _ un+0

(1 20)At _ B,UAU"+1_9 + (un+1—0 . D)uu+1—0 — a;LA'lL"+0
_Dpn+0 + fn+1—(7‘ (2)
un+1—0 — gn+1 -6 onT

u1l+1 _ un+1—0 0
_ CYMA’LL"+1 + Dpn+1 — ,B#Aun—i-l—

2
—(U"+1é£ . D)un+1—0 + fn+1 (3)
divu®tt =0
'll,"+1 — gn+1 onT

(2) is nonlinear and solved by a least square technique , and conjugate gradient
minimization. (1) and (3) are linear and can be reformulated as variational
problems for the pressure p.

Various possibilities of finite element approximation, multigrid methods and
domain decomposition can then be used at the discretization stage.

Efficient software packages result in the combination of all these techniques.
For more details, see [10].

1.3 New approaches
We present two new directions :



1.3.1 Wavelets
An alternative to Fourier analysis has been developed in recent years, with ap-
plications to signal and image processing, sound analysis and numerical analy-
sis. It has foundations in quantum field theory, statistical mechanics and pure
mathematics (geometry of Banach spaces). This is the Wavelet analysis.

It combines advantages of the Haar system and of the trigonometrical system.
The Haar systein is defined by :

1

1, 0<z< 5

V@) =4 %§;r<1
0 otherwise

P (X)) =2 “Ep(27Mx — n), m,n € Z.

The . form an orthonormal basis of L?(R), (and even LP) but not for
Sobolev spaces (unlike trigonometric series for periodic Sobolev spaces). On
the other hand, the v, ,, have good localization properties unlike trigonometric
functions (the reverse being true for their Fourier transforms).

A wavelet system is defined by a function () and

m

'l/’m.n(-T) = 2_?1”(2- may. ,n)

with the property

L2 (R) = "}’m €z I'le

W,y = span {¢m.n}, orthogonal spaces

{mn,n € Z} is an orthonormal basis for W,.

Y. Meyer has constructed a wavelet system with i, C> with rapide decay
(faster that any power). Later one has constructed a wavelet system with ¢, ck
with exponential decay, and finally I. Daubechies has shown the existence of
wavelet systems with compact support and arbitrary regularity. They will be
very useful for all kinds of applications.

They are obtained from sequences h,,, with compact support, satisfying ad-
ditional assumptions by the following procedure :

o) = Jim mi(a)

with

771.=(1') = ‘/EZ hn,le—l(QI - "‘)

o = Il[ T S



then

¥(@) = V2 ) (-1)"hons16(22 )

The most compact support corresponds to the two possible choices :

IZF\/§
ho = %,
4\/5

For more details, see [15], [9].

_3%V3

_3xV3 1+43
4v2 '

h‘__—ﬂ ‘__—7
2 2 13 WG

hy

1.3.2  Cellular Automata

The availability of massively parallel computers, has motivated the use of cel-
lular automata on large lattices for obtaining solutions to P.D.E., in particular
the incompressible Navier Stokes equations. A lot of work is necessary to justify
this approach.

We describe here a model due to B.M. BOGHOSIAN, C.D. LEVERMORE,[5].
See also U. FRISCH, B. HASSLACHER, Y. POMEAU, [13].

Consider Burgers’ equation :

du 9, u_z &u

o w2 " o
. A — alr

Replacing % by ue,t+ Ati u(z,t)

. i) 1u(z + Az, t) — u(x — Az, t)
Replacing — by =

(ggr 2 ; Ax

. u

Replacing 922 by A—Iz(u(l + Ax,t) + u(x — Ax,t) — 2u(x,t))
: Ax? . N
and choosing At, Az such that 2v = Ar’ we obtain the discretization scheie
1-£Ax 1+ LAz

u(r,t+A) = —— L ufe + Ay t) + 22 2= u(e — Ay t)

cAzx

A (et A, )~ (e - Ar,)

This can be simulated “approximately” by the stochastic process :

1+ w(x,t)

E](;‘l‘-l-A;l‘,t-l-At) (El(‘rvt)+€2(1“’t))
llf(;r’t)gl(tm, t)€a(z,t)
1200 (6 (2,8) + ol 1)

+  w(z, t)&i(z,t)é2(x, 1)

& — Az, t + At)

157



where £1, &5 take the values 0,1, w is random and takes the values -1 or 1. The
random variables are independent and :

Fw = 2—(;/Ar

It can be proved that :

u(x,t) ~ E(& + &)

The process &1, £ is a cellular automata which can be simulated on a massively
parallel computer.

Reseach on similar types of stochastic processes is important in the context
of solving nonlinear P.D.E. on massively parallel machines.

2 CONTROL, IDENTIFICATION, ESTIMATION.

The applications of these techniques are extremely diversified and come from
physical sciences as well as from economic or even social sciences.

We describe some :

e new areas of applications
e new algorithms
e new approaches .

2.1 New areas of application
2.1.1 FEnvironmental studies. The program “Global Change”

In view of the growing importance of environmental issues, a worldwide pro-
gram of research has been developing in recent years, under the name of ” Global
Change”. It connects specialists of Climate Dynamics, Oceanography, Plane-
tary Physics,... It seems that this direction is a source of important mathe-
matical problems, of somewhat new nature.

The basic problem deals with the prediction of physical quantities, solutions
of a set of nonlinear evolution P.D.E., with unknown parameters and unknown
initial state. Nonlinearity creates an important sensitivity with respect to initial
data and unknown quantities, resulting in a lack of predictability beyond some
length of time. A fundamental question is to identify the important regimes
of the physical variables, those which contain the main futures of interest and
are persistent. There are several ways to give a mathematical meaning to this
question. The interesting feature is that they result in a mirture of statistical
and dynamical methods. A lot of work is needed in that direction, even for
simple nonlinear systems.

The point of view of dynamical systems is to obtain the stationary solutions
of the nonlinear P.D.E. (or system of P.D.E.) and the long-time behaviour of
solutions. This is the theory of attractors.
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A complementary statistical theory has been developed, for which we de-
scribe only two ideas, that of persistent anomalies and that of EOF analysis
(Empirical orthogonal functions).

Consider a vector representing physical variables (typically a flow) which
is computable through a model, which is not in general completely known
(this is an important difficulty, which we leave aside). We represent it by
Yr(t),k =1... N where k may represent a point x; on a grid, or a component
if the solution is obtained by an expansion.

We set < 1. >= average of ¥ (t) over some record of data.

The instantaneous anomaly is defined by :

Dre(t) = Yi(t)— < ¥ >

The pattern correlation between an anomaly at time t and at a later time ¢+ 7
is defined by :

S Ut +7) — (S k() it + 7))

p(t,7) = oot +7)

where
o(t)” = Z Y (t Z ¥i(t)*.

We say that an anomaly d’k (ty) persists from t = to, to t =ty + J, if :

p(t;,7) > po, where t; =ty + jr,j=0...J -1

and pg represents the persistence criterion. What is expected is that the anoma-
lies which satisfy a reasonable persistence criterion fall into a small number of
easily identifiable patterns, related to the attractors of dynamical system.

The EOF analysis goes as follows. Let :

Ty =< "Zk";l >

Consider the eigenvalues of the matrix ' A!... AV, ranked in decreasing order
and e!...eY are the corresponding eigenvectors, called the 1st EOF, the 2nd
EOF, ...

Next expand the vector ¥(t) = (1x(t)) on the basis e! - - eV, hence :

N
P(t) =D ai(t)e!
i=1
then one can easily check that :

< iy >= /\iél’j.
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The coefficients a;(#) are called the principal components. The EOF are in-
terpreted as directions of variability of the anomaly, A" representing the part
of the variance related to EOF ¢’ (the total variance being A' + ... + AV).
The important conjecture is that the main OEF are related to the patterns
associated to persistent anomalies.

In [16] theses connections are exhibited experimentally on some models.

Is there a general theory for these phenomenon, at least for some class of
nonlinear dynamical systems ? This is an open question, which has a crucial
importance for the understanding of the variability of atmospheric dynamics.

2.1.2 Computer vision

2.1.2.1 The segmentation problem An image can be represented by a func-
tion g(x) measuring the strength of the light signal striking a plane at point x.
Such a function is expected to have discontinuities reflecting edges of objects,
and shadows. Outside such lines the function g is expected to behave more
smoothly.

Having this in mind, one defines a segmentation of a region {2, as a set of open
connected subsets €;,i = 1---n, each one with a piecewise smooth boundary
and I is the union of the parts of the boundaries of the €; inside .

An approximation of g is a function v which is differentiable on Q@ —I'. One
defines a cost function :

J(u,I'y=p ‘/Q(u — g)%dx +/s

The segmentation problem consists in minimizing the functional .J over the pair
(u,T). Note that if v = 0,infJ = 0.

This is a new class of problems in the calculus of variations, introduced in
[17].

It has attracted a lot of interest and soine progress has been made, concerning
existence, and approximation.

| Dul*dx + v|T|
r

It is interesting to consider the one dimensional problem, in which Q =
(0,1),T = {ay;+--an, with 0 < a; < az--- <ay <1} and || = N. One has :

Aigy

1 N
J(u,ay,---,an) =/L/ (u.—g)Qd.r+Z/ uw*dr + vN
0 i=p v

i
and we have defined a9 = 0,any4; = 1.
Since we do not impose continuity at points a;, we may write preferably :

i1

N
J(uy, - unsay, - ,an) = p Z [(u; — g)? +u*)dx + vN

i=0"
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There is a probabilistic interpretation of J. Consider in the segment (a;,ais1)
a process x; such that :

Ii(t) = .'L'i((li) + ’lL’i(t), t e [ai,ai+1[

where z;(a;) is not random, and w;(t) is a standard Wiener process. We observe
on (a;,a;+1) the process y;(t) with :

dy;(t) = x;(t)dt + db; yi(a;) =0
where b; is Wiener process independent from w;.

The "a priori probability” of the trajectory x;(t) to coincide with a given
function u;(t) which is H'(a;,a; + 1) is :

1o
exp —3 / [(u;2 + uf)dt — 2u;dy;]

For details see [20].

Considering independent processes in each interval, we obtain :

Lon [
exp—5 Z [(u? + ul)dt — 2u;dy;]
i=0 Vi

and the maximization of this probability results in minimizing J, up to the
correspondence dy; — g on (a;,aiy1). It would be extremely interesting to
treat the 2 dimensional problem, which is the real one, by similar probabilistic
methods. It is an open problem.

2.1.2.2  Ariomatic derivation of image processing models We describe here a
new approach to image processing due to L. Alvarez, F. Guichard, P.L. Lions
and J.M. Morel [4]. Consider the signal g(x) representing the image. We look
at it at a scale ¢, measuring roughly speaking the size of details of the image
(small ¢ means fine scale, while large ¢ means coarse scale). An analysis at scale
t is a transformation T;g. A multiscale analysis is thus a family, parametrized
by t > 0, of nonlinear operators (or filters).

Of course, some conditions have to be made on the operator T}, in order to
fulfill physical requirements of the filter. These restrictions or axioms are such
that the function u(x,t) = (T:g)(x) appears as the solution of a fully nonlinear,
parabolic, possibly degenerate second order equation

ﬂ = F(Du, D*u)

u(z,0) = g(x).

In fact, the choice of the function F is equivalent to the choice of the family
7,. Among physical requirements, one has the following main one

(4)

F(p,A) < F(p,B),vp,A< B

161



which is in fact the condition which suffices to give a meaning to (4) in viscosity
sense.
Ezxamples :

o The Gaussian pyramid. It corresponds simply to the heat equation

F(p,A) = %trA

e Quasilinear filters :

F(p, A) = a(lpl)trA + o' (p)) A22)

|p|

where
a>0, al(lpl)+d'(Ip)lp| =0

e Morphological filters :
F(p)=inf pg

q€S
where S is a compact set of R2.
e Curvature operators
1 Ap-p
F(p,A) = |p|G(- (trA — —=37))
|pl |p[?

1
with possible G(s) = s or |s|* s (in particular o = 5)

2.1.2.3 Mobile Robotics Consider the problem of a mobile robot which tries
to recover its environment, during its motion (the environment is assumed to
be static). The robot is equipped with a camera, which takes imnages between
time intervals. One way of approaching the problem is to extract tokens from
the images in the sequence, match them from image to image and recover the
motion and the structure of the environment.

Naturally, the tokens we compute in the images should be closely related to
objects in the scene, if we want the matches to be meaningful. They are in
general surface markings, shadows, depth discontinuities.

Let us explain the general ideas in the case of a point M, which is the object
to be recognized by the mobile robot (see Figure 1). So M is the real point,
C1, C5 represent the motion of the camera (installed on the robot), 1, ms the
images of M. The motion is decomposed into a rotation R with a rotation axis
going through Cp, and a translation t = C;Cs.

If we consider a coordinate system attached to the camnera, then we can
measure Cym; and Caoms with the local coordinate system. The coordinates
with respect to a common coordinate system, that related to ) are Cym;
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FIGURE 1.

and RCym;. Then one expresses the planarity constraint, namely that Cymy,
Cymo and t are coplanar ; it amounts to :

('1m1 . (t /\RCgmz) =0.

The vector ¢ has coordinate t,,t,,t. but from the linearity, we can assume
that ||| = 1, hence 2 parameters are enough. The matrix R depends of 3
parameters which characterize the unit rotation axis (2 parameters) and the
rotation angle.

Conceptually, what is important is to recognize that the previous relations
amounts to :

f(z,a)=0

where a is a vector of parameters € R”, and x is a vector of measurement € R"
and f is a nonlinear relation.

Each successive image leads to a relation :

f(zr,a) =0

However the observation is not exact and rather described by the model

zE =2t Uy

where vy is a white noise of covariance I'. Considering that

k41 = Q. = a

we are in the framework on nonlinear filtering if we can express xj, as a function
of ai. It is of course natural to linearize around a given estimate of a, and to
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use extended Isalman filtering. Once #, R is obtained, one can recover A by
expressing the relations :

/\Clml =14+ /.ARCQTNQ

where ), u are unknown scalars. In this relation again ¢, R are known random
variables, as well as Cymy,Comy . Thus we are in a situation siiilar to the
above and can use again a Kalman filter.

These techniques have been extensively used in the context of mobile robotics
by O. FAUGERAS and his team, see for instance [11].

2.2  New algorithms
2.2.1 Parallel algorithms

The development of multiprocessors has generated a substantial interest in the
obtaining of parallel algorithms. A thorough analysis is needed, since surprises
can arise in comparison with the sequential approach.

Take for instance Jacobi and Gauss Seidel iterations for obtaining a fixed
point of :

T = f(x) reR"

A Jacobi iteration is the following :

k+1 k -
it = fi(2"), i=1---n
and a Gauss Seidel is :
S k+1 k1 k k
it = filay T )

The advantage of Gauss Seidel iteration is that it converges more frequently
that Jacobi, and sequentially it performs much better (the convergence rate of
Gauss Seidel iteration is better).

Parallel implementation will change the situation considerably.

k

Consider the case when there are n processors, and the sequence z" such

that :

h*t = f(ab)

denoted by x*/ (Jacobi sequence) converges towards the fixed point. Suppose
also f monotone, i.e. f(r) < f(y) Vz,y with x < y. Then take a sequence ad

defined by :

it = fi(ahY), Vi € Uy

1
kLU kU .
x =], Vi ¢ Uy
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Uy is a subset of {1,---,n}.

One can prove (T.N. TSITSIKLIS) that if one starts with the same initial
value 0 and f(z°) < 20 or 20 < f(z), then :

< 2B <Y Vk

where z* is the limit fixed point. Hence Jacobi iteration performs better than
any parallel version of Gauss Seidel iteration. When they are less than n
processors available, or the assumption of monotonicity is not satisfied, no
general statement can be made (see [4])

2.2.2 Simulated Annealing and global optimization

This type of algorithm has been developed in the recent years in order to obtain

a global minimum for a function U (z), over ¢ € B,B compact, in the case

when U is smooth. It is clear that such a problem occurs in many applications.

Simulated annealing has first been used in the context of image processing.
The algorithm consists in a discrete version of the following stochastic dif-

ferential equation:

dz, = —DU(z,)dt + cio(z)dwy, z(0) =1

where the following assumptions are made

e U is C? from B to [0,00) and

Min,egU(z) =0, DU(z)-z>0, VeeB-B

where B is a ball in R", centered at the origin, and B, is an other ball,
also centered at the origin and strictly included in B.
e o is Lipschitz continuous from B to [0,1], with ¢ = 1, for « € By,0 =0

forJ:EBB,U>Oon§

W= % fortl:
° ¢ = L_c)gﬁ’ or t large, ¢ > 0.
o w, standard Wiener process in R"
1 2U (x)

o () = 5z (eap—

probability m as € — 0.

)yl g with [ 7¢(z)dx = 1 converges weakly to a

Note that 7 is a probability concentrated on the set of global minima of U(.).
Then the following result can be proved :

Ef(x) — =(f)

Vf bounded, continuous, as t — oo, uniformly for = (the initial value) in B.
(For more details see (7).



2.3 New approaches

Let us just mention the developments related to H. theory and which permit
to obtain protection of dynamic systems from disturbances via feedback control
. We just mention soine recent results concerning linear systems.

Let us consider the linear system

& = Azxz+ Bu+ Dw,
y = Cz

where w represents a disturbance, and u a control. We consider feedback con-
trols, u = Ky. The transfer matrix Ty (s) is given by

Tk(s) = C[sI — (A+ BK)|™'D

and we consider those R for which A + BK is stable. The Hy norm is defined
by :

(S0

1 [t !
ITxllz = (= / tr T (—juw) " Tic (juw)dw)
2m J_

and the H,, norm is defined by :
ITiclloc = sup( tr Tic(—jw) Tie(jw))

which are finite since A + BK is stable.
The problem of H,, or H control consists in minimizing the above norms

with respect to K.
Note that

(g

Tl =sup{( [~ W0Pa) ([ lwtoan’t <13

and thus this norm expresses the sensitivity of the system with respect to ex-
ternal disturbances.

Among the important results obtained recently, it has been proven that we
can chose a K such that || Tk ]| < 7, V7 given, if there exists € such that one
can solve the Riccati equation

1
PA+ AP - —E-PBB*P + lPDD"‘P + %CC‘* +el=0
v

*

P
In fact K = — 32

will serve for this purpose (for more details, see [14]).
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3 DISCRETE SYSTEMS
3.1 Discrete event systems

New applications strongly related to information technology have created the
need to develop a theory of DEDS, discrete event dynamic systems. Such appli-
cations are production or assembly lines, computer/communication networks,
traffic systems, ... A special issue of IEEE, Jan. 1989 is devoted to dynamics
of discrete event systems.

Many new mathematical techniques have been developed in this context. We
describe here one of them, the use of an algebraic structure, called dioid, in the
modelling of timed event graphs.

Let us just recall the basic definition of a dioid. It is a set D provided with
two inner operations @ and ® (addition and multiplication) such that

- they are both associative
- addition is commutative
- multiplication is right distributive with respect to addition

- there exists a null and identity elements

JeeD : Va€D, ae=a
deeD : YaeD, aRQe=eRa=a

- the null element is absorbing

VaeD, a®@e=e®a=c¢

- the addition is idem potent
YaeD, a®a=a.

When addition is commutative, the dioid is called commutative. As an
example take D = Z U {—oc} U {+00} and

¢ = max, ® =+
e=—-00, =0

(note that we impose the rule (—o0) ® (+00) = (—00)).
We can also consider

4 = min, ® =+
€ = 400, e=0

(in which case (—o0) ® (+00) = +00).
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A dioid is a structure somewhere between linear algebra and lattices.
One can define a partial order relation
a>bsa=adb

and a pseudo left inverse denoted a\c which is the greatest subsolution of

a xr ==cC.

Starting with these premises affine equations can be solved, as well as matrices
defined and a matrix calculus is available. Matrix equations can also be solved.
Let us see briefly how these concepts apply to timed event graphs.

Times event grapls are a special kind of Petri nets. They are directed graphs
with two types of edges, places and transitions

u u

—_

O

X2

X3

y
FIGURE 2.

In Figure 2,, the transitions are 11, ug, 1, T2, rs, y and the places are denoted
by -l'1|7t1, -’l“'2|1l2s -773|-T1» J73|l'21 -'F3|-F:h .1l|-'F3, .1/|=7«'2, ;r1|.'r2, -7?2|-‘F1-

There is a single transition upstream and downstrean, at each place.

In places, there are tokens or not. Tokens are created or consumed when
transitions are fired, more precisely when a transition ¢ is fired one token is
consumed at each place which precedes t and one is created at each place
which succeeds it.

Let us assume that transitions are immediate, but a token must stay at a
place an amount of time called the holding time, which depends on the place.
The following symbols are used
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®» O O

no token 1 token 1 token
holding time =3 holding time 0 holding time = 2
FIGURE 3.

For instance consider the places which precede z;, we complete the informa-
tion as follows

Uy

X1 X2

FIGURE 4.

Let for a transition z, z,, be date at which transition z has been fired for the
nth time. We can write the relation
(zl)n = max[(x‘l)n—l: ('U'l)n + 3}
and of course similar relations for other transitions.

If the dates take values in Z U {400} U {—00}, then we can work with the
dioid considered above D, with the operations & = max, ® = +.

The preceding relation writes

(Tl)n = (IZ)H—I &b 3(“1)1;
where 3(u1)n = 3@ (u1)n to simplify the notation.
One of the objectives of research in these directions is to obtain a theory
similar to that of linear dynamic systems. In particular a theory of stability is

being developed. This is important to obtaining an evaluation of performances
for the real system which is modelled by the event graph. (See [8D).
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3.2  Hybrid systems
An hybrid system is a system whose state contains continuously as well as
finitely valued variables. When the discrete variables take a given set of values,
the continuous variables behave as the solutions of differential equations. Tran-
sitions between the possible sets of values of the discrete variables are obtained
through the action of a monitor (a controller). The action of the controller may
be instantaneous or require some delay. The objective is in general to keep the
continuous variables within a given range. Decisions are taken as feedbacks.
An hybrid system will be characterized by a given feedback, and the problem
is to prove that this feedback rule fulfills the goal.

EXAMPLE 1 Suppose we want to control the temperature of a room through
a thermostat, which can turn instantaneously a heater on and off. The tem-
perature is the continuous variable z(t), ¥(t) = 1 or 0 according whether the
heater is on or off is the discrete variable. We have :

—Kzx if v=0
Kh-2z) if v=1

Il

If d(t) is the decision taken by the thermostat, d(¢) = 1 or 0 and we have:

v(t +0) = d(t)

We want to maintain z(¢) between m and M. Then we take

dit) =1 it  z@) = m and v(t)=0
dit)=0 if z(t) = M and vit)=1

and d(t) = v(t) otherwise . Such a feedback fullfills the objective.

EXAMPLE 2 Suppose we control the water level in a tank through a monitor
which can turn a pump on and off. The water level is z(t), and we set v(t) =1
if the pump is on, and v(¢) = 0 if it is off. We have

& = -2 if  wv(it)=0
¢ = 1 if v(t)=1

Let d(t) be the decision taken by the monitor, d(f) = 1 or 0 and suppose
there is a delay of 2 before the decision is executed then :

v(t) =d(t —2)

We wish to keep the water level between 1 and 12. We then consider the
feedback
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d(t)y=1 if x(t) = S5andv(t)=0
d(t)=0 if z(t) = 10andvy(t)=1

and d(t) = v(t) otherwise such a feedback fulfills the desired behaviour. In
general, proving that a specific feedback satisfies a given objective of the con-
tinuous variables is not easy. Results on decidability of such a problem are
available for a particular class of Hybrid systems (cf. R. Alur et al. [1]).

4 NEW AREAS OF INFORMATION TECHNOLOGY

Let us mention only some recent mathematical problems motivated by L.T.
(again this is by no means exhaustive).

4.1 Artificial intelligence

Since artificial intelligence needs to deal with gualitative aspects, more than
with quantitative aspects (or in connection with them), this has motivated the
development of qualitative simulation (or qualitative physics) in particular at
Xerox Parc. Note that the economists needed much before similar techniques,
in the context of the theory of comparative economics (P.A. SAMUELSON).

Our presentation here relies on some recent work of J.P. AUBIN.

We pose the problem of the qualitative evolution of solutions to a differential
equation

&= f(x¢) zeR"

and more precisely to the qualitative evolution of a set of functionals

V'l (It)’ ey V;n(l‘t)

which are of importance (energy, entropy, indicators, ... ).
The qualitative behavior is expressed by the evolution of the functions sign

d
(an(:rt)) with values in R™ = {-1,0,+1}™.
This is the problem of interest. But we want to obtain this evolution, without

solving the equation, since some independence should be obtained with respect
to the initial condition.

Since sign (a\g (x,)) = sign (DVj(x,)f(x¢)) it is convenient to introduce in

the closed subspace K of R", where lives x, the qualitative cells

K, = {x € K| sign (DV;()f(z)) = a;}

where a € R™, and their closure (large qualitative cells)

K, = {2 € K| sign (DVj(z)f(x)) = a; or 0}.
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Let D(f, V) be the subset of qualitative states a such that I, is not empty. Let
also denote by w(#;:xq) the solution of the differential equation corresponding
to an initial date xy. One is interested in the study of transitions between
qualitative cells.

If b e D(f,V), we say that ¢ € D(f, V) is a successor of b, if Yoy € Ky, N K.,
there exists 7 > 0, such that z(t;zq) € K, for all ¢ €]0, 7.

A qualitative state a is a qualitative equilibrium, if it is its own successor.
It is said to be a qualitative repellor if Vg € K,, there exists ¢+ > 0 such that
z(t;xo) € K.

The theory developed by J.P. Aubin permits to characterize the map of
successors, the qualitative equilibria, and the qualitative repellors.

It has been applied to the so-called “replicator systems”, a prototype of which
is the differential system ([2])

n
;ifi = .’l','(a‘,' - Z O‘j.l‘j)
i=1

4.2  Neural networks

The basic neural network can be viewed as an undirected graph with n nodes,
to which are attached a pair (W, 8) where

W is an n x n symmetric matrix, W;; is the weight attached to the edge
(7’.7)’ VVii =0

@ is an n vector, §; is the threshold attached to the node i.

Nodes are called neurons. Each neuron has two possible states (1, —1). Let
v be the state of the neural network, v; being the state of nenron 7.

Let

Ei(v) ==Y Wiv; +6;
Jj=1
then the following calculation is performed by the network

U:"‘"’l = sign (Ei(vk)), for i € S*
vEtl = of for i ¢ S*

where S is a subset of the neurons.
For instance if

k=hn+j j=0...n-1

and S* = {j + 1}, the network operates in serial mode.
Note that in our notation

. 1 if a>0
sign (a) =9 2y it q<0
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A stable state is a state such that

A basic theorem of HOPFIELD is that if the network operates in serial mode,
then it will converge to a stable state.

The applicability of neural networks in practice arises from the possibility of
interpreting the stable states. For instance, in pattern recognition, the stable
states are known patterns, and for a given input pattern, the network will
converge to the known pattern which is the closest to the input. It is clear that
the neural network realizes the following search problem

1
min E(U) = —5 Z W,-jv,"vj + Z(—),-vi v; = {—1, +1}
ij i

and attains a local minimum.

One can clearly consider many variants of the above problem. For instance
consider the following model in continuous time

wlt) = gluilt)

dui
s —E;(v(t))

0 .
where g is an increasing function from R to [0,1] and E;(v) = %E(v), E(v)

energy function (for instance the above). It will converge towards a local min-
imum of E(v). It can be realized as an analog integrated circuit.

In the spirit of simulated annealing, considered above, one can try to attain
a global minimum of the Energy function, by considering a stochastic version
of the preceding model. This has been done by E. WONG.

Consider the model

vi(t) = g(ui(t))

| 2T
—E;(v(t))dt + mdu’i

where T is a constant, and w; are independent standard Wiener processes. The
stationary probability density of the process v(t) is

du i

1
p(v) = 5 exp— 1 E(2)

where Z is the normalization factor.
The simulated annealing adaptation of the preceding algorithm (for instance
take T(t) — 0 as ¢ — o0o) remains to be done. For more details, see [6] and

(19]).
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4.3 Analytic analysis of algorithms
Computer science leads quite frequently to combinatorial algorithms. A quite
interesting approach of P. Flajolet [12] has shown how generating functions and
complex analysis provide a way to treat these problems. In particular, formal
languages, tree emunerations, comparison based searching and sorting, digital
structures, hashing and occupancy have been interesting applications.

A class of combinatorial structures is a pair of a finite or denumerable set A,
whose elements are called the atoms.

Each atom « € A will have a size |a|. We can perform the following opera-
tions :

The product relation C = A x B :

C={yeChy=(a,f)acABeBl with |y=le|+|3|

The union relation C = A+ B C = AU B where A + B are disjoint.
The sequence C = A*

C={e}+A+Ax A+ AxAXA+---

where |¢] = 0. The set construction € = u(A), is the collection of all subsets

of A:

C={{ay, -, -} Qy, ey, inAd, aq, - -ay -+ - different}.

The multi set construction C = M(A) allows repetitions.

The cycle construction = C(A) is the set whose elements are (non empty)
cycles of elements of A.

Let A, be the number of elements of .4, whose elements are (non empty)
cycles of elements of 4. Let A, be the number of elements of 4, whose size
is n, then the interesting problem is to calculate the C,, corresponding to the
more complex structure C. This is where the generating functions are useful.
Define

AR) =) A" =) 2@

acA
and

C(z) = Zan" = Z 20

v€eC

It is possible to express C(z) in function of A(z). For instance, forC = Ax B
one has :

Clzy= Y A= A(z)B(z)

(. 3)eEAXB
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ForC=A+B

Cz) =Y o)+ > 2 = A(z) + B(2)
acA peB
For C = A*
C(z) = 1+A@=)+A()P+--
1
1 - A(2)

For C = pu(.A), we note that

hence

C(2)

For C = M(A) we have

hence

C(z)

= exp(A(z) -

= IHaeca

= exp(A(z) — —5 +

p(A) = aea({e} +{a})

Maca(l+21%) = Ma(1 4+ 2")*

A) | AGY)
3 t7s T

M(A) = Maea{a}x

1
1 — zlel
A(z%) | A(z%)
3

= I, (1 — z")A"

+)

Consider further C = M3(.A), the collection of subsets of A with cardinality 2,

with possible repetition.

C(z)

hence

Then

=Y almitel 37 e
1>zl a

_ % T lenbtonl 4§ 2l

fa|#|az] o

1 1
— _2: | |+|0|+_§ 2|
2 ZE 2 =

1,02 @

C(z) = %(A(z))2 + %A(zQ).

From the previous structures, it is possible to construct further complex struc-
tures, which will lead to functional equations. For instance, consider in Figure
5 the structure of binary trees (the size of a binary tree is the number of leaves)
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L]

FIGURE 5.

Let A = {leaf}, then
B=A+BxB

hence
B(z) = 2z + (B(2))?

which yields a unique formal power series solution

1
B(z) = 5(1 —V1-4z)
Similarly consider trees with multiples branches (at least 2), each branch having

at least 2 leaves, one has
B=A4+BxB+BxBxB+---

hence

N, (B(x))?
B =2 1780

B(z)=%(1+z—\/1—63+z2).

Formulas like (1) allow among other things to study the asymtotic behavior
of B,. This is governed by the singularities of the generating function B(z),
according to a famous theorem of Darboux.
Suppose we consider the class of mathematical expressions involving constants,
the vaiable x, e* and additions or products of similar type of expressions. We
can visualize the set of such expressions by :

which obtains

-+ X exp

E={cpufztuq / \ puq/ \puy

£ g g g £

This permits to represent an element of ¢ as a tree, for instance the expression
i . . - . . .
T+ e“ T is represented by Figure 6. The size of an expression will be the
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T exp
+
exp T
xr
FIGURE 6.

number of nodes of the tree. The above tree has size 7.
Let E(z) to be the generating function corresponding to £, then we have the

functional equation
E(z) =224 22E(2)* + 2E(z)

Let [2"] E(z) to be the coefficient of z" in the formal series E (2), it represents
tlie number of expressions of size n.
Among possible uses of this machinery, one can compute the complexity of
formal differentiation. One can estimate the asymptotic average size of deriva-
tives. Many more applications can be given.

REFERENCES

1. R. ALUR et al, The algorithmic Analysis of Hybrid Systems, Theoretical
Computer Science, (Jan. 1995)

2. J.P. AUBIN, Mathematical Methods of Artificial Intelligence, to be pub-
lished.

177



10.

11.

12.

13.

14.

15.
16.

17.

18.

19.
20.

L. ALVAREZ, F. GUICHARD, P.L. LIONS, J.M. MOREL, Azioms and
Fundamental Equations of Image Processing, Arch. Rational Mech. Anal.
(1993).

. D.P. BERTSEKAS, J.N. TSITSIKLIS, Parallel and Distributed Computa-

tion: Numerical Methods, Prentice Hall, Englewood Cliffs, N.J. 1989.

. B.M. BOGHOSIAN, C.D. LEVERMORE, Complex Systems 1 (1987).
. J. BRUCK, J. SANZ, A study on neural networks, International Journal of

intelligent systems, vol. 3, 59-75, (1988).

. CHIANG T.S., HWANG C.R., SHEU S.J., Diffusion for global optimization

i R™, SIAM Control, 25, pp. 737-752, 1987.

. G. COHEN, P. MOLLER, J.P. QUADRAT, M. VIOT, Algebraic tools for

the performance evaluation of discrete event system, Proceedings IEEE,
special issue of dynamics of discrete event systems, Jan. 1989.

. I. DAUBECHIES, Orthonormal Bases of Compactly supported Wavelets,

CPAM, 1988.

E. DEAN, R. GLOWINSKI, C.H. LI : Supercomputer solutions of P.D.E.
problems in computational fluid dynamics and in control, University of Min-
nesota, Supercomputer Institute.

O. FAUGERAS, A few steps towards artificial 3D Vision, INRIA, Technical
Report series, Fev. 88, N°790.

P. FLAJOLET, Analytic Analysis of Algorithms Lecture Notes in Computer
Science, Vol. 623, Springer Verlag, (1992).

U. FRISCH, B. HASSLACHER, Y. POMEAU, Lattice Gas Automata for
the Navier Stokes FEquation, Physical Review Letters, 1986.

P.P. KHARGONEKAR, I.LR. PETERSEN, M. ROTEA,H ., Optimal Con-
trol with State Feedback IEEE Trans. Automatic Control, 1988.
Y.MEYER, Wavelets and Operators, Book to appear.

K.C. MO and M. GHIL, Statistics and Dynamics of Persistent Anomalies,
Journal of the Atmospheric Sciences, March 1987, .

D. MUNFORD, J. SHAH, Optimal Approxrimation by piecewise smooth
functions and associated variational problems, Communications on Pure
and Applied Mathematics, 1988.

E.S. ORAN, J.P. BORIS,. Numerical Simulation of Reactive Flow - Elsevier
1987.

E. WONG, Stochastic neural networks, ERL, Berkeley, Feb. 89.

O. ZEITOUNI, A. DEMBO, A mazimum a Posteriori Estimator for Tra-
jectories of Diffusion Processes, Stochastics, 1987, Vol. 20.

178



A New World Underneath Standard Logic:
Cylindric Algebra, Modality and Quantification

Johan van Benthem
Institute for Logic, Language and Computation

University of Amsterdam

1. WORKING AT INTERFACES

Cor Baayen's broad interests span at least mathematics, logic, computer science and
linguistics. Our paths have crossed on many occasions, starting in the early
seventies, when he invited me to talk at his lively mathematics colloquium at the
Free University. Through the years, Cor has been a benevolent influential presence
in the background, who often came to visit scientific events in our logic community
at the University of Amsterdam. It was good to know that the Lord of that fabled
Mathematical Centre, though far away in a mythical country, was on our side. We
have worked together in various ways —and indeed, when our new research institute
ILLC was created in 1991, Cor was the unanimous choice of our mathematicians,
philosophers and computer scientists for a distinguished outside board member. It is
a great pleasure to be able to express my gratitude for all this on this festive
occasion. I would like to add that I have always admired Cor for his personality:
deeply honest, compassionate, but penetrating and incisive when needed. People
with his qualities are scarce.

But enough by way of fan-mail confessions! My real offering here is a short story
about some current logical research at the very interfaces where Cor has been active.
Moreover, this story has a direct link with his own early work in mathematics, viz.
his spell of cylindric algebra at Berkeley with the Tarski School, which resulted in
the papers Baayen 1960, 1962. What I want to show is how current interests in so-
called ‘dynamic semantics' of information flow for natural and formal languages
motivate a reappraisal of 'standard’ logical semantics. And some powerful
mathematical tools for this analysis can be taken from cylindric algebra. What we
discover in this way is a whole landscape of dynamic logics underneath classical
predicate logic, some of them very well-behaved (and even decidable). But to see all
this, we have to start with the Received View in logic, and see where it can be
challenged.

2. DECONSTRUCTING TARSKI SEMANTICS

Tarski's well-known semantics for first-order predicate logic has the following key
clause explaining the existential quantifier:

M, o l= Ix¢ iff  for some de IMI: M, oXgl=¢.

Intuitively, this clause calls a verification procedure: "keep shifting the value of state
o in the register x until some verifying instance is found for ¢ " . Put differently,
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an existential quantifier calls a procedure of random assignment to its designated
variable. This is no mere curiosity. The currently emerging program of Dynamic
Semantics analyzes any kind of linguistic expression via dynamic 'update
conditions', rather than (just) static truth conditions. For natural language, this view
is found, amongst others, in Kamp 1984, Barwise 1987, Groenendijk & Stokhof
1991, Van Benthem 1991, Veltman 1991. Its paradigmatic examples are such
linguistic processes as anaphora (changing bindings for pronouns across discourse),
movement of temporal reference points in narratives, changing presuppositions
across texts, and many other aspects of linguistic information flow from
speakers/authors to hearers/readers. (A broad survey may be found in Muskens, Van
Benthem & Visser 1994.) Independently, and in even greater generality, such
dynamic views have been proposed in computer science and cognitive science. For
instance, the influential Girdenfors 1988 explains propositions, not as static
assertions, but as transformations of information states. Thus, ‘updating’ of beliefs
includes learning via conditionalizing probability functions, and expansion or
revision of data bases. (Both traditions meet in the volume Van Eyck & Visser
1994.) In this paper, we stick with the modest case of variable assignment in
quantification.

The above dynamic move will make the semantics of linguistic sentences very
much like that of computer programs, viewed in the familiar Hoare-Dijkstra style as
binary transition relations between assignments. This semantic perspective is
powerful and suggestive, but it has one paradoxical feature. Its complexity is at least
as high as that of standard predicate logic — whereas part of the motivation for
dynamic semantics is precisely the desire to get at simple computational
mechanisms in human language use. Therefore, we should reflect further, and look at
the bare bones of state transitions. What makes first-order predicate logic tick at a
more abstract computational level?  This policy is known from Propositional
Dynamic Logic (cf. the new textbook Harel & Kozen 1994), which employs labeled
transition systems (poly-modal Kripke models), also a favourite vehicle of
mathematical theorizing at CWI concerning computation. Thus, let us see what is
really involved in Tarski semantics. The answer is as follows. Much less is needed
than the above concrete assignment scheme to give a compositional semantics for
first-order quantification (usually taken to be its essential achievement).

The abstract core pattern which makes the semantic recursion work is this:

M,o = 3Ix ¢ iff for some B:Rxof and M,Bl=¢ .

Assignments o, B are now viewed as abstract states, and the concrete relation o =x

B (which holds between o and X4 ) has become just any binary update relation
Ry . This greater freedom reflects current developments in Dynamic Semantics,
where states can be much more diverse than just assignments (partial assignments,
discourse stacks, or yet other data structures) and variable-value update transitions
between them may vary accordingly. In this light, 'standard Tarski semantics'
amounts to insisting (without explicit argumentation) on one particular set-
theoretical implementation. States must be assignment functions in IMIVAR a1
of which are to be present in our models, and 'variable update' must be the specific
indifference relation =y .
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3. A MODAL PERSPECTIVE

The above pattern has a familiar mathematical form. It treats predicate logic as a
modal logic, with existential quantifiers Jx as existential modalities <x> . This
system has the usual possible worlds models M = (S, {Rx}xe VAR, D), with S
a set of 'states’, Ry a binary 'transition relation’ for each variable x,and I a
'valuation' giving a truth value to atomic formulas Px, Rxy, ... in each state o .
Henceforth, our language is the standard first-order one, with predicates and variables
(but no function symbols). Some extensions will be considered at the end. Its modal
truth definition is as follows:

M, o = Px iff I (a, Px)

M,al==¢ iff not M, o I= ¢

M,al=¢&vy iff M,a l=¢ and M, 0 =y
I,o I= 3x ¢ iff for some B:Ryx off and M,B1=¢ .

The universal validities produced by this general semantics constitute the well-
known minimal modal logic, whose principles are

0] all classical Boolean propositional laws,

(iiy  the axiom of Modal Distribution: 3x (¢ v ¥) & Ixp v Ixy,

(iii) the rule of Modal Necessitation: if |- ¢ , then -—=3Ix— ¢,

(iv) the definition of Vxd as —Ix—¢.
A completeness theorem may be proved here using the standard Henkin construction.
This poly-modal logic can be analyzed in a standard fashion (Andréka, van Benthem
& Németi 1994 is a modern treatment), yielding the usual meta-properties such as
the Craig Interpolation Theorem, and the Los-Tarski Preservation Theorem for
submodels. Moreover, it is decidable, via any of the usual modal techniques (such as
filtration). The model theory of this logic leads to interesting comparisons between
'bisimulations’ for its models and 'partial isomorphism' in ordinary model theory (cf.
de Rijke 1993). This modal perspective uncovers a whole fine-structure of predicate-
logical validity. The minimal predicate logic consists of those laws which are 'very
valid'. But we can analyze what other standard laws say, too, by the technique of
frame correspondence. Recall that a modal formula ¢ defines a relational condition
C on state frames if ¢ holds (for all states and interpretation functions) in just
those frames where C obtains. Effective methods exist for finding such conditions,
given suitable modal formulas  (in particular, the following examples are well-
behaved 'Sahlqvist forms'). Here are three illustrations involving key principles from
cylindric algebra (cf. Baayen 1960):

. ¢ & JIxd © ¢ expresses that Ry is reflexive
. Ix (¢ & Ixy) © Ix¢ & Ixy expresses that Ry is transitive and
euclidean.

These constraints make the Ry into equivalence relations, as with the modal logic
S5. These universal conditions do not impose existence of any particular states in
frames. By contrast, the following axiom is existential in nature:

. IxJyp <> JyIx¢ expresses that Ry;Ry = Ry;Ry
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This says that sequences of state changes may be traversed in any order. Abstract
state models need not have enough intermediate states to follow all these alternative
routes. As a final example, consider another well-known valid quantifier shift:

. AxVyd — VyIxd expresses Confluence of variable update:
whenever o Ry B Ry Y, there is a state & with 0.Ry SRy Y.

This is a natural Church-Rosser property of computational processes, whose
adoption again has an existential price. Thus, the valid laws of predicate logic turn
out to have quite different dynamic content, when analyzed in the light of this
broader semantics.

4. THE LANDSCAPE OF DYNAMIC ASSIGNMENT LOGICS

Once again, we are now viewing first-order predicate logic as a dynamic logic for
variable assignment, whose atomic computations shift values in registers x, y, z,
... This perspective yields a whole hierarchy of fine-structure underneath standard
predicate logic. The latter system merely becomes the (undecidable) theory of one
particular class of 'rich assignment models'. The result is a broad semantic landscape
of options, rather than one canonical standard. (The same plurality is known in
many other areas of logical analysis, witness the case of Modal Logic or Categorial
Logic. For a principled defense of this phenomenon, cf. van Benthem 1991.) We
have already found a minimal system at the bottom, and standard logic at the top,
while intermediate systems arise by imposing varying requirements on assignments
and updates Ry :

* standard predicate logic

DYNAMIC ASSIGNMENT LOGICS

®‘minimal 'modal’ predicate logic

In this landscape, we want to find expressive logics that share important properties
with predicate logic (Interpolation, Effective Axiomatizability) and that even
improve on this, preferably by being decidable. The minimal predicate logic satisfies
these demands — but what about more powerful candidates? Here Cylindric Algebra
becomes important. Equational theories in the latter field correspond with modal
logics in our landscape, via a well-known representation (cf. Venema 1991, Marx
1994). (Subdirectly irreducible algebras play a key role here. Cf. Baayen 1960, Blok
1977, van Benthem 1985.) Natural intermediate systems have been identified in this
way (cf. Henkin-Monk-Tarski 1985, Németi 1991, 1993), by a method of
'relativization’ from the algebraic literature.

One attractive candidate is CRS, consisting of all predicate-logical validities in the
state frames satisfying all universal frame conditions true in standard assignment

182



models. These are the general logical properties of assignments, that do not make
existential demands on their supply. (The latter would be more 'mathematical’ or
'set-theoretic’.) CRS is known to be decidable, though non-finitely axiomatizable.
Moreover, its frame definition needs only universal Horn clauses, from which Craig
Interpolation follows (van Benthem 1994). Another way of describing CRS may
have independent appeal. Consider state frames where S is a family of ordinary
assignments (but not necessarily the full function space DVYAR Y and the Ry are
the standard relations =4 . Such frames admit 'assignment gaps', which model
‘dependencies' between variables: i.e., changes in value for one variable x may
induce, or be correlated with changes in value for another variable y (van
Lambalgen 1991, Fine 1985 give natural illustrations). This phenomenon cannot be
modeled in standard Tarskian semantics, which changes values for variables
completely independently. The latter is the ‘degenerate case' where all interesting
dependencies between variables have been suppressed. From CRS, one can move
upward, by considering only families of assignments that satisfy natural closure
conditions. For instance, assignment sets might be closed under local shifts in
values to variables, or under reassignment of values for one variable to another.
Such further structure tends to support the introduction of further operators into the
language (e.g., permutation or substitution operators, as well as a predicate for
identity). For the resulting logics, cf. Venema 1991, Németi 1993, Marx 1994,

5. EXPLORING THE RICHER SEMANTICS
The landscape of dynamic assignment logics invites obvious geographical research.
What are its natural landmarks? Current research by algebraic logicians is bringing
to light various interesting mathematical phenomena here. For instance, intermediate
logics may have better properties than standard logic. (E.g., the strong Interpolation
Theorem for CRS in van Benthem 1994 fails for predicate logic.) Next, generalized
assignment semantics throws new light on old questions in standard model theory.
(E.g., it improves the poor behaviour of 'finite-variable fragments’ of predicate logic
that are currently used in defining complexity classes semantically via query
languages: cf. Andréka, Németi & van Benthem [994.) There are also challenging
issues of mathematical representation for abstract state frames (some sample results
are found in Henkin-Monk-Tarski 1985, Venema 1991, van Benthem 1994). This is
an area where modal logicians and algebraists have made common cause by now.
Perhaps the most striking consequence of the new perspective, however,
concerns the language of predicate logic. A generalized semantics, with its weaker
logics, often invites re-design of the original formal language. Distinctions become
visible which were suppressed or overlooked in the 'standard semantics'. This general
point is well-known from earlier work on, e.g., intuitionistic logic, relevant logic or
linear logic. (For instance, classical ‘conjunction’ splits into two relevant or linear
versions, and some connectives in these weaker logics have no classical counterparts
at all.) Again, the algebraic tradition has been aware of this issue. Weaker cylindric
equational logics may support expanded languages with desirable items like
'discriminator terms', which allow one to pass from algebraic quasi-equations to
ordinary equations (Németi 1991). Likewise, modal semantics supports an infinite
hierarchy of ever more expressive formalisms (cf. de Rijke 1993). When analyzing
predicate logic, two striking examples occur of such expressive enrichment. First,
there is a case for adding substitutions. Consider the central first-order axiom of
'Existential Generalization: [t/x]¢ — Ix¢ . Its computational content is this:
'definite assignment implies random assignment’.  To express this intuition, one
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treats the substitution operator [t/x] as a new modality (metabletically, its very
notation made this historically inevitable ... ). The earlier state frames must then be
expanded with matching update relations Ay ¢ saying that the target state has its x-
value replaced by the t-value of the source state. This move brings definite
assignment as such into our models. The previous modal analysis still applies.
Notably, standard substitution laws show dynamic content via frame correspondence.
For instance, [t/x](¢vy) < [t/x]d v [t/x]y is universally valid in the minimal
logic, whereas [t/x]— ¢ <> — [t/x]¢ expresses that the relation Ay ¢ must be a
total function. (Van Benthem 1994 also considers backward 'temporal’ versions of
substitution.)

Secondly, generalized assignment models suggest a natural distinction between
singular quantifiers and polyadic quantifiers (cf. Keenan & Westerstadhl 1994 for
extensive linguistic motivation of the latter). One can interpret a polyadic existential
formula like Jxy * ¢ as saying that there exists some state satisfying ¢ with
possibly different x— and y-values from the current one. In general, no
intermediate states need exist allowing the stepwise singular decompositions 3Ix Jy
ed or Jy Ix + ¢ that would be equivalent in standard logic. In state frames, direct
interpretation of polyadic quantifiers involves simultaneous updates R for sets or
sequences X of individual variables. A similar move will be needed to model
simultaneous substitutions [t1/x1], ..., tk/xk] , which are known to be irreducible to
iterations of singular substitutions. Another view of these linguistic extensions is as
follows. From the earlier poly-modal logic with only atomic assignment programs,
we are now passing on to a full dynamic logic with operators forming complex
programs. In particular, an iterated singular quantifier 3x Jy * involves a
sequential composition of update relations Ry ; Ry, whereas the polyadic
quantifier Ixy ¢ involves a form of parallel composition. Evidently, these are just
first steps on a longer road.

6. CONCLUSIONS

The above re-analysis of what is arguably the basic tool of modern logic may be
seen as an instance of a more general philosophical enterprise. What we are trying to
do is locate the 'computational core’ of a phenomenon — in this case the dynamics of
variable-value assignment — and detach it from its 'mathematical wrappings', i.e.,
more negotiable aspects of its accidental mathematical presentation. We are after the
former: the rest is imported complexity. Such a philosophical program may have
great practical repercussions. In particular, the hallowed 'undecidability of predicate
logic' might merely reflect an infelicity of its traditional Tarskian modeling: namely,
the import of extraneous set-theoretic facts about full function spaces DVAR _
rather than the core facts about quantification and variable assignment. Thus,
adopting 'dynamic semantics' and thinking it through might lead to decreased logical
complexity — once we have the courage of our convictions. This provocative
statement needs to be backed up, of course, by concrete analysis of predicate-logical
reasoning found in applications. Which universal validities are really used (that is,
under appropriate formalizations)?

I am not quite sure that Cor Baayen will be overjoyed by this radical departure
from the tenets of our Founding Fathers. But he will certainly appreciate the
following points. At least, our case study demonstrates a commonality in key
interests between such apparently diverse disciplines as logic, computer science and
linguistics. In particular, it demonstrates that genuine ‘application’ is not a one-way
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process, but an interaction. Standard logic has inspired an illuminating analysis of
computational processes via 'dynamic logics' and their ilk. But what happens now is
that, conversely, dynamic viewpoints may 'turn around’ and start challenging
received views of what standard logic is all about. This move does not invalidate the
achievements of previous periods. On the contrary, as we have seen, it is driven by
insights from cylindric algebra, an enterprise squarely within mathematical logic -
and it will no doubt inspire that area too. I conclude that Cor Baayen's scientific
interests, outlined at the beginning of this paper, have proved fruitful and topical:
both generally, and in their technical bent.
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Introductory note to “Object-Oriented Algebraic
Specification”

Jan Bergstra
Jan Heering
Jan Willem Klop

The following CWI report proposes a notation for OOAS (Object-Oriented
Algebraic Specification). It is one of four related formalisms in the area of
algebraic specification that were conceived around 1984 at CWI. The other
ones were ACP (Algebra of Communicating Processes), ASF (Algebraic Spec-
ification Formalism), and BMA (Basic Module Algebra). Whereas these have
generated and still generate a significant volume of research, OOAS was con-
sidered of minor importance and, apart from its use in [1], no further study of
it was made by CWI researchers.

In retrospect, this is unfortunate. When Banatre et al. [2] independently
introduced multiset programming, which in turn led Berry and Boudol [3] to the
Chemical Abstract Machine (CHAM), the underlying concepts and definitions
turned out to be very close to OOAS. Since then the French researchers have
made substantial progress, and the CHAM has become an important theoretical
tool.

We respectfully dedicate this account of the vagaries of scientific work to Cor
Baayen on the occasion of his retirement as scientific director from CWL
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OBJECT-ORIENTED ALGEBRA{C SPECIFICATION: PROPOSAL FOR A NOTATION AND 12
EXAMPLES

J.A. BERGSTRA, J. HEERING, J.W. KLOP

Centre for Mathematics and Computer Science, Amsterdam

A notation is introduced for expressing the dynamic behaviour of configura-
tions of objects. At each instant of time a configuration is just a multi-
set of objects which themselves are points (values) from some algebraically
specified abstract data type. Several examples should convince the reader of

the attractive expressive power of our notation.
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1. INTRODUCTION

This note has the following aim: to propose a notation compatible with the
well-known notations for algetraic data type specification which captures
the concept of an object.

The reasons for doing so are many; we list some reasons in arbitrary
order:
(a) There is an increasing interest in object-oriented approaches to soft-
ware design. See Cox [4], Jamsa [6], Jonkers [7] for some discussions of
object-oriented programming.
(b) The discussion on what constitutes an object and what constitutes a
value is not yet settled. See Cohen [3] and MacLennan [9] for two very inter-
esting expositions about the nature of objects.
(c) From the point of view of abstract data types (and their algebraic spe-
cification) it is hard to understand what an object is. The history of the
subject is confusing indeed. The Simula class is meant as a class of objects.
Abstract data types in the ADJ tradition are modules of structured values.
In the survey by Goguen & Meseguer [5] an option to augment data types with
states is discussed, thus regaining some of the dynamic aspects that were
somehow lost in the "initial algebra = abstract data type" stage.
(d) we feel that a workable distinction between objects and values can be
made, taking algebraic abstract data type specifications as a point of de-

parture.

2. AN ORGANISATION OF NOTIONS

Let £ be a (many-)sorted algebraic signature, let A e Alg(L) be an algebra
of type (signature) L. A is called an abstract data type. For (algebraic)
specification of abstract data types, we refer to the literature collected
in Kutzler & Lichtenberger [8].

The signature I is a triple $(z), F(L), C(I) (sorts, functions and
constants) of I. For se$(L), As is the interpretation of sort s in A.
An element of As will be called a point. As itself will also be called a

data space. (See Figure 1.) A point p sAs may play two roles:
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(i) p may represent a value,

(ii) p may represent an object (with aparticular state).

A abstract data type
Ag data spaces corresponding
1
to sorts sl,sz,...,si,..
Py Py Py points of sort si(zn space Asi)
Figure 1.

A multi-set of objects (i.e. a multi-set of points seen as objects) is called
a configuration. Configurations exhibit dynamic behaviour. In particular,

configurations may perform (or allow) transformation steps

—>C'.
¢ R

Transformation steps are generated from transformation rules. In Section 3
we will present syntax and semantics of a notation for transformation rules.
Suppose that we know what a rule is for a given signature I. Let T be
a collection of transformation rules, A a I-algebra. Then the pair <A,T> de-
termines a configuration transition system.
If A = TI(Z,E), i.e. (I,E) is an initial algebra specification of A,

and' T is a collection of transformation rules for I, then
<(L,E),T>

is an object-oriented algebraic specification which specifies a configuration

transition system.
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3. TRANSFORMATION RULES

informally, a transformation rule is a notation of the following kind:

eonfiguration before transformation

rule name (parameter list)
configuration after transformation
Often it is convenient to divide the parameter list in three parts: one
part associated with the rule name, the other two parts consisting of input

values and output values respectively. This suggests the following notation:

configuration before | input values
transformation

rule name (par. list)
configuration after
transformation

output values

The input values constitute a multi-set of points which are consumed during
the transformation and the output values constitute a multi-set of points
which are produced during the transformation. It is understood that a con-
figuration may be transformed inside a context (a larger configuration).

So if Clg;C UC. is a sub-confiquration of CllJC2 (where — denotes inclusion

172
between multi-sets and U their union), and

-
Cc a

R =

is an instance of the rule with name name, then CllJC2 ——;;—aciucz is a
transformation step. (For a more elaborate explanation, see Section 9.)

Example: an instantiation R of the transformation rule

sen [ 24|

used in the example below, is: R = add[%—*—i]. (Here 3 is short for
(141)+1, etc.) In this example B, b are empty, and C1 = {3}, Ci = {8}.

Now we have the transformation step

{3} ";{—>{8}
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and also e.g. for C2 = {7,1), the step

{3,7,1} ——E——>(8,7,l}.

Such steps can be composed into transformation sequences; e.g. if R' is the

instantiation: add [Z3 6], we have

{3,7,1} ——>(8,7,1}) ——> (8,13,1}.

Here we would like to point out the relation to Plotkin [10], which
addresses similar issues, where system behaviour is systematically descri-
bed by means of transition relations.

The following two very simple examples will help to further explain

the notation. Consider the following specification of the initial algebra A:

IF:+: NxN + N
*:NxN -+ N

¢: OeN
leN
_LEER

E x+0 = x
x+(y+l) = (x+y) +1
x°0 =10

x*(y+1l) = x°y + x

Now A = TI(E,E). We will now present two different collections Tl and T2

of transformation rules for configurations over A.

X
T f'ﬁ[xul ] 1,1
X
ﬂ[x+y| ] 1,2
X +
b
e s

<]

]

=]
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+y+
subtract % T
—|x 1 1,4

If one starts with the initial configuration {0}, then Tl describes the be-
haviour of a single counter with some actions (transformations) on it; part

of this behaviour is as in Figure 2.

A

]

- s —_—>
(0} {1} {2} {5}
73

add g+l subtract %+l subtract[? 3]
add Subtract ===l

~N

2|2
subtract[b-l—]

Figure 2.

Further comments on the rules of le
(i) If one of the compartments of the 'matrix' is left empty, this means

that the empty multi-set @ of values (or objects) is meant_

(ii) Note the difference between rule Tl 5 and the rule
'
X
add [x—+§"_—] H
in T1 5 ve focus on the transformation of one object, while in the displayed
'

rule the fusion of two objects is embodied.

(iii) The rules T, , and T, , for subtraction exhibit polymorphism of types:
r ’

in T1 3 the multi-set of output values is empty, while in T1 g error
1 r

message is delivered.

193



In the second example the same initial algebra A as above is used. The

set T2 of transformation rules for configurations over A will describe the

behaviour of a fixed number ny of counters. The k-th counter (k¢ {0,..,n0-1})

with content x can conveniently be represented (coded) by the natural number

k+n0x. Below, k,€,m vary over {0,...,n0-1}.

T create (k) td T
2 _— 2,1
k +n_x
0
X 3
+n x, £€+ny
add (k, €,m) 0 of| T,
mtno(x+y) y '
\
k+n0x, 4 +noy|
mult (k,é,m) I T2 3
’
m+n0xy P,
.
k+n0x I
succ (k) | T2 4
+ ’
Lk no(x+l)
,
k+n0x |
read (k) l T2 5
’
L x
(k+n0(x+y) | x )
compare (k) | T2 6
+ ’
kk+n0(x y) 0 J
-
k+n0x I x+y+1 1
compare (k) T2 7
Lk+n X | 1 '
0 J
k+n0x I
skip (k) l T, g
[
k+n0x l
copy (k, €) T2 9
k+nox, e+n0x| ’
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Comments: (i) The rules T2,6 and T2,7 for compare(k) compare the content a
of counter k with some given number b; if a >b the output is 0, otherwise 1.
(ii) Note that the copy (k,€) rule can lead to confusion (in the sense that
two indiscernible objects may arise) if it is applied while an object of
the form e-+n0x is present (which can be avoided by first performing skip(e)
or read(e)).

(iii) The empty configuration is an adequate initial configuration for this

system. Clearly T offer only limited facilities (subtraction is absent

2,1-9
etc.). Moreover explicit naming might be a preferable alternative to the
coding trick, which represents "counter k with content x" as k-fnox, if na-

tural number objects are to be maintained.

4. THE STACK

In this section we consider object-oriented specifications of the stack.

We formulate four different specifications of the dynamic behaviour of a
single stack. This raises the following

Question: is it possible to express this rich variety of operational possi-
bilities without the object-oriented apvroach (i.e. in terms of the ortiginal
algebraic framework)?

We will leave this question unanswered.

L $: A
s
ER
B

IF: push: AxS + S
¢: ajs---a €A
] €ER
PesS
TeB
FeB

E=0

As data space we use TI(Z,ﬂ).
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The initial configuration is {@}.

singleton.

push

pop [push(a,x)

push .x___
push(a,x)

push (a,x)
Pop

push (a,x)

push(a,x)

:
=l
=

push(a,x)

create
P
push x
push(a,x)

1

At each time the configuration will be a

taken as the initial configuration.

5,1

5,2
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push(a,x)
] T';'v,3
X a
2
pop|———mm— T5,4
L

In the case of TS' pop is destructive on P. Hence after | has been observed
an empty stack must be created again. Care must be taken not to create two

or more stacks at the same time, because this would lead to non-deterministic

effects of pop.

In the next example T  we replace the create facility by a test on emp-

6
tiness of the stack.

6 push L__’a_ '1‘6 1
push(a,x) ‘

push(a,x)
empty| —____ L T6,2
push(a,x)| F
empty P______ T6 3
[ T !
push(a,x)
—‘——“—J T6,4
a A
4
pop | T6,5
1

In the case of T6' (P} is again an appropriate initial configuration. In or-
der to prevent loss of the stack it is useful to do pop only after a test on
emptiness. If the stack is not empty, pop may be safely applied; otherwise

it should not be applied because in that case the object would be irreversi-

bly destroyed.
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5. PROCESS ALGEBRA WITHOUT COMMUNICATION

Let (ZPA' PA) be the following specification.

Zoa $: PR
IF: +: PR xPR + PR
*: PRxPR + PR
||+ PRx PR + PR
IL : PRx PR + PR
¢: al,...,anePR
PA X+y = y+x Al
(x+y) +2 = x+ (y+2) A2
X+x = x A3
(x+y)ez = x*2 + y*z A4
(x*y)*z = x° (y*2) AS
xlly ==Ly + yll = M1
all x = a*x M2
(a*x) Ly = a*xfly) M3
x+y)llz=xl_z+yl 2 M4

Here 'a' varies over A = {al,...,an}. We will write the initial algebra
TI(ZPA, PA) of this specification as A, +,°. 1], L. with Am(+,') we denote
the reduct of Am(+,',|| L) after forgetting || and |_. Let Z;;\ be I, minus
|, L and let BPA be Al-5. It can be shown (see Bergstra & Klop [2]) that
Am(+,') = TI(Z;;\.' BPA). The axiom system PA was introduced in {2] as the
core axiomatisation of process algebra.

When we take Aw(+,') as a data space, and use the a €A as rule names,
the following transformation rules (without inputs and outputs) reflect the
operational semantics of + (choice, altermative composition) and °(product,

sequential composition) :
[a J a+x a*x a*x +y ‘
a a a a
X X
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Now consider the configuration

{xl,...,xk}.

The behaviour of this configuration corresponds to that of the process
le...ka.

Thus the formation of configurations is represented by the operation I| of
PA. It can be concluded that process algebra is more denotational than object-

oriented system specification by means of transformation rules.

6. SETS OF INTEGERS
Let I be as tollows:

z $: N
SN
B
ER

IF: eg: NxN + B
ins: NxSN + SN
del: N xSN + SN

s: N+ N

¢: TeB
FeB
OeN
P e SN

| €ER

As (conditional) equational specification of the data space we take:

E eq(0,0) = T

1]
]

eq(0,s(x))

eq(s(x),0)
eq(s(x),s(y)) = eq(x,y)
ins(x,ins(x,X)) = ins(x,X)
ins(x,ins(y,X)) = ins(y,ins(x,X))

del (x,8) = 9
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del(x,ins(x,Y)) = del(x,Y)

eq(x,y) = F =+ del(x,ins(y,X)) = ins(y,del(x,X))

We will now describe a configuration transformation system starting from {@}

as an initial configuration.

T

N
8 ins 2 T8 1
ins(a,X) J '
N
del | ¥ a Tg ,
del{(a,x) !
)
rins(a X) A
get | © T8,3
LX a J
¢ A
get |2 | T
8 8,4
\ 1 J
fins(a X)
elt | '~ | Tg 5
\ins(a.x) T ‘
(d 1(a,X) | a
elt |Z821aR) ) Ty o
Ldel(a,x) F '
empty [” J T8 7
2 T '
empt ins (a,X) Te o
ins(a,X) |F !

Remark: note the implicit non-determinism present in T8 3 Namely, by the
’

instance
ins(a,ins(b,®))

ins(b,®) |a

R = get

we have the step {ins(a,ins(b,9))} ——i-—>{ins(b,ﬂ)}. Further, by E we have
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ins(a,ins(b,®)) = ins(b,ins(a,p)), hence the configuration in the LHS of the

displayed step can also be transformed to {ins(a,®)} by the instance of T8 3:
’

. ins(b,ins(a,)) |

RY = get [ins(a,m 5 "

7. A SIMPLE EDITOR

This example has been taken fram Bergstra & Klop [1]. Let A = (al,...,an} be an

alphabet of symbols. Consider the following signature:

z $: F
Edf
E

F: *: FxF + F
edobj: F xF » Edf

¢: ecF
acF (all aed)

1 €E
OK ¢ E
with equations
E x*¥e = X
F €
€*x = X

(x*y)*z = x*(y*2)

We use the initial algebra TI(EF,EF) as data space. With edobj(x,y) we de-

note a text x*y which is being edited with the cursor between x and y.

The following set of rules T9 presents an object-oriented specification
of an editor. Here it is assumed that there are some means to inspect the
object being edited; i.e. the fact that the user is watching the string
being edited, is not explicitly modeled by these transformation rules. A
possibility for modeling this would be to output x*_*y whenever edobj (x,Y)
is formed, where '_' is some new symbol denoting the cursor (by putting

x*_*y in the lower-righthand corner of the appropriate rule).
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quit

left

left

right

right

delete

delete

insert

editor

,

\edobj(e,x)

(edobj(x,y}

OK

L

(edobi (¢,y)

x*y

edobj(e,y)
.

(edobj (x*a,y)

(aed)

Ledobj(x,a*y)

[ edobij (x,€)

Ledobj(x,e)

'edobj(x,a*y)

(aeh)

Ledobj(x*a,y)

(edobi (x,a*y)

(ae€h)

Ledobj(x,y)

edobj(x,¢€)

edobj(x,e)

edobj(x,y)

(a € A)

edob]j (x*a,y)

Taking care that at most one edobj is active at any time this will work.

Note that T9'3_9

the editing activities proper.

constitute the heart of the matter.

These rules describe

The next step is to describe a storage and retrieval mechanism for files.

Consider the following signature:



FSR

e

: FD

FN

: present: FNx FD + FD

absent: FNx FD + FD
contents: FNx Fx FD + FD
pair: FNx FD +» P

*: FxF + F

*: FNx FN + FN

eq: FNxFN - B

: Te B

Fe B

e FD
al,...,ane F
bl,...,bme FN
eeF

€ec FN

Variables: x,y,zeF

u,v,weFN

X € FD

(Conditional) equations:

E

FSR

(x*y)*z =x* (y*z)
X*e = x
€*X=x

(u*v) *w

eq(g€,e) = T

bi*y) = eq(x,y)
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(file directory)
(texts/files)
(File names)
(pairs)

(booleans)

(introduction of nanme)

(deletion of name)

(constructor of the file directories)

{concatenation on files)
{concatenation on names)

{equality test on names)

(true)

(false)

(empty structure)
(alphabet for file)

(alphabet for names)

(ie{(l,...,m})



eq(bi*x,bj*y) = F (i#3, i,je{l,...,m}H

eq(E, bi*x) = F (ie{l,...,m})
eq(bi ¥x, E) = F (ie {1,...,m})
contents(u,x,contents(u,y,X)) = contents(u,x,X)

eq(u,v) = F + contents(u,x,contents(v,y,X)) =
contents(v,y,contents(u,x,X))

present (u,@) = contents(u,e,f)

present (u,contents(u,x,X)) = contents(u,x,X)

eq(u,v) = F + present(u,contents(v,x,X)) =
contents (v,x,present (u,X))

absent (u,0) = 9

absent (u,contents(u,x,X)) = absent(u,X)

eg(u,v) = F + absent(u,contents(v,x,X)) =

contents (v,x,absent (u,X))

The initial algebra TI(Z FSR) is an appropriate data space for the per-

FSr' E
manent environment of the editor. Working in

TI(“:FS EFSR) v “:F’ EF))

Rl

we can specify the system as follows (with {@} as an initial configuration):

T r
10 introduce absent (u,X) u Tlo L
“contents(u,e,x) OK !
.
introduce present (u,X) u T
10,2
present (u,X) 1
~
Fpresent(u X) u )
. !
EE}.E T10'3
Labsent(u,X) OK J
rabsent(u X) u 3
skip ' Tio.4
absent (u,X) 1 '
. 7
- N\
edit contents (u,x,X) u Tlo .
edobj(e,x),pair(u,X) OK '
1 . 4
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edit absent (u,X) u Tlo .
absent (u,X) 1 '
cave edobj (x,y), pair(u,X) T
10,7
contents (u, x* y, X)
(plus:) T9'3_9

8. A MULTI-USER ENVIRONMENT FOR THE SIMPLE EDITOR

We now consider the following organisation:

monitor {J {nonitor 2] ———————

monitor k

Figure 3.

At monitor k edit sessions act on an object edobj(k,x,y). A user must log in

at a terminal with a user name which should be known to the system (by having

been introduced at the central node). Each user name is also the index of a

file in the permanent central file directory. This file is updated after

each edit session.

As before we start with a signature and a specification for the data

space. Like in example 7 we proceed in two phases. The central file directory

is introduced in the second phase.

First phase.

Edf
MN

PMO

[+ ]

UN

(files)

(files being edited)
(monitor names)

(active monitor objects)
(passive monitor objects)
(booleans)

{user names)

(signals)
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+ TP *: FxF + F

*: UNx UN + UN

edobj: MN x Fx F + Ed4f
amo: MN x UN + AMO
pmo: MN + PMO

eq: UNxUN + B

¢: TeB
FeB
eeF
al,...,aneF
£ e UN
bl,...,bme UN
l1,...,keMN
1€E
OKe E

Vvariables: x,y,z¢ F
u,v,we UN

k€ MN

(x *y) *z = x* (y*2)

EymE X*e = x
eE*X =x
u* (v*w) = (u*v) *w
u*g =
E*u=u
eq(€,€) = T
eq(bi ¥x, bi ¥y) = eq(x,y) (iel(l,...,m))
eq(bi *x, bj*y) = F (i#3, i,3e {1,...,m))
eq(é, bi*x) = F (ie{l,...,m})
eq(bi *x, &) = F (ie {1,...,m})

As before we work in 'I‘I(EKM }. As initial configuration we assume

E' EKME
{pmo(l),...,pmo(k)}.

The first system description is T... The transition rules T describe
11 11,4-10
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the actual working of the editor. The other rules will be replaced in the

second phase.

11

login (k) pmo (k) U, x
amo (k,u), edobj(k,e,x) OK
login (k) amo (k,u)
amo (k,u) 1
logout (k) amo (k,u) , edobj(k,x,y)
pmo (k) x*y
Logout (k) | P (K)
pmo (k) 1
i *
left (k) edobj(k,x *a, y)
edobj(k,x,a* y)
left (k) {edob](k,e,x)
ledobj(k,e,x) 1
3 *
right (k) edobj(k,x,a *vy)
edobj(k,x *a,y)
right (k) edobj(k,x,e )
edobj (k,x,€) 1
1 *
delete (k) | e9oPd k. x,a *y)
edobj(k,x,y)
delete (k) | S90PI (kX €)
edobj(k,x,€) 1

insert (k) edobj (k,x,y)

edobj(k,x *a,y)
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Notice that the monitor objects prevent two or more users from being logged

in at the same monitor simultaneously.

Second phase.

In the second phase we add a central file directory for maintaining user na-
mes and for the storage and retrieval of each user's own file.

We need a new signature:

I $: F
UN
FD
B

F: known: UNxFD + FD
unknown: UN x FD +~ FD
active: UN x FD + FD
silent: UN xF xFD + FD
eq: UNxUN + B

¢: TeB
FeB
@ eFD

Variables: x,y,zeF

u,v,weUN
X,Y,ZeFD
EFD active(u, active(u,X)) = active(u,X)
active(u, active(v,X)) = active(v, active(u,X))

active(u, silent (u,x,X)) = active(u,X)

eq(u,v) = F > active(u, silent(v,x,X)) = silent(v,x, active(v,X))
silent(u,x, active(u,X)) = silent(u,x,X)

silent (u,x, silent(u,y,X)) = silent(u,x,X)

eq(u,v) = F + silent(u,x, silent(v,y,X)) = silent(v,y,silent(u,x,X))

known (v,P) = silent(v,e,)

known (u,active (u,X)) = active(u,X)
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' known(u, silent (u,x,X)) = silent(u,x,X)

eq(u,v) = F + known(u, active(v,X)) = active(v, known (u,X))
eq(u,v) = F + known(u,silent(v,x,X)) = silent(v,x,known(u,x,X))
unknown (u,@) = 2
unknown (v, active (u,X)) = unknown (u,X)
unknown (u, silent (u,x,X)) = unknown{u,X)
eq{u,v) = F + unknown(u, active(v,X)) = active(v, unknown (u,X))
eq(u,v) = F + unknown(u, silent(v,x,X)) = silent(v,x, unknown(u,X))
Now let
E$E= Zyme U Erp
and
EFD = E UE_ .

KME KME FD
EFD

. . FD
We will work in the data space TI(EKME' KME)'

Comment. Some remarks about EFD may be in order. Let 2 be the "current file
directory". If 2 = active(u,X), then this expresses that a user with name u
is active on some monitor. If Z = known(u,X) this expresses that user name u
is known to Z. Similarly if Z = unknown{(u,X) this expresses that u is not
known to Z. Finally, Z = silent(u,x,X) expresses the fact that the user with
name u is not active and that his (her) file is presently containing the

text x.

We can now present example lez a multi-user environment for the simple

editor. The system le contains T11'4_10 (the standard editing operations)

and in addition the following transformation rules:

T
12 introduce unknown (u,X) u le 1
silent(u,e,X) )
introduce known (u,X) T
known (u,X) 1 1z,2
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! omit known (u,X) u le ;
unknown (u,X) !
omit unknown (u, X) T
== 12,4
unknown (u,X) 1
login (k) pmo(k), silent(u,x,X) | u le .
amo(k,u), edobj(k,e,x), active(u,X) I OK !
login (k) active (u,X) u le .
active (u,X) 1 !
login(k)| UPknown(u.X) | u T, 4
unknown (u, X) 1 '
. amo (k,v) u )
login (k) T12,8
amo (k,v) 1
logout (k) amo (k,u), edobj(k,x,y), X I le .
pmo(k), silent(u, x*y, X) | '
logout (k) | PO ) ), 10
pmo (k) 1 '
display (k) edobj(k,x,y) le "
edobj(k,x,y) x*y L

Remarks. (a) Notice that a user can only be omitted when not active. An ac-
tive user could logout as if nothing has happened and thereafter his or her
name would be known to the system again.

(b) It is entirely feasible to augment this specification with a mechanism

for passwords or other protection mechanisms.
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9. SEMANTICAL CONSIDERATIONS

In Section 3 we have given an informal explanation of the semantics of trans-
formation rules. In this section we will elaborate that explanation, in parti-
cular, concerning the mechanism by which the transformation rules generate

the transformation steps

c ——C'
R

where C,C' are configurations, i.e. multisets of objects.
Let A eAlg(I) be a given data space; then we may write a transformation

rule, written above as

+ [X v
e 5
in simplified notation as follows:

r(v,V,W): X —> Y.

Here ; = vl,...,vn are I-terms and V,W,X,Y are finite multisets of I-terms.
These terms may contain free variables and matching works as usual in term
rewrite rules. X,Y themselves are not yet configurations of objects in A;
they become so after dividing out therm equality in A. Further, V,W denote
multisets of input and output values - properly speaking this is again true
after dividing out term equality. The vl,...,vn are parameters of the rule
names.

Let us introduce a constant § for the empty configuration and an opera-
tor U for the union of configurations. The following axioms are obviously

valid:

XUY = YUX
Xud =X
(XUY) UZ = X U(YV2Z).

Note that U is represented in process algebra (2] by ||, the merge operator.
This connection is not quite smooth: there seems to be a difference in level
of abstraction between process algebra and behavioural specification via
transformation rules.

The propagation of transformations through larger configurations is as

follows:
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-
r(v,v,W): X —>Y

r(v,V,W): Xu2 —>Yy 2

Writing [t] for the interpretation of the I-term t in the data space A, and
X3 = {{t] | t eX} for the multiset of objects in A denoted by the multiset

of I-terms X, we can now state more precisely what a transformation step is:

-
if R= r(v,V,W): X2 ——>YUZ is obtained from the instance
-
r(v,V,W): X ——> VY of some transformation rule, then R allows the trans-
formation step of configuration C = [Xu2] to C' = [YUZ]; notation:

[of ——E—J'C'. (See Figure 4.)

Such transformation steps can be activated sequentially. In fact, the
situation is similar to the case of term rewriting modulo some given con—

gruence (apart from the multiset feature).

~
data space A ( A, aata space corresponding

A///T;;<§§\\\\\ *1 to sort sy

7 TN

“p3

A

Figure 4.
transformation step R
In other words, the transformation step C __E_—>C' where C = {pl,pz,...} is
obtained by choosing a particular representation of C, e.g. {tl'tz""} such
that utiﬂ = Py and applying some transformation rule on it as explained, to
transform this representation into another (of C').
In an intuitive sense, such a representation of a configuration C can be

considered as an aspect of C. E.g. in the last example (T,.), known(v,@) is

12
the file directory X = @ revealing as an aspect that it knows user name v

(usually such a fact would have type boolean, here it is of type file direc-
tory). And in silent(v,e,0) the same X = P reveals another aspect. The trans-

formation rules, then, operate on such aspects.

10. CONCLUDING REMARKS

We feel that the object-oriented notation explained above captures at least

a useful fragment of "object-oriented thinking". Clearly we have to pay a
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price in terms cf manageability of the transformation rules. One can, in
view of Section 9, add § and U, and view the transformation rules as ordi-
nary rewrite rules. From the point of view of algebraic specifications, ad-
ding ¢, vand, in general,a type of configurations, leads to the problem that
configurations have no fixed type. Any object can be an element of a confi-
guration. In fact, ¢ and U are polymorphic operations and this explains

their flexibility which is vital for modular and incremental systems design.
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A polling system is a queueing system in which several queues are attended
by a single server. Spurred by various important applications, the field of
polling systems is going through a period of feverish activity. The first part
of this paper surveys some of the main developments. The second part
generalizes the theory of polling systems to the case in which the customer
arrival process depends on the position of the server, and to the case in
which customers travel from queue to queue.

1 INTRODUCTION

It has been a great pleasure to write this paper on the mathematical analysis
of the single-server polling system in honour of a truly devoted server. In a
sometimes almost literally painstaking way, Cor Baayen saw to it as director
of SMC that both LAW and CWI, and also both its mathematics and conr-
puter science groups, were served in an equally fair manner. He has strongly
stimulated research at the interface of mathematics and computer science. His
far-reaching vision has been crucial in realizing the INSP support for CWI in
the eighties, which in its turn made it possible to build up a research group on
the mathematical analysis of the performance of computer systems.

Consider the following situation. A director of a research institute divides
his attention among several activities: scientific, financial, personnel matters,
representative activities. Suppose that he devotes his energy for a while (a
‘session’) to tasks of a scientific nature, then switches to finance, etc. During
a session other new tasks of the same type, as well as of different type, may be
generated; furthermore, a task may have to be reconsidered in future sessions
(‘feedback’). The director is interested in the evolution of his workload, the
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numbers of tasks of all types, etc. These quantities clearly depend on the way in
which the offered load fluctuates over time; but the director can also influence
the process by a judicious choice of the order of his activities and of the time
he reserves for a session. The framework in which these matters can be studied
is that of single-server queueing models. More precisely, it is the framework of
polling models.

A polling model is a queueing model in which customers (tasks) arrive at a
set of queues @1, ..., Qn according to some stochastic arrival process, requiring
some stochastic amount of service. A single server B visits the queues in a
fixed order to provide service. We assume throughout the paper that it is the
cyclic order Qq,...,Qn,Q1, ... (cf. Fig. 1).

FIGURE 1. Queueing model of a polling system

When B visits @; and it is not empty, then B serves customers in a session at
1 0

Q; according to some service discipline. The most common service disciplines

are:

o I-limited: serve just one customer (if at least one is present)
e erhaustive: serve customers until the queue is empty

e gated: serve precisely those customers that were already present at the
start of the session

When Q; is empty, or the session is completed, then B switches to Q;y1. This
may require some switchover time, which is represented by a stochastic vari-
able.

The assumptions about the stochastic nature of the arrival process, service
times and switchover times are introduced to represent the usually inherently
random nature of customer behaviour, as well as a lack of detailed information.
Moreover, a probability distribution for, say, service times may also represent
an aggregate of in itself known, constant but distinct, service times of several
types of customers. The purpose of the analysis of a polling model is to de-
termine the performance of (several variants of) the underlying systemn, and
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eventually to optimize system behaviour. Due to the stochasticity assumptions
one can at most make probabilistic statements about the main performance
measures of a polling model, like workload of the server, numbers of customers
at the various queues, or their waiting times.

The analysis and optimization of polling systems lLias iu recent years received an
enormots amount of attention, and much progress has been made. It has also
been one of the key research topics of the performance analysis group at CWI;
cf. the PhD Theses of W.P. Groenendijk [10] and S.C. Borst [1]. Therefore it
seems appropriate to briefly review the main developments, with some empha-
sis on contributions from the latter group. This review is presented in Section
2. In Section 3 we discuss a generalization of the standard polling model, in
two directions that so far have received hardly any attention:

(i) The arrival rate of customers at the various queues may depend on the po-
sition of the server: information on which queue the server is presently visiting,
and hence on which queue it will visit next, may influence the generation of
new tasks.

(ii) Instead of leaving the system, customers may be routed to another (or the
same) queue after having received a service. A customer’s required service time
at a queue may depend both on that queue and on the number of services it
has already received.

We shiow how, for an important class of service disciplines, these generalizations
can be analyzed in full detail. Crucial in this analysis is the application of the
theory of multitype branching processes.

The above-mentioned features of feedback and customer information arise quite
naturally in our director example; in the remainder of this section we mention
several otlier applications of polling models.

Applications of polling models

Polling models arise in situations in which there are multiple customer classes
sharing a common resource which is available to only oune customer class at a
time. The oldest polling model in the queueing literature concerus a patrolling
repairinan, who consecutively inspects a number of machines to check whether
a breakdown has occurred and to restore such breakdowns {12]. In this example
the server is the repairman, the queues are the machines, and the customers
represent the breakdowns.

The application that gave polling models their name is a time-sharing com-
puter system consisting of a number of terminals connected by multidrop lines
to a central computer. The data transfer from the terminals to the computer
(and back) is controlled via a ‘polling scheme’ in which the computer ‘polls’
the terminals, requesting their data, one terminal at a time. In this example
the server represents the central computer, the queues are the terminals and
the customers are the data.

The interest in polling models was strongly revived Dy the study of message
transmission protocols in local area networks. Many communication systems
provide a broadcast channel which is shared Dy all connected stations. When
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two or more stations wish to transmit simultaneously, a conflict arises. The
rules for either resolving or preventing such conflicts are referred to as ‘multi-
access protocols’. An important conflict-free protocol is the token ring proto-
col. In a token ring local area network, several stations (terminals, file servers,
hosts, gateways, etc.) are connected to a common transmission medium in a
ring topology. A special bit sequence called the token is passed from one station
to the next; a station that ‘possesses the token’ is allowed to transmit a mes-
sage. After completion of its transmission the station releases the token, giving
the next station in turn an opportunity to transmit. This situation can be
represented by a polling model with 1-limited service at each queue; the server
is the token, the quenes are the stations and the customers are the messages.
Variants of the above-described token-passing mechanism give rise to related
polling models, with e.g. exhaustive service at the queues. A queueing analysis
of these polling models yields insight into the (dis)advantages of the various
access protocols, and allows system designers to make performance predictions.
We refer the reader to Takagi [18] and Grillo [9] for surveys on polling appli-
cations in respectively comptiter- and communication networks.

Other application areas of polling models include:

e robotics in manufacturing (a single machine processes several types of
parts, incurring switchover times for changing tools)

o traffic signal control (the green light represents the availability of the
server for a queue of vehicles)

e the operation of elevators (multiple servers are interesting here: is it better
to have a concentration of elevators in a central area, or should they he
dispersed over the building?)

e packet transfer protocols in B-ISDN (in such Broadband Integrated Ser-
vices Digital Networks, channel access will be alternately granted to voice,
video and data messages, all digitized into 53-byte packets)

The characteristic feature of all these applications is that the server is ‘moving’
between queues, implying that the priorities of the queues are dynamically
(e.g., cyclically) changing. This sharply contrasts with classic stafic priority
queuneing models, where one type of customers always has priority over other
customer types.

2 ANALYSIS OF POLLING SYSTEMS

In this section we briefly review the exact analysis of the standard cyclic polling
system. After a detailed model description we consecutively consider work-
loads, waiting times and queue lengths.

Model description
We here describe the standard cyclic polling model: in Section 3 we extend this

218



model in several ways. Customers arrive at N queues Q1,...,Qn with infi-
nite waiting rooms according to N independent Poisson processes, with rates
A, ..., An. Customers who arrive at (Q; are called type-i customers. Server
B visits the queues in the cyclic order @1, ..., Qn,Q1,-... Upon his visit to a
queue, he serves one or more customers (if present) according to some service
discipline like 1-limited, gated or exhaustive service (cf. Section 1). The service
times of type-i customers are independent, identically distributed stochastic
variables; their distribution is B;(-), with first moment 3;, second moment ;’3}2)
and Laplace-Stieltjes Transform (LST) 3;(-). The switchover times of B be-
tween ; and Q;41 are independent, identically distributed stochastic variables,
with first moment s;, second moment SEQ) and LST o;(-). The total switchover
time of B in one cycle has first and second moment s respectively s2), We
assume that the interarrival, service and switchover processes are mutually in-
dependent.

The offered traffic p; at Q; is defined as p; := A:3;, and the total offered

N

traffic load is p := Y pi. Obviously p < 11is a necessary condition for steady-

state distributions :)f 1workloa(ls, waiting times and queue lengths etc. to exist.
When all switchover times are zero, this condition is also sufficient; otherwise
the situation may be nmch more complicated, and in particular the service
disciplines may influence the stability condition (e.g., in 1-limited service B is
forced to spend time switching after each service). See Fricker and Jaibi (8] for
an extensive discussion of these stability issues. We assume in the sequel that
steady-state distributions of all quantities under counsideration exist.

The workload process

Consider first the case that all switchover times are zero. Then B is always
working as long as there is at least one customer anywhere in the system.
The amount of work in the system evolves in a way that does not depend on
the order of service of the queues and within the gueues, or on the service
disciplines at the queues; this is the principle of work conservation (cf. Heyman
and Sobel [13], p. 418). Hence, for any service discipline at the queues of
the cyclic polling system, the amount of work is distributed as the amount of
work in the ‘corresponding single server queue’ with FCFS (First Come First
Served) order of service. Since the superposition of N independent Poisson
processes is again a Poisson process, that ‘corresponding single server queue’ is

N
an M/G/1 queue with arrival rate A := 3 A; and with service time distribution
i=1

N
B) = 3 (W/A)B().
1=
Now consider the case that not all switchover times are zero. The principle

of work conservation is clearly violated. However, it has been shown in [4]
that a principle of work decomposition holds: the steady-state amount of work
Vin in the polling system with switchover times is related to the steady-
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state amount of work Vinou in the ‘corresponding polling system’ without
switchover times (hence in the above-mentioned ‘corresponding M/G/1 queue’)
via

d
V'mii.h = Vmil,lwul +Y, (1)

where Y is the steady-state amount of work present in the system at an epoch in

which B is not serving; 4 Jenotes equality in distribution. Moreover, V ,itf0u
and Y are independent. The distribution of V ,iipeu is known from M/G/1
theory. The distribution of Y can be determined in a number of cases, but with
considerable effort. The mean EY, on the other hand, is very easily determined
for virtually any set of service disciplines at the various queues - which turns
out to be most useful for deriving mean waiting times, as we'll see in formula
(4) below.

REMARK 2.1

The proof of (1) as presented in [4] is based on three concepts which are sketchily
indicated below.

(i) As long as B is serving, the amount of work evolves in exactly the same
way as if B would be serving according to the LCFS (Last Come First Served)
rule.

(i1) Characteristically for LCFS, an amount of work Y fouud by a customer '
upon his arrival in a switchover period is not served until C' has been served,
plus all customers who arrive during C’s service (C’s offspring), plus all cus-
tomers who arrive during those services, etc. (together - including himself -
forming C’s ‘ancestral line’).

(iii) The time period required to serve the ancestral line of C is distributed as
the busy period in the above-mentioned ‘corresponding M/G/1 queue’.

Since the principle of work conservation implies that during such a busy pe-
riod the amount of work evolves in the same way, regardless whether service
is FCFS or LCFS, combination of (i), (i} and (iii) shows that the workload
V virn 18 distributed as the superposition of Y and V,ithout-

Another proof of (1), communicated to the author by B.T. Doshi, proceeds as
follows. Assume for simplicity that the densities of the distributions of V
and Y exist; denote them by v(-) and y(-), and denote their Laplace transforms
by ¢(-) and 5(-). Equating the downcrossing and npcrossing rates of level x > 0
gives:

v(x) — (1 —ply(z) =A /(1 B(x — z))v(z)dz=.
0—
Combining this relation with v(0) = (1 — p)y(0) and taking Laplace transforms
leads (with 3(-) the LST of B(-)) to:
1 - A(w)

w

Ow) = (1 =pn(w) =A P(w)-
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Hence ) )
BT (2)

which proves the decomposition into two independent components: d(w) is the
product of the transform of the distribution of Vithout (a well-known M/G/1
expression) and the transform n(w) of the distribution of Y. See [3] for a
generalization of this principle of work decomposition, and for applications to
various polling models with a non-cyclic visit pattern.

d(w) =

Waiting times

We restric! ourself here to mean waiting times. Denote the mean waiting time
of type-i customers by EW,;, and the mean number of waiting type-i customers
by EX;. These uantities are related via Little’s formula: EX; = EW,. It
is easy to relate the mean workload in queueing models with Poisson arrivals
to mean queue lengths, and hence to mean waiting times. Indeed, under mild
restrictions that are fulfilled in the standard polling model described earlier in
this section, we can write (cf. [3]):

N

N 5(2)
EVuin =) _AEXi+_piga 3)
i=1 i=1 t

Now take means in (1) and combine the resulting formula with (3). Appli-
cation of Little’s formula and EV yiinout = ";(Tp)— then yields the pseudo-
conservation law [4]:

N > B
pEW,; = p=L— L EY. 4
,Z—; 2(1-p) @

Here (cf. the notation introduced in the model description)

52 8 y e,
Y=pi -+ - i 5

with Z;; the amount of work left behind at @Q; by the departing server. EZ;;,
and hence EY, can be explicitly determined for polling models with standard
service disciplines like 1-limited, gated, or exhaustive. EY = 0 for the case
of zero switchover times, and then (4) reduces to the well-known conserva-
tion law [11]. The origin of the term conservatiou law is that the weighted

N
sum Y. p;EW; of the mean waiting times remains the same, regardless of any
i=1
changes in the service disciplines at the various queues. In the case of switchover
times this weighted sum does change when a service discipline is changed, but
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only via a - usually simple - change in EY.

N
The remarkably simple exact expression for > p;EW, has in the past few years
i=1
turned out to be extremely useful for a variety of purposes: testing simulation
results, the development of approximations for mean waiting times, and the

optimization of server routing and server visit times.

Queue lengths

For the above-described N-quette cyclic polling model, with exhaustive service
at all queues, Eisenberg [7] obtains the joint queue length PGF (Probability
Generating Function) at epochs in which B reaches one of the queues. His solu-
tion method may also be used to handle the case of gated service at all queues.
Furthermore, he also allows a fixed non-cyclic visit pattern. In a series of pub-
lications following Eisenberg’s paper, an exact quene length analysis has been
performed for several other N-queue polling models, with exhaustive or gated
service, or mixtures and variants of these service disciplines; for an overview
we refer to the survey of Takagi [19]. In contrast, polling models with limits
on the number of customers to be served during a session, or on the session
time, have mostly defied an exact analysis. The joint queue length distribution
for the 2-quene model with 1-limited service at both queunes can he obtained
by transforming the problem into a Riemann- or Riemann-Hilbert boundary
value problem (see, e.g., [6]), but for N > 2 it is not clear at all how the queue
length problem can be attacked.

In an important paper, written at CWI, Resing [15] clarifies this sharp separa-
tion between ‘easy’ and ‘hard’ polling models. He considers a class of service
disciplines with the following property:

Branching property

If there are k; customers present at Q; at the start of a visit, then during the
course of the visit each of these k; customers will effectively be replaced in an
i.i.d. manner by a random population having some PGF h(z;,...,zn) which
may be any N-dimensional PGF.

Resing demonstrates that, if the branching property holds at all quenes, then
the joint queue length process at successive moments that B reaches a fixed
queue, say Q1, is a Multi-Type Branching Process (MTBP) ‘with immigration’.
The theory of MTBP now yields stability conditions as well as an exact ex-
pression for the joint queue length PGF.

The 1-limited service discipline does not have the branching property. The
gated and exhaustive disciplines, on the other hand, do possess this property,
with respectively

N
’Ii(zl,---,ZN)=/3i(2/\j(1—2j))* (6)
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(note that this is the PGF of the joint distribution of the mumbers of arrivals
at the various queues during one service at Q;), and

hi(zty - 2n) = 0:0) A (1~ 25)), (7)
J#i

wliere 6;(-) denotes the LST of a busy period in an M/G/1 queue with arrival
rate \; and service time distribution B;(-).

In the next section we shall extend the queue length results for the polling
model of the present section, with the branching property at all queues, to
some more general polling models. Therefore we now go into more detail con-
cerning the theory of MTBP with immigration and the results of Resing [15].
Consider a system with N particle types. Let p‘/)(j1,...,jn) denote the prob-
ability that a type-i particle ‘produces’ as offspring jr particles of type k, k =
1,...,N. The offspring PGF of p'9(j,...,jn) is denoted by FO(21,..0y2N),
and the mean number of particles of type j produced by one type-i particle is
denoted by m;;. The matrix M = (m;j) plays an essential role in the theory
of MTBP. M is called primitive if there is an n such that all entries of the
matrix M" are strictly positive. The well-known Perron-Frobenius theorem
implies that a nonnegative primitive matrix M las a positive real eigenvalue
Vinax Such that | v |< vy,q, for all other eigenvalues v of M.

Not only are particles produced by other particles; new particles can also en-
ter the system via immigration (this corresponds to the arrival of customers
during a period in which B is not serving). Let ¢(ji,...,jn) denote the
probability that a group of immigrants consists of ji particles of type k,
k = 1,...,N. Denote its PGF by g(z1,...,2n), and inductively define the
functions f,(z1,...,2n) by

fo(zt,--y2n) == (21,- ., 2N),

Falzryerzn) = (FOFuc1(zry e ey 2n))s e SN (Faci(zr -0 28)))-

Resing cites the following theorem, due to Quine [14]:

THEOREM 2.1

Let Z,, = (Zs,l), ceey Zﬁ,,N)) be an MTBP with immigration in each state, with
offspring PGF f()(zy,...,2x),i = 1,..., N, and immigration PGF g(z1,. .., 2N).
Let the mean matrix M corresponding to the branching process be primitive
and its maximal eigenvalue v,,,, < 1. Assume the Markov chain Z,, is irre-
ducible and aperiodic. The stationary distribution 7(ji,...,jn) of the process
Z,, exists iff

> alseevin) log(+ ... +jn) < oo (8)
J14e+Hin>0

When this condition is satisfied, the PGF P(z1,...,2n) of the distribution



m(Jj1,..-,Jn) is given by

P(etyeeyzn) = [] 9aletoeeeszn)): (9)

n=(

Resing proves the following theorem ([15], Theorem 3):

THEOREM 2.2

Assume that the service discipline at each queue Q; of the cyclic polling model
satisfies the branching property with PGF h;(z1,...,2n), i =1,...,N. Then
the numbers of customers in the queues at successive time points that B reaches
Q1 constitute an MTBP with immigration in each state, where the offspring
PGF’s f0)(z,...,zn) are given by

f(’)(zl,...,zN) = h,~(zl,...,zi.f(i+l)(zl,...,zN),...,f(N)(zI,...,zN)).
(10)
and the immigration PGF g(z;...., 2y) is given by

N i N
g(z15...,2N) = Hai (Z Ae(1—2) + Z Ap(l — f("’)(zl, .. .,zN))) .
i=1 k=1

k=i+1

(11)
REMARK 2.2
The proof of Theorem 2.2 is established by considering the evolution of the
joint queue length process between two successive tinie points, say t,, and ¢,,4+1,
that B reaches (Q;. Let ¢4 be a customner in the system at t,,. Define the an-
cestral line of ¢ 4 as ¢4 plus the set of all g; customers who have arrived during
the service of ¢, plus the set of all go customers who have arrived during the
service of those g; customers, plus ... . Define the effective replacements of ¢4
as those customers from the ancestral line of ¢4 who are still present at f,,44.
If ¢,4 is not served in this cycle, the effective replacements of ¢4 consist of only
¢4 itself.
In a similar way the effective replacements of a customer ¢ who arrives during
a switchover interval between ¢,, and ¢,,4, are defined.
The total collection of customers in the various queues at #,,; consists of
the effective replacements of all customers present at ¢, plus the effective
replacements of all customers who have arrived during a switchover interval
between #, and t,4;. The fact that all arrival processes are Poisson pro-
cesses, combined with the fact that all service disciplines satisfy the branch-
ing property, implies that the joint queue length process at successive epochs
when B reaches Q; constitutes an MTBP with immigration. The offspring,
in the sense of the MTBP, of one type-j customer is the set of effective re-
placements of that customer, and the immigration corresponds to the effec-
tive replacements of all arrivals during the switchover periods in one cycle.
In particular, fV)(zy,...,2n) = hn(z1,..-,25), but FND(z,...2n8) =
hno1(z1,. - 2N -1, f(N)(zl, ...,zn)). The latter formula reflects the fact that
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type-N arrivals during a type-(IV — 1) service may still generate their own off-
spring during the cycle. To arrive at the nested structure of the last PGF, the
following property is used: The PGF of A; + ... + Ak, with Ay, A,,... and
K independent nonnegative integer-valued stochastic variables with PGF A(")
respectively K(-), is given by

SN Pr(K = j)Pr(AL +... + A =n)2"

n=0 ;=0
=) " Pr(K = j)A(z)’ = K(A(2)).

Jj=0

REMARK 2.3

It follows from the above two theorems that the PGF of the joint queue length
process at moments that B reaches @ is given by the infinite-product expres-
sion (9). Let us explain and illustrate this result by considering the 2-queue
case. Denote by P;(z1,22) (Gi(z1,22)) the PGF of the joint queue length dis-
tribution when B reaches (leaves) Q;; so Pi(z1,22) is the PGF we are looking
for. Then we have the following {our relations.

Py(z1, 22) = oa(A(1— 21) + Aa(1— 32))G2(21a32)v (12)

Ga(z1, 22) = Pa(z1, ha(21, 22)),
Py(z1,22) = o1 (M(1 = 21) + Ao(1 = 22))G1 (21, 22),
G121, 22) = Pr(ha(z1, 22), 22)-

Here we have used the memoryless property of the Poisson arrival processes,
and the nested structure outlined above for the sumn of a random number of
stochastic variables, as well as the following property of PGF’s:

The PGF of the sum of two independent stochastic variables is the product of
their PGF’s.

Combination of the four relations in (12) yields:

Py(z1, 22) = 01(21, ha(21, 22))02(21, 22) Pr(ha (21, ha(21, 22)), ha(21, 22))-

Remembering the definitions of the immigration PGF g(z1, z2) and the offspring
PGF’s f()(z;,22), we can rewrite this into

Pi(z1,22) = g(z1. 22) Pr(f1(21, 22))- (13)

Iteration of this functional equation leads to the infinite-product expression
(9), with N = 2.

REMARK 2.4
Polling models with and without switchover times are usually treated separately



in the literature, often via different approaches: the difficulty with simply let-
ting the switchover times tend to zero in a polling model with switchover times
is that the number of visits in an idle period tends to infinity, leading to de-
generate distributions at such visit epochs. However, the following way out is
possible. Let us assume that B in an empty system rests at, say, Q. For this
situation Resing [15] shows, for the class of polling models with the branching
property, that the joint queue length process at successive mowents that B vis-
its Q; is again an MTBP - but now with immigration only in state zero. In [2]
it is subsequently shown how the identical offspring PGF’s of the MTBP’s cor-
responding to the polling model with respectively without switchover times give
rise to a strong relation between their respective joint quene length processes
(see also [17]).

3 POLLING SYSTEMS WITH SMART OR PERSISTENT CUSTOMERS

In this section we shall generalize the polling model of Section 2 in two di-
rections: polling models with arrival rates that depend on the server position
(‘smart customers’) and polling models with feedback and customer routing
(‘persistent customers’). For each of these directions we outline (because of
space restrictions without detailed proofs) how the model can be analyzed
completely when the service discipline at each quene satisfies the branching
property.

3.1  Smart customers

In some polling applications, knowledge about the server position may influ-
ence the arrival rates of the customer types. In the director’s example, the
knowledge that the director will next turn to personnel matters may generate
some new personnel tasks, while there is less harry in creating tasks of an-
other nature. Let us model this as follows, making a few adaptations in the
model described in the previous section. The arrival process of customers at
Q;, when B is at @}, is Poisson with rate A;;; the arrival process of customers
at Q;, when B is switching from Q; to Q;41, is Poisson with rate y;;. When
the service discipline at each queue satisfies the branching property, with PGF
hi(z1,...,2n) at @, then it is easy to chieck that the joint queue length process
at successive moments that B visits, say, (& is an MTBP with immigration.
The immigration PGF is given by (cf. (11)):

N i N
9z1,-zn) = [ o [ D0 (1= 20) + > (1= [Pz, 20)
i=1 k=1 k=i+1
(14)
In the case of gated service at Q; the offspring PGF is (cf. (6)):

N

hi(ziye. o 2n) = B0 A1 — ), (15)
J=1



and in the case of exhaustive service at Q; the offspring PGF is (cf. (7)):

hi(zl,...,ZN)=9i(2/\j,‘(1—21‘)). (16)
J#i

The reasoning presented in Remark 2.3 should make it clear that the present
model again gives rise to a functional equation of the type (13), iteration of
which leads to an infinite-product expression for Py(z1,...,zn) like (9). The
PGF of the joint queue length distribution at the end of a switchover from Q;
to Q41 is simply expressed in the PGF at the beginning of that switchover
(the end of a visit to Q;), and the latter PGF can be expressed in the PGF
of the joint queue length distribution at the beginning of that visit to Q; by
substitution of the offspring PGF h;(.) at the i-th position in the PGF.

Several interesting special cases deserve further attention. E.g., Ajj = Ap;; and

N N
pij = Agij with pij,q;; > 0 and S pij= 2 qij=1forallj corresponds to a
i=1 i=1

fixed total arrival rate A. If the service discipline at each queue is gated (hence
when B visits Q;, he will only serve customers that were already present at the
start of the session), the smartest thing for an arriving customer to do is to go
to the next queue: \jp1,; = pit1,i = A, and Aijj = p;; =0 for alli # j+ 1. The
most foolish behaviour, on the other hand, is represented by \;; = pi,i = A,
and \;; = p;; = 0 for all j # i. The former choice clearly minimizes the waiting
time of each individual arriving customer. Let us now moreover assume that
Bi(-) = B(-). Then the above choice also minimizes, in the sense of stochastic
ordering, the workload of the server. This may be proven using coupling meth-
ods; see [5] for the more restricted fully symmetric case.

In the case of identical service time distributions and fixed total arrival rate
A, the work decomposition (1) still holds (check the level crossing argument
presented in Remark 2.1), and EY can easily be calculated. But if not all ser-
vice time distributious are the saine, or the total arrival rate is not constant,
then the whole work decomposition concept breaks down. Some reflection will
make it clear that when switchover times are zero, even the concept of work
conservation is destroyed.

3.2  Feedback and customer routing

In the director’s example, a completed task may have to be reconsidered in
future sessions. This feature can be incorporated in the model of Section 2 in
the following way. A newly arriving customer at @; (Poisson with arrival rate
\;) is called a type-(i,1) customer. After completion of its service, it moves
to Q. with probability p?,t), becoming a type-(k,2) customer, and it leaves the
system with probability p%). More generally, a type-(i,j) customer denotes a
customer at ; who has to be served for the j-th time; after having received

service, it moves to Qp with probability | %), and it leaves the system with
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hrobability A type-(i, j) customner requires a service time at ; with dis-
I Y Pio Yp J 1

tribution Bj;(+), with LST /3;;(-). We assume that pgﬁ) =1 for all 7, i.e., each
customer requires at most L services.

Customer routing has hardly been studied in the context of polling, although
several applications in token ring networks, robotics and computer systems ex-
ist; cf. Sidi et al. [16]. The latter paper analyzes the case of fixed transition
probabilities p;; of customers from @; to Q;, with fixed service time distribu-
tion B;(-) at Q; and exhaustive or gated service at all queues.

In this section we study the N L-dimensional queue length process X =
(Xi11y---s X103 XN1y- .- X v ), where X;; denotes the number of customers
of type-(7,j) at a moment at which B reaches Q.

The branching property of Section 2 has to be adapted in the sense that one
has to distinguish L PGF’s h;j(z1,...,28), j=1,..., L, in Q;.

It is easily seen that X is an MTBP with immigration in each state. For the
general case, determination of the offspring PGF’s and the immigration PGF is
somewhat involved. For example, one has to take the possibility into account
that a customer is fed back to the same queue; and in the case of exhaustive
service, such a customer may then receive more than one service during the
same session. We shall refrain from formulating and proving the generalization
of Theorem 2.2 here in its full generality. Instead, we illustrate the structure
of the MTBP by considering a two-queue example with gated service at both
queues. Similar to Remark 2.3, we denote by P;(z11,. .., 221) (Gi(z11, ..., 221))
the PGF of the joint queue length distribution when B reaches (leaves) Q;. We
have the following four relations:

Pi(z11y- -5 220) = 02( A (1 — z11) + Ao(1 — 221))Ga(2115 - - - 22L)s (17)

Ga(ziny.- -, 220) = Pa(zun, .o 21Li Y21y - -+, Y21),s
Py(z11,. .. 200) = oy (M1 = z11) + A2 (1 — 221))Gi (2114 -+ -« 221 ),
Gr(z11s- -5 220) = Pu(ynn, - nns 21, 22L)-
Here, fori=1,2,j=1,...,L,

yij = Bij(M(1 = z11) + Aol — z21)) [I’%) +I’$'{)zl.;i+l + P%)zljﬂ]-

Note that 3;;(A1(1—z11)+A2(1—221)) is the PGF of the numbers of new arrivals
at the various queues during a type-(7, j) service, and that p%) + pgjl)zl‘ 1+
pﬁé)z‘z'Hl is the PGF of the numbers of type-(k,j + 1) customers, k = 1,2,
generated by the feedback of one type-(i,j) customer.

Combination of the four relations in (17) leads to a recursion for Py(zy1,..., z2r),
of similar form as (13), which can be solved iteratively.

REMARK 3.1

We thus obtain the PGF of the joint queue length distribution at time points in
which B reaches ;. But the four relations in (17) then also yield the PGE’s
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of the joint queue length distributions at time points in which B leaves Q1,
reaches Q, and leaves Q2. The PGF of the joint steady-state queue length
distribution may also be determined from these results, once the service order
at the queues is specified (e.g., serve type-(i, j+1) before type-(i, j) customers).

REMARK 3.2

The case of a single queue with feedback, contained in the present model, is
also interesting in itself. We can obtain the joint queue length distribution of
tlie numbers of customers that are present for the first,..., L-th time, at the
time points at which B starts a new session.

REMARK .3

Several variants and generalizations can also be handled in the framework of
an MTBP. For example, one can allow zero switchover times between sessions,
obtaining an MTBP with immigration only in state zero. Furthermore, instead
of assuming pfg ) = 1, we may also assume that pgi) = pir and B;;(-) = Bi(+)
forall j > L, k =0,1,..., L. The resulting MTBP still has a finite number of
NL variables. This generalizes the model of Sidi et al. [16] in various ways.
We may generalize our model even further, while retaining the MTBP structure.
For example, we can allow ‘smart customers’ in combination with feedback and
routing; and we can also allow the possibility that a served customer not just
feeds back, but branches into several customers: a task of type-(i,j) that has
been handled by the director may simultaneously give rise to tasks (k1,7 + 1)
and (ko,j +1). While these possibilities may make the job of a director rather
complicated, they do not fundamentally complicate the analysis of his work-
load.
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Finite graphs in which the point neighbourhoods are the
maximal independent sets

A.E. Brouwer

We determine all graphs as in the title.

In [vdH] certain graphs Ly occur. Noticing that they have the property
mentioned in the title, I wondered whether they are the only such graphs. This
note shows that, essentially, this is indeed the case.

For k < 1, let Ly be the graph with vertex set Zgs;_; (the integers mod
3k — 1) and adjacencies x ~ y iff y —x € {1,4,7,...,3k — 2}. (Thus, L, is the
complete graph on two vertices, and L is the pentagon.) The neighbourhood
of a vertex z is the set N(z) = {yly ~ x}. A graph G is called reduced when
distinct vertices have distinct neighbourhoods.

THEOREM 0.1 The finite reduced triangle-free graphs in which each indepen-
dent set is contained in a point neighbourhood are precisely the graphs Ly
(k> 1).

PROOF: First we show that the graphs Ly have the stated property. That
they are finite, reduced and triangle-free is clear. Now it suffices to show that if
S is an independent set contained in N (), and SU{y} is independent for some
y, y 7 =, then SU{y} C N(z) for some z. But y =2 +3i—1lory=ux+3i
for some i (1 < i <k —1), and we can take 2 = v +3i or z =z +3i — 1,
respectively.

Conversely, let the graph G have the stated property. We show that ¢ ~ L
for some k < 1. Since @ is independent, G has a vertex, and since a singleton is
independent, each vertex has a neighbour, and since two nonadjacent vertices
have a common neighbour, G has diameter at most 2. Clearly, if G' is complete,
then G ~ Ly, so we may assume that G has diameter 2.

Step 1. Given two nonadjacent vertices x, y, there is a unique verter =z =
o(x;y) such thaty ~ z and N(x) N N(z) = N(x)\ (N(x) N N(y)).
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Proor: Theset {y}UN(x)\(N(x)NN(y))is independent and hence contained
in N(z) for some z. If it is also contained in N(z'), then, since G is reduced,
the vertices z and z’ have distinct neighbourhoods, and we may assume that
2z ~ u, 2’ o u for some vertex u. But now {z,u,z'} is independent and not

contained in a point neighbourhood. Contradiction.

Step 2. G is regular of valency k, say. If k > 1, then there is a pair of
nonadjacent vertices with k — 1 common neighbours.
PrROOF: Let x,y be nonadjacent. If |[N(y)\ N(z)| > 1, then choose u €
N(y) \ N(z), u # o(x;y). By the uniqueness part of the previous step, there
is a vertex v € N(x) \ (N(y) U N(u)), so that also [N(x) \ N(y)| > 1. Now
(N(x)NN(y))U{u, v} is independent, and hence contained in N{(z) for some z.
By downward induction on [N ()N N(y)| it follows that |N(x)| = [N(y)| (since
we have either |N(x)| = |[N(x)NN(y)|+1 = |N(y)|. or, by induction, |N(z)| =
|N(z)| = |N(y)]). Now regularity of G follows since its complementary graph
G is connected.

Step 3. G~ L;...
PROOF: Let xy # yo and |[N(xy) N N(yo)] = k — 1. Define vertices x;, y;
(i € Z) by yiyrv = o(ri;y:) and &, = o(ys;2i—1). Then |[N(z)NN(y)| =k —1
and N (&) N N(yi+1) = {xi1} = {yi+2} for all i. By induction on j (1 < j <
k—1) we see that |N(a0) N (x3;)| = k—j, and that 2y ~ xy, 24, ..., 23, 2 and
I3 ~ Ta,s,...,r35-1. Indeed, for j =1 this is clear, since xgy = y3. But xy;
and 23543 have the same neighbours except for w3;41, T3542, and @ and wy;
have the same neighbours except for the vertices wy; 1, @3i42 (0 <i < j—1),
s0 xog ~ w3j41 and similarly o ~ @3j43. As long as @y and z3; have common
neighbours, it follows that a:y # x3;+1. However, iy and @31 have the same
neighbours, so xg = x3,_1. If there is a vertex z distinct from all z;, then z is
adjacent to either all or none of the x;, contradiction, since G is triangle-free
and connected. 0

This theorem can be generalized by deleting the hypothesis that G is reduced.
Now the conclusion becomes that G is a coclique extension of one of the L. (In
particular, if G is regular, that G is a lexicographic product Ly, := Ly[IX,,].)
Probably the finiteness hypothesis can be dropped as well, but the conclusion
becomes more complicated, and I have not investigated this further.

The reason that the graphs Ly ,, occur in [vdH] is that (for m > 3) they
have the maximal possible toughness ¢ = n/k — 1 for triangle-free regular
graphs. (The toughness t(G) of a connected non-complete graph G with vertex
set V is by definition min |V \ X|/w(X) taken over all subsets X of V such
that the number of connected components w(X) of X is at least two. Clearly,

HG) < (V] - 2)/2)

LEMMA 0.2 Let G be a connected non-complete graph. The toughness of the
lezicographic product G|K,,| equals min|V\ X |/w(X), where w(X) is the num-
ber of singleton components of X plus 1/m-th of the number of other compo-
nents of X, and X runs through the subsets of V with w(X) > 1. |
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PROPOSITION 0.3 The toughness of Ly, ,n equals min(2— %,2— m{) (k>
1, m>1).

PROOF: By the above lemma, we only have to investigate G = L. Taking
X = N(0) shows that t(G) < (3k—1—k)/k = 2—1/k. Taking X = N(0)U{2}
shows that t(G) < ((3k — 1) — (k= 1))/(k— 1+ 1/m) =2 —2/(m(k — 1) + 1).
Conversely, if {i, y} is an edge of G, then V'\ (N (x)UN (y)) is complete bipartite
or a coclique. Thus, if some subgraph X of G has at least two non-singleton
components, then w(X) = 2/m and |V \ X|/w(X) > 4/(2/m) = 2m > 2 so
that X does not determine the toughness. If X has precisely one non-singleton
component, say containing the edge {0,3t + 1}, then the set S of all vertices s
such that {s} is a component of X is contained in one part of the bipartition
on the vertices nonadjacent to both 0 and 3t + 1; say, S C {3t + 3,...,3k — 3}.
Now |V \ X|/w(X) > |N(S)|/(|S| + 1/m). But when |S]| is given, |[N(S)|
is minimal when § is ‘consecutive’ § = {3a,3a + 3,...,3a + 3}, and then
IN(S)I/(IS| + 1/m) = (k+7)/(r + 1 + 1/m). This again is minimal when [S|
is maximal, i.e., for t = 0 and r = k — 2, and then |[N(S)|/(|S| + 1/m) =
2 — 2/(m(k — 1) + 1). Finally, if X has only singleton components, a similar
but easier argument again shows that we get the smallest quotient by taking
X a maximal coclique, and then this quotient equals 2 — 1/k. ]
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Accessing multimedia information in a networked environment
introduces problems that don't exist when the same information is
ac:zessed locally. These problems include: competing for network
resources within and across applications, synchronizing data arrivals
from various sources within an application, and supporting multiple
data representations across heterogeneous hosts. Often, special-
purpose algorithms can be defined to deal with these problems, but
these solutions usually are restricted to the context of a single
application. A more general approach is to define an adaptable
infrastructure that can be used to manage resources flexibly for all
currently active applications. This paper describes aspects of a
research program into adaptive, networked multimedia that started
at CWI!in 1991.

1. Problem Overview

Networked multimedia is a generic term that describes a model of information distri-
bution in which data sources are located separately from data sinks. Networked mul-
timedia offers a number of advantages to applications: the network provides a
convenient means of distributing information to other sites, it provides access to
compute servers where special-purpose processing of multimedia data can take place,
and it provides access to central servers that can be used to store the often vast
amounts of data required to represent multimedia information fragments. At the same
time, however, networked multimedia presents an application with a number of dis-
advantages when compared to accessing and manipulating multimedia data locally:
the data delivery characteristics of the network are difficult to predict and control, the
contention for critical system and data resources across the network makes balanced
data access difficult to achieve, and differences among network hosts may make data
objects difficult to share.

In order to make networked multimedia more useful to application designers and
users, considerable effort needs to be devoted to studying the way that data servers,
operating systems and network infrastructures provide access to time-sensitive data.
Most current approaches define extensions to “conventional” means of accessing
remote data to provide predictable network service and performance. For example,
predictability is provided in data object servers (either file servers or database sys-
tems) by supporting efficient object storage and retrieval/delivery [DBL92,RV91] and
in operating systems by supporting quality of service guarantees for delivery of (pos-
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sibly) complex data types [ABLY2.D91,GA91.HKN91.LMM92.TNP90]. At the network
level, support for predictable multimedia is provided by, among others, admission
control techniques that regulate use of resources and by technologies that provide
deterministic network/data access [CSZ92. HM91.JST92.LG91.VF90,T90]. The basic
premise of this work is that an application will request a data object (or a collection
of objects) requiring a specific amount of resources during a specified time. If these
resources are available, the application can execute; if not, the application is either
delayed or it is denied access to the resources.

An implicit assumption in current approaches is that the application program bears
a significant control burden in requesting and coordinating multimedia information.
Consider, for example, the application environment shown in Fig. I. Here, an appli-
cation running on node a requests multimedia data from four sources located on three
separate servers. The application must know the resource requirements of each
stream of data it uses (where we use the term “stream” to mean either a single object
or a collection of similarly-typed objects from a single server), it must coordinate the
arrival and manipulation of multiple independent streams. and it must take any
actions necessary if a given stream cannot be provided by the infrastructure. In gen-
eral, the application software must control all content-based actions in or among the
streams in the context of the application, while the infrastructure will control repre-
sentation-based actions within a single stream in the context of service guarantees or
network/server activity.

The content/representation division of control works well in environments where
sufficient resources exist to handle an application’s request fully or where insufficient
resources exist to handle the requests at all. It is less effective when an application
can receive only partial support of its requests. In Fig. 1, suppose that one of the
requested data streams could not be made available at the required level of service.
An application may decide to skip this data object (or the collection of objects associ-
ated with that stream), or it may decide to substitute another data object or object
server. In effect, the application program is engaged in a process of resource alloca-
tion: it is attempting to match its data needs to the resources available at various loca-
tions in the support infrastructure. Unfortunately, to do efficient resource allocation—
even if this means only selecting from a set of available data streams—the applica-
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Figure 1. Simple multimedia information client/server example.
The client (a) is fed by three servers (b, c¢. d), one of which supplies tvo data types.
(The structure of the client and the client’s application is not shown.)
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tion needs to know how to best make use of the available infrastructure. This involves
issues that most applications programs are ill-equipped to resolve. (It also requires
applications to be rewritten when they are moved to new environments.) Alternatively,
the operating system or the data servers could handle all resource allocation, but the
(local) operating system will have only limited knowledge of the state of each of the
servers and other applications active within the networked environment, and the data
servers will be able to manage only their own streams, not other streams in the infra-
structure.

This paper presents an alternative approach to supporting networked multimedia that
is being studied within the Multimedia Kernel Systems group at CWL. Our work is
aimed at studying coordinated application and infrastructure-based support for adapt-
able applications. Here, adaptable means that an infrastructure can be defined so that
an application can adapt to the resources available at the time the application is run.
The types of adaptability we consider include responding to (possibly transient) varia-
tions in the number and composition of network and remote resources that are avail-
able during application execution, as well as application and server support for
heterogeneous collections of input/output devices. Our approach is based on two mech-
anisms. First, we define an application specification that explicitly describes the data
objects used by an application, the manner in which the objects interact, and the avail-
able ranges of alternatives that are acceptable to the application at run-time. Second,
we define an interface to the data objects that allows alternative representations to be
selected at run-time by a process of application-transparent negotiation at run-time.
This approach is specifically geared to applications that have a document or presenta-
tion structure. An authoring system (such as [RIM93]) can be used to generate a specifi-
cation that can be accessed/executed at some later time. By allowing the execution to
be adaptable, one specification can potentially allow an application to be available
within a heterogeneous environment under a range of resource availability conditions.
As will be discussed, this can help to reduce the high cost of authoring multimedia
applications and it can lead to more efficient use of multimedia infrastructures.

In the sections below, we describe the framework for partitioning control responsi-
bility within the system infrastructure to support adaptable applications. This frame-
work, the Amsterdam Multimedia Framework, distinguishes itself from other
approaches because of the cooperative and distributed nature of resource allocation and
control among a collection of independent multimedia applications.

2. Requirements for Adaptable Networked Multimedia

In order to support adaptable networked multimedia, an underlying framework is nec-
essary that defines how information is structured, composed, accessed, and manipu-
lated, as well as how it is stored and transmitted among sources and sinks. In this
section, AMF: the Amsterdam Multimedia Framework is presented. To put AMF in
context, its description is prefaced with a discussion of the type of multimedia applica-
tions it was intended to support and a review of the control issues that the framework
must address.
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2.1. Multimedia Application Descriptions: The Document

Our abstraction for organizing multimedia information is the document. A document
defines a collection of data objects and a description of how these objects interact.
Each object may consist of previously-stored information or information that is gen-
erated dynamically. Such information can be of either a single data type (such as pure
audio or video) or of a composite data type (such as video with embedded audio). An
active document is called a presentation.

Fig. 2 provides an example of a document-based multimedia application—in this
case, a fragment of a walking tour of Amsterdam. This fragment contains a title bar
using text data, a description of typical shopping street using video data, several “but-
tons™ using text data that control navigation through the document, a CWI logo using
still-image data, and two sets of captions (one in English, one in Dutch) using text
data. The document from which this example is taken also has two sound tracks (one
in Dutch, one in English) that provide audio commentary during the tour. The data
objects can be stored on various servers located throughout the environment. When
the document is accessed, each of the individual object streams is sent to a document
plaver, which implements any high-level (non-embedded) synchronization con-
straints among the streams (such as matching the subtitle text with the audio data).
Each document, such as the tour of Amsterdam in our example, is specific to a partic-
ular application; the player is a general-purpose program that must be able to play
many different documents.

The primary advantage of using a document model is that it provides an explicit
behavioral specification. This behavioral description can be used to fetch individual
data objects by a player, but it can also be used prior to execution to analyze expected
application resource use and feasibility for a given environment [BZ92a]. Assuming

Shopping in Amsterdam ‘c@

= < R

The charm of shopping in Amsterdam is in discovering the speciality ...
De charme van winkelen in Amsterdam ligt in het ontdekken van leuke ...

| begin route over |

Figure 2. An example multimedia application.
The rectangles along the bottom are navigation controls; the square in the picture
is a hyperbutton. The lines of text are captions that accompany multi-lingual audio.
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the specification was defined to run in a general-purpose environment (that is, it was
not designed for use on one particular platform), the specification can also be used to
determine how (and if) the synchronization needs of the application can be supported
at run-time [BRL91].

Creating documents using authoring systems or program-based toolKits is typically
an arduous task. One motivation for investigating adaptable networked multimedia was
to provide reduce the overall effort of producing multimedia presentations by a means
of reusing document structures in multiple environments once they were authored
[BRLY1,HBR93b].

2.2. Supporting Adaptable Documents:
Data-F epresentation and Document-Content Issues

During ana ysis of a document, it is typically assumed that the specification provides a
precise description of the needs and characteristics of the application. Our work inves-
tigates the use of a specification as a guide to possible resource and data use, depending
on the resources available at execution time of the document. While pre-execution
analysis can provide a useful first step in determining specification feasibility, it cannot
resolve all of the issues that may influence the run-time needs or run-time behavior of
an application. In defining a basis for adaptable documents, two classes of issues can
be identified that influence document analysis and support: issues associated with the
physical representations of multimedia data and issues associated with the content-
based interactions of users with multimedia data.

2.2.1. Representation-based issues.

One major difference between multimedia data and “conventional” electronic data is
that multimedia information can require specific service guarantees to preserve syn-
chronization properties of the data. These properties are the consequence of how multi-
media data is represented, not the meaning of the data itself. While the representations
of each data type vary, there are several common issues that are relevant for all time-
sensitive multimedia data:

* intra-object synchronization: each component can have synchronization con-
straints that are related to the type of data being retrieved. For example, the video,
audio and caption-text data in Fig. 2 each have their own synchronization con-
straints. These constraints must be supported by the source environment, the net-
work infrastructure being traversed and the destination environment. These
constraints can usually be managed on an end-to-end basis [D90,D91];

* inter-object synchronization: in general documents, data will be encoded in sepa-
rate streams of objects, each of which may be located at different hosts. While
inter-object synchronization is often controlled in the context an of application,
the composite transfer of data may need to be coordinated to improve system effi-
ciency. For example, synchronization of audio data and caption-text can be done
by the application, but it can be done more efficiently using markers placed in the
data objects and evaluated by the support software;

* heterogeneity: in general environments, all of the presentation workstations will
not be identical. Information may need to be adapted at either the source or the
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sink to meet the needs of a presentation environment, where the adaptation pro-
cess may itself have an influence over which parts of a document are available to
a user—a process that may also impact scheduling, resource allocation and syn-
chronization with the network.
Bandwidth management can also be included among the representation-related
issues. In spite of the trend toward faster networks and more highly-encoded infor-
mation, the transfer capacity of the various interconnects will remain a critical
resource that must be managed—either because application demands will grow or
because multiple types of networks will coexist at a site, requiring a degree of coordi-
nation and management when allocating local and global resources efficiently.

2.2.2. Content-based issues.

The reason for isolating representation-based issues is to consider ways of providing
other than worst-case resource allocation in an adaptable environment. In a similar
manner, the actions that occur based on the content of a document will also affect the
way that documents are fetched, composed and delivered. These include:

o user selectivity: not all of the information available in a document may be used
each time the document is accessed; for example, although the document in Fig.
2 supports multilingual audio and/or captions, users usually don’t want to hear
or read all of the available languages simultaneously. (Note that the selection of
desired information is made at run-time—not author-time—and that the selec-
tion may be influenced by the facilities available on a given playback platform.)

» presentation non-linearirv: the order in which objects are accessed and presented
depends on the document structure and the result of user interaction at run-time.
For example, users may want to jump around in a document by scrolling forward
or backward or by following hyperlinks that have been defined statically or
dynamically in the document; in Fig. 2, a small rectangle is visible over a traffic
sign in the mid-right portion of the street—selecting this button will transfer the
user to a section discussing the merits of getting around by bicycle, car and tram
in the city.

* user flexibilitv: in general, documents are activated because a user wishes to
obtain information. Given a choice, it is our experience that users will tolerate a
lower quality presentation instead of being denied access to a presentation
totally. Such lower quality may manifest itself as (slight) delays in the presenta-
tion of parts of a document or in the substitution of a lower-resolution form of
information for a higher-resolution one. (The term “resolution™ is used broadly:
it could mean substituting a piece of text for a picture or an audio fragment for a
piece of video.)

Each of these factors affects the support mechanisms required to provide adaptability
in a document. The notion of user selectivity means that static analysis of a document
before it is executed may not provide an insight into how a document will actually be
used. Similarly, presentation non-linearity could result in “jumping” to various parts
of a document, each with its own quality of service requirements. As a result, effi-
cient use of an infrastructure will require dynamic rather than static assignment of
resources across the network. User flexibility means that some degree of run-time
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Figure 3. AMF "active” components.

negotiation may need to be supported so that the information presented to the user can
be matched to the resources available at the time individual data access requests are
made.

3. AMF: The Amsterdam Multimedia Framework

Although many of the techniques required to support representation-based control and,
to a lesser extent, content-based control can be taken from existing research results, it
is important that these results be applied within a framework that provides an explicit
partitioning of control concerns across components in a network infrastructure. This
provides a definition of the scope of each technique and can result in better interaction
among components. The AMF provides this partitioning for our work.

Fig. 3 illustrates AMF. Here, many applications (AP) communicate with adaptive
information objects (AIOs) via an infrastructure that is managed by a set of local oper-
ating systems and a global operating system. The LOSs and GOS coordinate resource
allocation, while the APs and AIOs request and deliver information, respectively. Note
that the AMF does not solve the multimedia data transfer problem, it only characterizes
the components in an environment and it indicates their interactions. Individual models
still need to be developed that implement the general functionality of the framework.

The general structure of AMF is similar to client/server models of networked com-
puting. The difference is that within AMF, the control of multimedia is a cooperative
process that requires content-based coordination among all components. For example,
assume that one of the APs requests two object streams, each from separate AIOs on
two separate hosts. Assume further that one of the AIO is able to meet the service qual-
ity request of the application directly, while the other one is not. In this case, both could
inform the application of their available degree of service (leaving the application to
select an appropriate recovery action) or the two AIOs could communicate with each
other to determine if there was a common level of service that both could provide that
was acceptable for that application. This could be possible if:

« each of the AIOs was aware of the other’s presence,

« each AIO was aware of other’s service constraints, either directly from copies of
the application specification or by intervention of the GOS and/or each LOS, and
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* both AIOs were aware of the range of options acceptable to the application and
supportable by the LOS/GOS.
Standard client/server architectures do not provide a basis for this type interaction.
As we will show, AMF was specifically designed to provide it.

The underlying assumption of the AMF is that none of the individual components
in a transfer has sufficient information to efficiently control resource allocation and
inter-object synchronization. A pair of components, such as an AP and a single AlO,
is also insufficient, since both end-points could think they could provide a degree of
service without realizing that the network interconnect was overloaded or that other
applications were about to request service. Instead, by using the information in a doc-
ument specification to be able to look ahead into an application’s future behavior,
new techniques for resource allocation in its broadest form can be studied for each
component. Unlike typical client/server models, these techniques are not based on a
notion of lower-level protocol data independence, but rather, on distributing control
so that support decisions can be made in light of the needs of applications throughout
the network. The scope of AMF control activity is discussed in the following para-
graphs.

3.1. The application process (AP).

The role of the AP is to supply the other components within the AMF with a specifi-
cation of the object streams used by an application, as well as a definition of any
inter-object-stream synchronization requirements and a set of options that can be
used in providing adaptable control (see section 3.1 for an example). The AP itself
functions like the player described in section 2.1: it provides a control interface to the
user to provide high-level interaction with the network. (“High-level” means opera-
tions like start, stop, pause, fast-forward, seek, etc.)

In terms of the issues defined in section 2.2, the player provides a user interface to
the execution environment, allowing the user to select the parts of a document that
need to be played, to navigate through the document and to define the degree to
which a document can be adapted. (For example, if a user plays a document on a dis-
connected portable machine, more tolerance for missing data object may be speci-
fied). The player has only a limited role in implementing any representation or
content-based control operations other than possibly supporting heterogeneous
data—this is because the player is a general-purpose interface, while the specification
provides the other AMF components with the information necessary to adapt to the
needs of the multimedia application.

3.2. The local operating system (LOS).

The LOS serves as a scheduling authority that controls access to I/O devices attached
to the local workstation. The LOS would typically allocate resources based on its
architecture-specific knowledge of the local operating environment and the document
specification provided by the application. While the LOS has the responsibility for
controlling the flow of information in and out of the local environment—including
presenting information to and receiving information from the network controller(s)—
it cannot control activity outside of its environment because it has only a limited view
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of what is happening across the network: individual sources may need to sub-sample or
pre-synchronize streams within a document or there may be other active documents
generating competing requests for resources that are totally outside the scope of a local
operating system.

The LOS can participate in managing various data streams for an application by
implementing a negotiation process among data providers within the network. The
LOS (together with the LOS of an information provider) can also be used to implement
the end-to-end protocols associated with intra-object synchronization. Both of these
types of service can be provided directly or in conjunction with a GOS. In general,
local resource control should be as light-weight as possible; this provides the user with
a responsive environment and the rest of the network with a non-intrusive element.

3.3. The gibal operating system (GOS).

The role of the GOS is to allocate resources on a network-wide basis. It has a view of
network activity that is more comprehensive than the APs, the AlOs or the LOS, since
it can coordinate activity among independent applications that use the central network
but which originate from different workstations. The GOS can provide support that is
independent of any particular workstation architecture, acting as moderator or mediator
if conflicts arise. (Such a role may be more appropriate in wide-area implementation
than in local area networks.) Note that it would be possible for a given implementation
model to combine the functions of the LOS and the GOS, although from the point of
view of the framework, it is important to recognize that the functions served by both
abstractions are different. The primary practical motivation for keeping the LOS and
GOS separate is that workstations in a heterogeneous environment cannot be assumed
to have similar local operating systems. (They will also most likely have local systems
that cannot be altered or adapted to provide extended multimedia support.) The archi-
tecture of the GOS allows global concerns to be factored out of the local environment,
even to the point that it is possible to design attached-processor implementations sup-
porting GOS functions [BL91].

3.4. Adaptive information objects (AlO).
The AIO provides applications with an interface to stored, synthesized or interactive
information. In supporting access requests, the AIO separates the notions of multime-
dia information and multimedia information representation. In this way, AlO presents
an abstract interface that is used to control access to one of several representations of a
block of *information.” For example, it can be used to substitute an audio description of
a video if the user, the user’s workstation, the network or the server’s host cannot sup-
port video delivery. By providing alternative representations of information, the AIO
provides quality of information support rather than quality of service support. (The lat-
ter term is more appropriate for representation-dependent manipulations, while the
former is more appropriate for content-based selection.) Note that the AIO does not
give you something for nothing: it simply provides a general framework that needs to
be filled in by data-dependent code and, if appropriate, alternative representations.
Based on the contents of an application specification, the AIO can enter a process of
negotiation to provide an application with an appropriate representation of information
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that meets the constraints of conditions in the AP, LOS and GOS. The goal of the
AMF is that individual implementation models do this negotiation transparently; the
motivation for this is that by the time a user goes through the operations necessary to
interactively select an alternative representation, the resource constraints that
prompted the original negotiation request could have changed. We also assume that
most authors would prefer to select the alternative representations which should be
used, based on the author’s insight into the application domain. (Note that individual
AP implementation models may provide both types of control.)

4. Current Status and Summary

The AMF is based on the assumption that resource control in a multimedia net-
work should be adaptable, and that the adaptive process should be distributed over
the application, the local operating system, the global (distributed) operation system
and the AIOs involved in a transfer. Each of these layers has a specific insight that is
important in controlling multimedia transfers. Although each of these insights are
necessary, AMF also attempts to limit the scope of any one layer by giving each layer
a specific set of concerns to process.

Support for AMF is an on-going research activity. At present, an authoring system
has been developed to capture document models in a form that are suited to imple-
mentation within the AMF. We have also defined a hyper-information architecture
that can be used to describe application-level interactions at runtime within an AMF
context. Of the implementation projects, the CMIF authoring environment and its
run-time player is the most advanced, while support for general AIO manipulations is
at an early stage. Work on the AIO is tied to the development of an LOS/GOS infra-
structure and the development of semantic facilities that can be provided to support a
wide range of resource, synchronization, and representation control operations. We
have performed initial presentation mapping experiments [BW93], but it is too early to
draw any conclusions on the utility of this approach.

All of our activity in the Multimedia Kernel Systems project is aimed at under-
standing the basic relationships that exist in supporting multiple multimedia applica-
tions in a heterogeneous network environment. In the current version of our work,
this global function is replaced by a separate client and server pair that transparently
negotiate the format of the information to be used to satisfy a particular object refer-
ence based on the characteristics of the target system, the load on the network, the
types of alternative representations that the client will accept, etc. This transparent
interaction is important because it offers an opportunity for the system to respond
quickly to transient conditions in the environment, but it is difficult to achieve in the
light of closed operating systems and multimedia devices. It is our long-term inten-
tion to investigate the support of distributed operating systems technology that will
allow CMIF specifications (or its successor) to get passed among all of the compo-
nents of the AMF, each of which will pick out the information it needs to support the
synchronization and resource requirements of the application [B92].
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Yet Another Lecture on the lcosahedront

Arjeh M. Cohen*

1 Introduction

In the perind 1984-1992, one of my research goals was to establish the existence
of certain (non-abelian) finite subgroups of exceptional Lie groups. My main
collaborators on this topic were R.L. Griess, Jr. and D.B. Wales.

Some of these embeddings could be done entirely by theoretic arguments
and hand calculations. For the others, the best we could do was to reduce the
problem to a form suitable for the computer to finish off the computations.
I would like to sketch the nature of such computations using a few simple
examples, thereby illustrating the improved possibilities of polynomial system
solving.

Also, 1 will sketch roughly how, very recently, Serre has shown that the
reduction technigues we developed can be pushed so far that at least the most
spectacular of the existence proofs can also be done without recourse to a
computer.

I will write about one more issue, as it represents some of the interactions
between mathematics and computer science that Cor Baayen enjoys seeing.
It is the use of rewriting techniques in group theory, in wuch the same way
they are used in Buchberger’s Grobuner basis approach to polynomials—the
technique that lies at the heart of the present polynomial system solvers.

Before going into some of these details, I will present an elementary intro-
duction into group representations. The quaternion group (of order 8) and
the icosahedral group (of order 120) will be used to illustrate the ideas. The
rotation group of the latter is the nonabelian finite simple group of smallest or-
der. This may explain a bit why it is a gateway to understanding finite simple
groups.

2 The quaternion group

Let G be a finite group. A classical group theoretic question is to determine all
possible realisations of (7 as a group of matrices. To be more precise, one would
like to know all possible morphisms p : G — GL(V) from G into the group
GL(V) of all linear transformations of a vector space V over a fixed field k.

*Written for Cor Baayen in gratitude for his réle in my professional life.
Inspired by the 100 year old [K] and the introduction to [BCN].
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Such a morphism is called a linear representation of G (over k). If n = dim V|
then p is said to be n-dimensional.

In fact, we are only interested in representations up to equivalence; we recall
that a representation p’ : G — GL(V') over k equivalent to p if there is a linear
invertible map A : V — V' such that p(g) = A 'p/(g)A for all g € G.

Another restriction we make here is the field: we shall only look at represen-
tations in characteristic 0 here. In fact, we shall take & = C for the time being,
in which case we speak of complex representations. Consider representations
of the quaternion group

Q = {41, i, +j, £k}
with multiplication determined by
2=j?=k>=-1 and ij=-ji=k

(and the fact that —1 is a central element of order 2).

It makes sense to restrict to irreducible representatious, i.e., those that have
no “subrepresentations” but for the zero-dimensional and the full vector space
V. Every complex representation can be decomposed as a sum of irreducible
representations.

There always is the trivial representation, sending every element to the 1 x 1
matrix (1). But @ can also be represented as a group of 1 x 1 matrices by the
morphism

+1+—1, i1, £j— -1, £k —1.
The trivial representation and this one are not the only 1-dimensional repre-
sentations. There are two more 1-dimensional representations. (one sending
+j to 1, the other sending +k to 1, instead of +i). None of these provides
a faithful (that is, injective) representation. But the following 2-dimensional
representation is faithful:

. 1 0 . i 0
:tl»—>:l:<0 1), :l:lr—v:l:(0 _[.)

. 0 1 0 i
:i:‘]l—,:l:<_1 0), ikHi(i 0).

How do we find such a representation? Suppose () has a 2-dimensional
faithful representation p. Then, from the fact that p must be irreducible (sums
of 1-dimensional representations are not faithful!), we know that p(1) is the
identity matrix I, and, similarly, that p(—1) = —I. Furthermore, p(j), being
an element squaring to —I, can be chosen, up to conjugacy, to be

p(3) = (_01 (1)>

Now all we need to find is p(i), because the morphism law p(zy) = p(x)p(y)
will then determine the images of all remaining elements. Write

p(i) = (?, Z)
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for certain a,b,¢,d € C. Working out that p(i)? = —I, and that (p(i)p(j))? =
—1I, yields a set of equations in these four variables. Solving these equations
readily leads to the conclusion that, for any a,b € C with a? + b2 = —1, the
morphism p, ; given by

1 0 . a b
:I:lH:l:(O 1), :|:1-—>:|:(b _a)

(0 1 b a
s (8 1), mems( 1)

is a 2-dimensional representation of Q.
The choice a = i, b = 0 gives the representation p mentioned before. Any
representation p, ; is conjugate to p; if b # 0, then the matrix

i—t —s
A—( s -i—t)’

where t =i — s(a + 1)/b, conjugates p to pa .

The four 1-dimensional representations and the 2-dimensional one are all we
need to build up the full set of linear representations of @ over the field C.
Up to conjugacy, these are the only irreducible representations. The theory
on which this assertion is based is known as character theory. A consequence
of this beautiful theory is that the sum of all squares of the dimensions of
the distinct (non-conjugate) irreducible representations equals the order of the
group. Here, this amounts to

124+12+1%2412422 =8

It is of interest for the study of representations over finite fields to know
minimal extension fields & over the rationals such that the represented group
embeds in a version of GL(V) defined over k. A look at p for the quaternion
group shows that the 2-dimensional representation is realised over Q(¢). But if
we take a = 3, b = 2v/—2, then p,,(Q) is realised over the field Q(v—2) and
clearly no conjugate of p can be realised over Q. This indicates that there is no
minimal extension field of Q attached to the class of representations in GL(V)
containing p. Later we shall see that this seeming lack of a unique minimal
“splitting field” for Q is due to the restricted notion of representation handled
here.

3 The group of the icosahedron

The isometry group of the icosaliedron (the usual Platonic solid in 3-dimensional
Euclidean space) can be abstractly defined as the group W generated by the 3
elements x, y and z subject to the relations

2oyt
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(ry)* = (y2)° = (22)* = 1.

Such a definition by means of generators X = {z,y,2} and relators ¥ =
{22, 4%, 22, (xy)?, (y2)?, (x2)?}, often succinctly written as
W=(X]Y),

is called a presentation by generators and relations.

The abstract presentation of the icosahedral group can be understood by
looking at the classical icosahedron. Cut the surface of the icosahedron into
domains by means of the hyperplanes that are the mirrors of reflections pre-
serving the icosahedron. By doing so, and selecting one of the 120 domains,
we can identify the three generators x, y, z with the reflections whose mirror
hyperplanes bound the selected domain of the icosahedron.

Surprisingly enough, we can go the other way around: by constructing the
most general graph whose vertices are (transitively) permuted by the elements
of the group W, we find the icosahedral graph. Let us perform this construc-
tion in some more detail. Start with a vertex, and label it with the trivial
elenent of the group. We make three neighbours of 1, labeled z, y, z (the three
generators of the group W). We also label the edges {1,x}, {1,y}, {1, 2} with
the respective labels x, y, z. The graph under construction nust allow for an
action (on the left) of the generators as a group of automorphisms. It will be
most convenient to think of the graph under construction as one whose edges
are labeled with z, y, z.

Since the three generators are elements of order 2 (see the first line of relations
for W), we can think of view each of them as a permutation interchanging the
vertices of an edge on 1 whose label coincides with its name. The vertex of
that edge distinct from 1 will then be labelled with that namne as well. But the
picture is still far from being complete: it has not yet been described to which
node y maps the vertex x. Left multiplication by y, being an automorphism
of the graph, must send the edge {1,z} labeled x to the edge {y,yx}, labeled
x. Thus, we find a new vertex yx, connected to y with an edge labeled .
Leaving alone z for a while, we continue this way, joining yry to yr with and
edge labeled y, joining yryr to yry with an edge labeled x. Then we reach
yayry, which is joined to yryr with an edge labeled y. The relation (xy)* =1
(on the second line of relations for W) and the fact that x and y are their own
inverses (being of order 2), tell us that the element yryry coincides with .
Moreover, the edge {yzyry, yryr} can be rewritten as {x,xy}. Thus, we have
found a circuit of length 6, with nodes 1,y, yx,yxry = ryzr,ry,x whose edges
are alternatingly labeled y and x. This circuit is, all by itself, a graph on which
the group with presentation (x,y | 22 = y? = (xy)* = 1) acts (regularly) as
a group of automorphisis. Thus, we have found a realisation for this group.
Apparently it has order 6 (the number of vertices) and is isomorphic to the
symmetric group on 3 letters (which can be seen by verifying that the group is
fully determined by its permutation behaviour on the three edges labeled ).

Returning to W, we can throw in z and continue in much the same way.
Cor Baayen is encouraged to try this. If the edges labeled x, y, z are drawn as
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dotted lines, ordinary lines, fattened lines, respectively, the result is as depicted
in Figure 1.

)

Figure 1. The Cayley graph of the icosahedral group

The number of vertices is 120, which is the order of the group W. In fact,
the vertices of the graph can be identified with the elements of the group. In
order to do so, select a vertex (which may be taken to be the starting point
of the construction procedure that we just described) and identify it with the
trivial element 1 of W. Next, associate any other vertex v with the element of
W that can be found as follows: select a path from v to 1, and write down the
consecutive labels of the edges of a path from 1 to v. This produces a word
expressing v as a product of the generators x, y, z of W.

So far, we have obtained a very geometric description of the abstractly de-
fined icosahedral group. The reader may wonder how much of a miracle just
happened. In general, that is, for arbitrary presentations by generators and
relations, the technique we have carried out a special “ijcosahedral” case of,
is known as the Todd-Coxeter coset enumeration method. The construction
of the graph will not always be as straightforward as in the above example.
The reason is that collapses of a more drastic nature than the identification of
yryry with = above may occur. It usually happens that a whole collection of
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new vertices has to be created before a collapse is found to occur. In fact, pre-
sentations by generators and relations of the trivial group are known which only
produce the graph on a single vertex after an enormous intermediate growth
of (temporary) vertices.

An even bigger problem is that, especially when nothing is known a priori
about the presentation of the group, termination is not even guaranteed. The
single positive (but very powerful) result regarding coset enumeration is that,
due to a result of Mendelssohn, cf. [Suz], it terminates if the resulting group
is finite. (There is no a priori indicator known though as to how long it might
take before termination takes place.)

The more general coset enumeration takes as input not only a group specified
by generators and relations, but also a subgroup. The resulting vertices of
the graph will then correspond to the cosets of the subgroup. Once a coset
enumeration has been completed, a permutation representation for the group
results. The upshot, for finite groups G, is great in that many good algorithms
exist for determination of the structure of a permutation group (certainly when
compared to the algorithms available for groups presented by generators and
relations).

4 How to find 3-dimensional representations

In this section, we show how using Grobner basis methods, one can find 3-
dimensional real (or complex) representations for the icosahedral group W.
The construction will be similar to the one for the 2-dimensional (uaternion
group. Only this time the computations are done by use of a computer algebra
package (for finding a Grobner basis).

Thus, suppose ¢ : W — GL(R?) is a 3-dimensional representation of 1.
We assume that  and z are mnapped to distinct elements in GL(R®). Observe
that, without loss of generality, we are in one of the following cases:

-1 0 0 1 0 0
Lo(x)=1 0 1 O}andep(z)={0 1 0 ];or

0O 01 0 0 -1

-1 0 0 1 0 0
ILgp(x)=1 0 -1 OjJande(z)=[0 -1 O

0 0 1 0o 0 -1

Since, for every representation ¢, there is also a representation 1 of W with
P(u) = —¢(u) for u equal to x, y and z, we only have to consider representations
¢ as in L. Let us do so. Then ¢(u) is a reflection for u equal to x, y or z.

In order to extend ¢ we need to find a matrix ¢(y) = (¥ij)i1<ij<s-

Since ¢(y) is a reflection, its trace is 1. This gives us the following linear
equation for the entries of y:

yia+y2+yss=1
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Similarly, as ¢(xy) is a real element of order 3 (it cannot be of order 1
because ¢(z) and ¢(z) are distinct), its trace must be 1. This gives another
linear equation for the entries of y, namely

—y11 ty22+yss =0.
The following is a Maple progranune that creates the equations for the coeffi-

cients of ¢(y) that follow from the relations between the elements x, y and z
of W:

with(linalg):

#The three matrices we start out with:

x := matrix(3,3,[[-1,0,0],[0,1,0],[0,0,1]1);
z := matrix(3,3,[[1,0,0],[0,1,0],[0,0,-111);
y := matrix(3,3, [[y11,y12,y13], [y21,y22,y23], [y31,y32,y33]1);

#putting the unknown in a list:

vars := [y11,y12,y21,y13,y31,y22,y23,y32,y33];

# Create the identity matrix of dimension n:

idmat := proc(n)
local ams,i,j;

ans := matrix(a,n);

for i to n do for j to n do ans[i,j] := 0;
if i=j then ansli,j] := 1 fi od od:
evalm(ans)

end;

#use it to construct the 3-dimensional identity matrix:
idm := idmat(3);

# Given a matrix, derive the equations

# for its coefficients to be zero.

mkeq := proc(a)

local i,j,answ;
answ := {};
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for i to rowdim(a)

do
for j to coldim(a)
do
answ := answ union {a[i,jl}
od
od;
answ

end;

# The relations for x, y and z imply the following equations:

y2 := evalm(evalm(y~2) - idm);
eqy := mkeq(y2);

xyx := evalm( x y x);
yxy:= evalm( y x y);
eqxy := mkeq(evalm(xyx - yxy));

yzyzy :=evalm( y z y z ¥y);
zyzyz = evalm( z y z y 2z);
eqyz := mkeq (evalm(yzyzy -zyzyz));

#loading the Groebner basis package:

with(grobner) ;

# the linear equations coming from the traces are

lineqs := {trace(evalm(y ) ) -1, trace(evalm(x y ) )};

# We do the Groebner basis computation in 3 steps.
# After each step one can simplify the equations by hand!

gby := gbasis(eqy union linegs ,vars,plex);
gbxy := gbasis(eqxy union convert(gby, set),vars,plex);
gbxyz := gbasis(eqyz union convert(gbxy,set),vars,plex);

The Grobner basis found by the computer algebra package has the following
form:
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{2y11 — 1,912 + 4y32913Y33 + 2y13Y32,
2y23Y31 + Y21 + 4Y31Y23y33, 2Y13Y31 + yss — 1,
222 + 2us3 — 1, 4yazyse — 1, —1 + dy3y — 2ys3}

From the “upper-triangular” structure of the Grobner basis, the general
shape of a solution up to algebraic conjugacy is readily seen to be

1 —Ys2 _ V53
2 2y3 8ya1
— yn (\/5+3) 1-V5 1
(D(y) T Ay 4 4ys2
5+1
Yit Y32 —[QL

with y31, ys2 both nonzero. In fact conjugation by suitable diagonal matrices
shows that all solutions lead to equivalent representations (up to algebraic
conjugacy, so in fact to two classes of representations).

By the way, using the same computer algebra package, checks can be easily
carried out to verify that the solution ¢(y) indeed gives a linear representation.

In a subsequent section, we shall show that a 3-dimensional representation
can easily be written down directly by applying the theory of Coxeter groups
to W.

5 Representations in algebraic groups

As we have seen, faithful representations for a finite group G are embeddings
of G in a group of the form GL(n,k). This point of view raises the question
whetlier we can determine all embeddings of such a group G in other linear
algebraic groups. Algebraic groups can be viewed as subgroups of GL(n, k)
stabilizing certain forms. For instance, the so-called symplectic groups are
subgroups of even-dimensional linear groups stabilizing a non-degenerate bilin-
ear alternating form. The crucial point is that such subgroups are algebraic
subvarieties of GL(n, k) as they are zeros of the polynomial equations obtained
by writing out for the entries of a matrix in GL(n, k) what it means to stabilize
such a form (or more forms).

For the classical (infinite) series of algebraic groups, this viewpoint gives
little news with respect to the usual representation theory, so naturally the
attention is led to the exceptional types Eg, Ev, Eg, F1,G2. By use of the
normal subgroup structure of a finite group, the problem can be reduced to
three problems, the most salient of which concerns the study of embeddings
of finite nonabelian simple groups in complex algebraic groups. Systematic
searches for such embeddings received an impetus by Kostant’s conjecture,
formulated in 1983. It asserts that every simple complex algebraic group G(C)
with a Coxeter number h such that 2k + 1 is a prime power, has a subgroup
isomorphic to L(2,2h + 1). Here, L(2,q), for ¢ a prime power, stands for
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the group of functions (so-called fractional linear transformations) of the form
2z az + b/(cz + d) defined on the projective line of order g.

For G(C) of classical type, Kostant’s conjecture is readily checked using
ordinary representation theory and the Frobenius-Schur index. For G(C) of
exceptional type the table below and the knowledge that h = 6,12,12,18,30
for the five respective exceptional types give an affirinative case-by-case answer.

A quick overview of the state of the art is supplied by Table 1.

Table 1.

Nonabelian simple groups L a central extension of which embeds
in a complex Lie group of exceptional type X,

X, L ’
G Alts, Altg, L(2,7), L(2,8), L(2,13), U(3,3)
Fy Alty, Alts, Altg, L(2,25), L(2,27),

L(3,3), *Dy4(2), U(4,2), O(7,2), 0*(8,2)
Eg Altyo, Altyy, L(2,11), L(2,17), L(2,19),

L(3,4), U(4,3), 2F4(2)', My, Ja
E; Alt1a, Altyy, L(2,29)°, L(2,37), U(3,8), My»
Es|  Altng, Altys, Altyg, Altiz, L(2,16), L(2,31), L(2,41)°,
£(2,32)7, L(2,49)7. L(2,61), L(3,5), Sp(4,5), G2(3). S=(8)”

There are two meanings to be attached to this table:

Theorem. Let L be a finite simple group and let G be a simple algebraic
group of exceptional type X,,.

(i) If L occurs on a line corresponding to X, in Table 1, then a central
extension of it embeds in G(C), with a possible exception for the five
groups marked with a “?”.

(ii) If X,, is as in some line of Table 1 and L appears neither in the line
corresponding to X,, nor in a line above it, then no central extension of
L embeds in G(C).

Here, to simplify the presentation,

a. we have deliberately neglected questions of conjugacy classes of embed-
dings, and

b. we have not specified the particular nonsplit central extensions of the
simple groups involved.

During my years at CWI, I spent considerable time and effort realising some
of the embeddings appearing in this table.

Ad a. An example where the conjugacy class question is more subtle than
suggested by the table is provided by L(2,13). By [CW93], it is isomorphic to
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a subgroup of F;(C) whose normalizer is a finite maximal closed Lie subgroup
of Fy(C), whereas Table 1 only hints at the existence of embeddings via a
closed Lie subgroup of Fy(C) of type G3.

Ad b. For instance, the simple group L(2,37) listed embeds into a group of
type E; but not in a group of type Ey because each embedding in an adjoint
group of type E- lifts to an embedding of SL(2,37) into the universal covering
group 2 - E7(C). Of course, the double cover SL(2,37) of L(2,37) embeds in
the universal Lie group of type E7, whence in a Lie group of type Es.

Another warning concerning Table 1 is perhaps in order: The main theorems
in [CW92] and [CoG] only concern subgroups not contained in closed Lie sub-
groups of positive dimension whereas Table 1 lists all finite simple subgroups
(whether in a closed Lie subgroup of positive dimension or not).

i. The choice of ceutral extensions of simple groups rather than just simple
groups is important because they are the ones nieeded for the generalized
Fitting subgroup.

ii. The table does not account for all groups that are involved in Es(C). For
instance, no central extension of L(5,2) is embeddable in Ex(C), but a
nonsplit extension 2{5+10} . [(5,2) does embed (cf. [A]).

iii. The group L(2,29) appears in a Lie group of type By, whence in one of
type Es. So, if the question whether a central cover of L(2,29) embeds
in F7(C) has a negative answer, the group should appear at the bottom
line of Table 1.

iv. Unlike the GL(n,-) case, knowledge of the classes of the individual ele-
ments of an embedded group L does not suffice to determine the conju-
gacy class of L in G. This has been observed by Borovik for the alternat-
ing group Alts in Ex(C). The problem of how many conjugacy classes
of embeddings of L exist ouly has a partial solution. See [Gr] for the full
solution concerning Ga.

v. The groups L(2,41), L(2,49) and Sz(8) do not appear as possible sub-
groups of E4(C) in [CoG]; the arguments ruling them out given there are
€IToneous.

vi. Another error in [loc. cit.] concerns the chiaracter given for L(2,31). The
restriction of the adjoint character for Ey(C) to the subgroup isomorphic
to L(2,31) constructed by Serre (see below) has a different character.

One of the more spectacular results is the embedding of L(2,61) in Ex(C),
the biggest of all five exceptional Lie groups. Using more refined versions of
the techniques described in §§2, 3, Griess, Lisser and I have been able to prove
that the suggested embedding exists and is unique up to conjugacy. In this
case, the algebraic group can be seen as the subgroup of GL(248, C) stabilizing
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a particular alternating trilinear form. Because our computations ran out of
hand, we did all computations over a finite field (Z/1831) and argued that, if
G embeds in a modular form of Es over Z/1831, it would also embed in Ex(C).
A key point in this argument was that G has order prime to 1831. This made
it possible to deduce that any extension of G by a normal (profinite) subgroup
of order a power of 1831, would split, that is, actually contain a subgroup
isomorphic to G.

Very recently, Serre ([Se]) realised that this condition is not always needed.
He started from a reasonable well-known embedding of L(2,61) in Eg(61).
Then, the lifting technique gives a subgroup L of Ex(C) that has a normal
profinite 61-subgroup N with quotient isomorphic to L(2,61). The important
step is to show that, as an extension of L(2,61) by N, the group L splits. For
the L(2,61) case, Serre needed a rather intricate argument; in'the same sweep
he also dealt with some other cases, like the embedding of L(2,31) in Ex(C),
where the argument is rather succinct.

The algebraic group setting is also the right one for reconsidering the minimal
splitting field question raised at the end of §3. Recall that, for the quaternion
group, there is no unique minimal field realising an embedding in GL(2,k).
However, if we look at representations somewhat differently, it turns out that
there does exist a minimal field for each conjugacy class of representations. To
this end, we need to allow for all k-forms of GL(V), that is all algebraic groups
whose complex points form the group GL(2, C).

In the above quaternion case, we have the following Q-form of GL(2, C):

H(E) ={a+Bi+j+6k|a,B,7.6 €k, o>+ 5% ++* 4+ 6% #0}.

This set forms a group, the basis elements of which multiply as the elements

in Q. In particular, @ is a subgroup of H(Q). To see that it is a Q-form of
GL(2,C), consider the injective morphism H(Q) — GL(2,Q(7)):

o . a+3i y+6i

a+ i+ 9+ ok — (—7+6i a'—;3i.>'

When extended to Q(#), and so certainly, when extended to C, this maps
becomes an isomorphism.

Thus, we have obtained a unique minimal field k, namely Q, for which there
exists a k-form of GL(V') containing . This illustrates a result due to Springer
[Spr] that for each group morphism p : G — H(C) from G to an algebraic group
H(-), there is a minimal field extension k of Q such that G embeds into a A-form
of H.

Coming back to this problem for the subgroup L(2,61), the minimal splitting
field is probably Q(v/61); but, to the best of my knowledge, this has not yet
been established. The next question is then, if k is the minimal splitting field,
which k-form is it that the subgroup embeds in? The various Q(\/ﬁ)-forms of
E4(C) are known by Cernousov’s work (there are 9).
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Together with Tiep ([CT]), I have found the minimal splitting fields for
some other remarkable subgroups of the exceptional algebraic groups, naniely
the Jordan subgroups.

6 The reflection representation

As promised earlier, we now come to another way of constructing a 3-dimensional
representation for the icosahedral group W. Tits has shown that, for the so-

called Coxeter groups, one can always find a faithful “reflection representation.”

The icosahedral group is a Coxeter group, whose reflection representation is

equivalent to the one found above.

We shall describe the construction of the reflection representation of the
icosahedra! group, thereby following the general construction for Coxeter groups.
Put o = ¢* + ¢3 and 7 = ¢ + (%, where ( = 2™ /5,

Starting point is a 3-dimensional space V (one dimension for each generator
of W), supplied with the symmetric bilinear form given by the following matrix:

2 -1 0
-1 2 o
0 o 2

Note that, if the rows and columns are labeled with x, y and =z, respectively,
the off-diagonal entries are —2 cos(w/m), where m is the order of the product
of the generators corresponding to row and to column. (This hints toward the
general case for those who know what a Coxeter group is.) Denote the bilinear
formn by (-,-). It is positive-definite, so the 3-dimensional space, supplied with
this form is Euclidean. Now, for a € V with (a,a) = 2, the reflection with
“root” a is given by
St W w— (w,a)a.

The reflection representation is determined by the images of x, y, z. These im-
ages will be the reflections s, for a the standard basis vectors: a = e, ez, e3.
These roots are called the fundamental roots of W. Thus, we obtain the fol-
lowing matrices:

-1 0 0
T = 1 1 0]},
0 01
1 1 0
y=10 -1 0],
0 -0 1
1 0 O
z=10 1 —o
0 0 -1

By what we have seen above, this representation must be equivalent to one
of the two (algebraically conjugate ones) constructed using Grobner bases in

§5.
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Using the faithfulness of the reflection representation, it is easy to derive that
the icosahedral group W is finite and to find a permutation representation. For
instance, consider the set ® of all roots of reflections in W. This set can be
built up from the fundamental roots. Up to signs, they are:

(1,0,0) (0,1,0) (0,0, 1)
(1,1,0) 0,1, —0o) (0,-a,1)
(1,1, -0) (0, —0,—0) (—0o,—0,1)
(1,-7 — 20,—0) (—0,—0,—0) (1, -7 —20,—7 — 20)

(-0,—7 —20,—0) (—0,—T—20,—T—20) (-0,—20,—T—20)

Thus, we have a set ® of 2 x 15 = 30 roots. Clearly, if & € ®, then also
—a = 8,00 € ®. If the 15 pairs +a are numbered according to their occurrence,
the generators r, y and z induce the following permutations:

x = (2,4)(5,7)(6.9)(8,11)(10, 13)(12, 14),

= = (2,5)(4,7)(6,8)(9,11)(10,12)(13, 14).

The kernel of this permutation representation is readily seen to be {xI}.
Since only a finite number of roots are being permuted, and the reflection
representation of W is faithful, we see again that W is finite.

A remarkable property, true of arbitrary Coxeter groups, is that one of +a
lhas all coefficients with respect to the fundamental root basis non-negative.
These roots are called the positive roots. The set of all positive roots is denoted
by ®*, so that ® = &+ U®~, where & = —®*. In Figure 2 we have pictured
®* and the way it is built up using the generators r, y, z, with the same
conventions as for Figure 1 regarding the edges. The dashed line at the bottom
indicates where the action of the generators crosses over to negative roots.

7 Presentation by generators and relations

We now go back to presentations of groups by means of generators and relations.
For the icosahedral group W we have already given such a presentation: W =
(X |Y), with X = {z,y, 2} and

Y = {92, 22, (zy)?, (92)°, (2)*}.

Of course, for a given group, such a presentation is far from unique.

Computations using the presentation of a group by generators and relations
are based on the idea that it is easy to present a free group over a given alphabet
X. Or maybe, even simpler, start with the free monoid X* over X. This is the
set of all strings (also called words) we can form with the symbols (also called
letters) from X. Such a monoid has the great advantage that every element
corresponds to a unique expression for it.
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(—0,~1-206,-1-206)

(1,-1-20,~t-20)

(1,-1-20,-0)

Figure 2. The positive roots with action of W

This phenomenon is no longer true of the free group on X. We can define it

as a quotient of the free inonoid on

A=XUX"'={z, 2 Y yy ' 221}

with respect to the relations

rzl=z"lr=1
vy l=y ly=1
22V =z"12=1

Although now it is no longer true that every element of the free group on X
corresponds to a unique word in A*, we still have a very good way of handling
this: the group elements correspond bijectively to the reduced words in the

monoid, i.e., those with no occurrences of

-1 -1 -1 ,.-1, -1 _-1
rr S,&r Tr,yy ,Yy "Yy,2z ",z 2.
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The icosahedral group W is obtained as a quotient by dividing out with
respect to the normal subgroup generated by the relators

a2, y?, 2% (xy)?, (y2)°, (x2)*.

The question now arises how to find a set of words W in A* such that every
element of W corresponds to a unique element of W. Another way of saying
this is that we want to find a section o of the natural map ¢ : A* — W. The
set W is then the image of 0. Yet another way of expressing the wish for
unique representatives in A* of elements of W is more algorithmic: for each
element w € A*, we want to be able to find a “canonical” element in the fibre
¢~ (p(w)).

A very successful approach is based on rewriting techniques. It uses a total
well-ordering on A*. More precisely, a well-founded total ordering < is called
a reduction ordering if

Vi,r,my,ms € A*
my < mo = lmyr <lmgr
and 1 = min A*. We need a reduction ordering < on A*. There are plenty such
orderings, but we will content ourselves with the total degree lexicographic one,
that is the one where v < w if either the length of v (as a string of symbols from
A) is less than the length of w, or these lengths are equal and v comes prior to
w in the usual lexicographic ordering (where x < y < z < x~! <y~ ' < z71).
Thus,
l<r<y<z<rr<ry<rz<yr<yy<...

The canonical element. for an arbitrary m € A* can then be taken to be

min ¢~ o (m).
Now the purpose is to rewrite an arbitrary word m € A* to the canonical word
min ¢ '¢(m) by stepwise finding smaller representatives of ¢(m). First of all,
for involutions such as the generators in X for W, we may rid ourselves of
inverses by use of the rewriting rules
r = T, y_1 =Y, sz
For W with the above presentation, the obvious rewriting rules
rzr=>1 yy=1, zz =1,
zr = r2z,
yry = TYT,
2Yzyz = Yyzyzy.

do not suffice. For instance, (xyz)!" cannot be reduced to the trivial element;
but, for instance, writing out the permutation of the roots corresponding to ryz
(by use of the perinutations given for z, y and z in §6), we find cycles of length

5 only, so the fifth power is in the kernel of the permutation representation,
whence (zyz)' = 1.
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8 A rewriting system for the icosahedral group

Recent techniques for Coxeter groups have given insight in how to produce
a proper set of rewriting rules. By “proper” we mean what is usually called
“confluent”; it has the effect that each input word can be successfully rewritten
to the corresponding canonical word by use of the rewriting rules. Rather than
presenting the rewriting rules explicitly, we give an algorithm for rewriting
au input word w € X*, where X = {x,y, 2} to the corresponding canonical
element in W. The present treatment comes from [BH], with a variation due
to DuCloux and Casselinan.

Consider the set ®* of 15 positive roots of W again. The algorithin works
with induction. Let us assume that, for w =y rp_yrp- -1y, where r; € X
for i = 1....,q, we have already established that r;---7;_; is in canonical
form.

Then, for i = k — 1,k — 2,... we consider the action of r;---r;_; on the
fundamental root « € II = {e1, €2, €3} corresponding to ri. That is, we subse-
quently compute ri_ja, 7_27r—1¢, and so on, until we reach a fundamental
root again.

Say this happens the first time for i € {1,...,k — 1} and fundamental root
3

TiTig1 e Te_1¢ = (.
Write s = s3. Then, since 54, = gs,g~! for any v € ® and g € GL(R?), we
have
Pilig1 - Th_1Tk = STiTiqy1 " Th_1-

If the right hand side represents a (lexicographically) smaller word, we substi-
tute it for r;r;41---rr_17x and continue determining the canonical word for
the first part 7 ---7;_1s of w. Otherwise, we leave things as they are ... ex-
cept that we do not want to move to negative roots. This can only happen, if
a fundamental root e; occurs to which the corresponding reflection is applied
(sending it to —e;). This remarkable property is clearly visible from Figure 2,
where only three edges make a root sink through the bottom line.

For further details, it is useful to write a, for the positive root corresponding
to a reflection r of W. Recall II = {e), €2, €e3}. Here is a full description of the
canonical word algorithm:

At initialization: w = [r,...,r,] € X*, representing w =ry---r, € W; and
an index k := 1.

At termination: w is the canonical word for w.

Invariants: w € W will be fixed throughout, and w will always be an expres-
sion for w. The first part of length & — 1 of w is in canonical form.

while k < {¢(w) do
ii=k—-1 a:=a.;
while i > 0 do
Q1= T
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case a € &
W= [F1yee ey Tim 1, Tig2y -« Tgls
ki=k—-1;i:=1-1;

case a € II:
if (1o, Tiv1y ey Tk] > [SarTiy e v oy Th—1]
then w := [s4,7j,. .., Tk-1];
fi;
k:=i1:=k-1,;

otherwise: i : =1 — 1;

od;

k=k+1,
od

For given i and k, the root & = r; - - - i1y, is being considered. In case a €
&, we must have i = k—1; a fundamental root is reached by its corresponding
reflection, we have r; = r;4; = ri and we can reduce length.

If a positive fundamental root o = 741 -+ - Th_10y, is hit, then we have
seen above that the new expression generated by the algorithm represents the
same element of W.

It may seem to be a computational difficulty that the root system is needed.
But, in fact, the full action, in terms of images of roots under fundamental
reflections, has already been stored in Figure 2. The roots there are pictured
with respect to “depth”: the number of fundamental reflections needed to turn
them into negative roots: the fundamental roots have depth 1, the next layer
up consists of (1,1,0), 0,1, —¢) and (0, —o, 1) (of depth 2), and so on, until we
reach the unique one of depth 7: (—o, —20, —7 — 20).

A new rewriting rule that we obtain by applying the algorithm to the left
hand side is zyzyrz = yzyzyr. Cor Baayen is encouraged to try and prove that
(xyz)!" = 1 using the algorithm. (Hint: the rewriting rule (yxz)® = (2zy)° is
crucial.)

We have seen that the positive root system, with its “depth” structure, and,
above all, its W-action, is an excellent automaton for the “icosahedral” word
problem. For a finite group like W, it may not be much of a surprise that
we can find a solution to the word problem. The surprise however is that the
technique described works for all Coxeter groups, including the infinite ones,
once a little variation has been made that we shall now describe.

If we take W to be an arbitrary Coxeter group, the same algorithm may work
again, but then the set of all positive roots may be infinite and so cannot be fully
constructed in advance. The merit of Brink and Howlett is that they showed
that in that case one can “truncate” the root system, and work with a finite part
only. It runs as follows: define, for o and 3 positive roots, a = 3 if (o, 3) > 1
and o — /3 has non-negative coefficients (when written as a linear combination
of fundamental roots). We then say that o dominates 3. The domination
relation is a partial ordering with (and this is the non-trivial result:) finitely
many minimal roots. The “automaton” can then be restricted to the minimal
roots, and a single additional element, denoted by *, replacing all non-minimal
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elements. Whenever a minimal root is mapped onto a non-minimal root, the
acceptance state * is reached: this means that the word that is being rewritten
is canonical (in the inner loop of the above algorithm), so that one can move
up to the next value of k, without having to process the word any further to
the left, lowering the parameter 7).

9 Synthesis of Todd-Coxeter and Buchberger

It is well known that Buchberger’s Grébner basis algorithm can be seen as a
particular case of the Knuth-Bendix procedure, in which confluent rewriting
is guaranteed due to the successful completion in the context of polynomial
algebras. More and more, T am convinced that the classical Todd-Coxeter coset
enumeration procedure can also be seen as such. In particular, the success here
is guaranteed by Mendelssohn’s result described in §3. This is a line of research
that I have only recently started to pursue, and I will only vaguely indicate
what I have in mind.

Given a monoid M and a field k, we can define the monoid algebra k(M) (if
M is a group, this comes down to the group algebra).

We study quotients of k(M) with repect to ideals I. Again a reduction
ordering < on M is useful. Not every monoid affords a reduction ordering, but
the most important examples, the free monoid and the free abelian monoid (in
which case M is a polynomial algebral!) on a finite alphabet do.

For
f= Z finm € k(M),

meM
with f,,, € k (finitely many nonzero), we set

It(f) = max{m € M | f,, #0}.
Moreover, for any subset X of k(M), set:
M(X)={l{(f)| fe X} and O(X)=M\M(X).

Theorem. Let M be a monoid with a reduction ordering <, and suppose I is
an ideal in k(M). Then the following statements hold.

(i) k(M) = T k- O(D).
(i) k(M)/I = k- O(I) as vector spaces over k.
(i) VifekM)INgek-OI): f—gel

In this setting, we write ¢ := Can(f,I), and refer to it as the canonical
element corresponding to f. Observe that

Can(f,I)=Can(g,I) & f—g € I;

A subset G of I is called a Grébner basis if (M (G)) = M(I), where (N), for a
subset of M, denotes the semigroup ideal generated by N in M.
This approach can be found in [M].
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Proposition. Let M be finitely generated (Noetherian) and supplied with a
reduction ordering. For each ideal I of k(M), there is a unique subset B of I
satisfying:

(i) M(B) is a minimal generating set of M(I);
(ii) the coefficient of lt(b) in b is 1 for each b € B;
(iii) b =1t(b) — Can(lt(b),I) for each b € B.

This set G is the so-called reduced Grébner basis of I. The polynomial case
occurs for M = N™. Then the already classical Buchberger algorithm finds a
Groébner basis for M = N™.

Thus, quotients of polynomial rings can be determined algorithmically. But
this is inconceivable for the general case, since the word problem for groups is
known to be unsolvable.

To see the connection with group presentations, start with a finitely presented
group G = (X | Y). Take M to be the free monoid generated by A = X UX !
and total degree lexicographic ordering < such that = < y~! for all r,y € X.
Now let I be the ideal of all v —w € k(M) with v,w € M such that vw ley.
Here, we assume that ! and 'z are relators (i.e., belong to Y). Then
k(M)/I is the group algebra of G over k. The set O(I) of the above theorem
coincides with the collection G of words in A* which are minimal in the inverse
image under A* — G of an element in G.

It is a very useful fact that binomials are transformed into binomials under
all operations involved in the Knuth-Bendix procedure, and also under the
transformations obtained from a translation of the Todd-Coxeter enumeration
to this setting. If a Grobner basis is found for the ideal I, then, by the above
proposition, and the “binomial invariance,” a solution to the word problem for
@ has been found.

Let us return once more to the icosahedral group W. The algorithm of
%8 uses only finitely many rewriting rules; they can be read off from Figure
2. A simple example is [y, z,y] = [, y, ], which corresponds to the element
yry — xyx € k(A). The collection of all rules thus obtained, together with
r—r L aor—1,y—y !, yy—1, z— 27!, zz—1 will lead to a Grobner basis for
the ideal I, thus presenting a model to compute with the group algebra k[I¥]
in terms of kO(I).

As remarked at the end of §8, such results are (at least theoretically) no
surprise for finite groups like W (although the automaton is efficient). But,
due to the results of Brink and Howlett, we have similar Grébner bases for
arbitrary (infinite) Coxeter groups.
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1 INTRODUCTION

During the last six years, by his spoken and written words in support of ERCIM
1234 Prof. Baayen has stimulated cooperation between fellow researchers at
European sister institutes. Baayen’s words were not just pie in the sky. Already
in 1988, financial and logistic support became available for mutual working vis-
its of ERCIM researchers. Based on earlier contacts, the authors could soon
take advantage of these newly created ERCIM opportunities. Without encoun-
tering any red-tape, the authors could start joint ERCIM work in the field of
computational fluid dynamics. This led to several papers in the international
scientific literature. This contribution gives a survey of some of this research,
which is described in more detail in two SIAM articles® ¢. It is our tribute to
Prof. Baayen’s inspiring role as the first ERCIM president.
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2 ITERATIVE DEFECT CORRECTION AND MULTIGRID ACCELERATED EX-
PLICIT TIME STEPPING FOR THE STEADY EULER EQUATIONS

Convergence results are presented for a new pseudo-unsteady solution method
for higher-order accurate upwind discretisations of the steady Euler equations.
Comparisons are made with an existing pseudo-unsteady solution method.
Both methods make use of nonlinear multigrid for acceleration and nested
iteration for the fine-grid initialisation. The new method uses iterative defect
correction (ItDeC). This section is based on the paper [9].

2.1 FEquations

The equations considered are the steady, two-dimensional, compressible Euler
equations ’

OF(W) | 0G(W)

o, 2.1
dr dy (2.1)
where
p
w=| ™1, (2.22)
pu
pe
pu pv
Fowy= | PP cwy=1| "% 2.2h
(W) = puv , GW) = pv’ +p (2.2b)
pule + L) pu(e + L)

Assuming a perfect gas, the .total energy e satisfies: ¢ = ﬁ% + %(u2 + v?).
The ratio of specific heats ~ is assumed to be constant.

2.2 Spatial discretisation

The computational grid is obtained by a hybrid finite element - finite volume
partition. A (possibly unstructured) finite-element triangularisation is used
as the basic partition. A cell-centered finite-volume partition is derived from
the finite-element partition by connecting the centers of the triangle sides in
the manner illustrated in Figure 1.1. The finite-volume grid gives us the easy
possibility of grouping together the nodes associated with contiguous finite
volumes. If we take unions of control volumes this results in a new coarser
mesh. Repetition of this operation gives coarser and coarser meshes. For
details about the coarsening process (multilevel gridding) we refer to [8].

On the finest grid, for all finite volumes C;, i = 1,2,..., N, we consider the
integral form

7{ (F(W)ns + G(W)n,)ds =0, i—=1,2,...,N, 2.3)
dC

v,
i
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FIGURE 2.1. Finite volume C;

with n, and n, the z- and y-component of the outward unit normal on the
volume boundary #C;. For the Euler equations, because of their rotational
invariance, (1.3) may be rewritten as

f T Yng,ny)F(T(ng,n,)W)ds =0, i=1,2,...,N, (2.4)
oC;

where T'(n,,n,) is the rotation matrix

1 0 0

0
0 ng ny, 0
0
1

T(ng,ny) = (2.5)

0 —n, n,
0 0 0

For simplicity, we assume the flux to be constant across each bi-segment 8C;; of
the boundary dC;, where 9C;; = 9C; N OC; is the common boundary between
the neighbouring volumes C; and C; (Figure 1.2a). Hence, 9C; = U0C;j, j =
1,2,...,n;, with n; the number of neighbouring volumes C;. (In the example
of Figure 1.1: n; = 5.) Since we have assumed that the flux is constant along
dCj, it is equal to the flux across the straight segment 9C;; connecting the two
extreme points of dC;; (Figure 1.2b). If we introduce the outward unit normal
ij = ()i, (ﬁy)ij)T along each 9C;j, j = 1,2,...,n;, with the assumption
of a constant flux, the contour integral (1.4) can be rewritten as the sum

n;

S TGF(TWi)lij =0, i=1,2,...,N, (2.6)
Jj=1
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C;

a. Bi-segment 86C;; b. Straight segment 6C;;

FIGURE 2.2. Segments in between finite volumes C; and C

where T;; = T((ny)ij, (71)i;), where W;; is some value of W depending on for
instance W; and W, and where [;; is the length of the segment aC;; it

Crucial in (1.6) is the way in which the cell-face flux F(T;;WV;;) is evaluated.
For this we use an upwind scheme which follows the Godunov principle [3],
which assumes that the constant flux vector along each segment JC; j is de-
termined only by a uniformly constant left and right cell-face state (H',’J- and
W ’) The 1D Riemann problem which then arises at each cell face is solved in
an approxunate way. With this, (1.6) can be further rewritten as

7

Z T (T, W), T;Wi)li; =0, i=1,2,...,N, (2.7)

where @ denotes the approximate Riemann solver. Several approximate Rie-
mann solvers exist. In the present paper we apply that of Osher and Solomon
[11].

The flux evaluation, and so the space discretisation, may be either first-
or higher-order accurate. First-order accuracy is obtained in the standard
way; at each finite-volume wall, the left and right cell-face state which have
to be inserted in the numerical flux function are taken equal to those in the
corresponding adjacent volumes:

W, =W, Wj=Ww,. (2.8)

Whereas the first-order accurate discretisation is applied at all levels, the
higher-order discretisation is applied at the finest grid only, using the finite-
element partition existing there. Higher-order accuracy is obtained with a
MUSCL-approach [10]. Here, W’,-lj and W] are derived from linear interpola-
tions. On each volume C; around the triangle-vertex 7 an approximate gradient,
denoted by (VIW);, is derived by integrating the gradient of the linear inter-
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polant of W over all the triangles which have i as a vertex:

o () ()Y e

W\ _ Jonr Dr 2y (0w frupniy By 4 (2.9b)
9z ), [oupp T dy /)i dedy ‘

In here, supp(i) denotes the union of triangles which have ¢ as a vertex. Then
for each pair of neighbouring vertices (i, j) we compute the extrapolated values

Jsupp(i)

rr r 1 — r e
W“—W-+(VWL s wﬁ=wj—?vaq, (2.10)

On equidistant grids, this higher-order accurate discretisation can be formally
proved to be second-order accurate. The proof is still valid for nearly equidis-
tant grids.

In order to ensure monotonicity, wlile preserving the higher—order accuracy in
smooth flow regions, the higher-order values W, ’j and W/; according to (1.10)
can be replaced by limited values which do not affect the order of accuracy.

2.3 Existing solution method
To solve the steady discretised system (1.7), we consider the unsteady, semi-
discrete system of ordinary differential equations

dW;

7 =R;,, i=1,2,...,N. (2.11)
The natural choice for R; is
iziz (T, W, Ti; W), (2.12)

where A; is the area of finite volume C;.

As an upwind analogue to Jameson’s central method (Jameson 1983), in 8]
an explicit four-stage Runge-Kutta (RK4-) scheme is applied for the temporal
integration of (1.11)-(1.12). The benefits of the upwind analogue are evident:
better shock capturing, greater robustness and no tuning of explicitly added
artificial viscosity. Similarly, just as in [6], in [8] multigrid is applied for accel-
erating the solution process. Furthermore, just as in [6], time accuracy is not
pursued and optimal Runge-Kutta coefficients are applied to get good stabil-
ity as well as good smoothing properties. It seems that the solution method
presented in [8] is already competitive with Jameson’s method, without the
introduction of a further acceleration technique such as for example residual
averaging.

It is of interest that the upwind analogue allows a further efficiency improve-
ment by exploitation of the direct availability of the corresponding first-order
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upwind discretisation, with its better stability and smoothing properties. Since
a first-order central discretisation is not readily available, a standard central
method does not easily allow this improvement.

2.4 Improved solution method

Compared with the existing solution method, the new solution method only
uses a more extensive right-hand side in the explicit time-stepping scheme. The
extension consists of two first-order upwind defects, one which is evaluated at
each stage of the multistage scheme, and another which is kept frozen during
a fixed number of v, RK4-time-steps (v > 1) and which compensates for the
other first-order defect by its opposite sign. Further - which is important - the
higher-order defect is kept frozen as well during v; RK4-steps. The four-stage
time-stepping scheme is given in Table 1. In here, v is the time-step number,
k the stage number, At; the local timne step and «y the k-th Runge I&utta
coefficient. In the existing higher-order method the right-hand side R Vis

n;

uk 1 _ 1 vk T re v h—1yg
R = ZT (T (W) Ty (W) =i, (2.13)

with (VV’ )+~ 1and (W T k=1 higher-order accurate. So nothing is kept frozen
in the existing method’s right-hand side. For the improved method we take

R:.’.I\T&l ZTIW,J [@(EJ‘,‘H/I\ 1 ijwrlllu I)_
1 i=1
@(T‘,-jW."'“ TijW'J(-)'O)

(I)(Ti](”'l )()0 ij(m'” )() ())] ijs (214)

where only (W’,-[j)("“ and (W] 7)” 0 are higher-order accurate. The frozen first-
order cell-face states (VV0 ¥ and W'O'O) and the frozen higher-order cell-face

states ((W};)* and (W7;)"") are updated in an additional outer iteration, a

TABLE 1. Explicit RK4-scheme

wht=w, i=12,...,N
for v from 1 to v; do
wl=w M i=1,2,...,N

for k from 1 to 4 do
Wk = w4 Ao RVFTY, i=1,2,... N
enddo
enddo
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defect correction iteration. For general information on defect correction pro-
cesses we refer to [1]. For explanation and analysis of the present defect cor-
rection iteration we refer to [9]. Here, we directly proceed with an illustration
of the performance of the present new method.

2.5 Numerical results

L. [9], by analysis we found that the new higher-order method has better stabil-
ity and smoothing properties than the existing higher-order method. In order to
verify these predicted hetter stability and convergence properties, we compute
the standard transonic channel flow from [12] with the two-dimensional Eu-
ler equations. Three finest grids are considered: a 161-vertices grid, an about
twice as fiie 585-vertices grid and an about four times as fine 2225-vertices
grid. (See [8] for more grid details.) The corresponding solution schedules
applied are a 4-, 5- and 6-levels schedule (L = 4,5,6), respectively, all with
Vpre = Vpost = 1, VI. (For the definition of symbols we refer to [9.)

In Figure 1.3a we present various convergence histories as obtained for L =
4,5, 6, respectively. The convergence results presented are:

o those of the first-order discretised Euler equations solved by means of the
nonlinear multigrid iteration (dotted lines),

e those of higher-order discretised Euler equations solved by means of the
existing higher-order method (dashed lines), and

o those of higher-order discretised Euler equations solved by means of the
improved higher-order method (solid lines).

In all three graphs in Figure 1.3a, the residual considered is the Lo-norm of the
error in the conservation of mass over all the finest-grid cells. Further, in all
three graphs, the number of cycles indicated along the horizontal axis is:

o the number of FAS-cycles in case of both the first-order method and the
existing higher-order method, and

e the number of ItDeC-cycles in case of the new higher-order method.

Note that with the new higher-order method, for vpag = 2,5,10 the number
of inner FAS-cycles is respectively 2, 5 and 10 times larger than the number of
indicated ItDeC-cycles. (Only for vpag = 1, the number of FAS-cycles equals
the number of ItDeC-cycles.) All convergence histories start at the end of the
FMG-stage ([9]). In agreement with the theoretical results presented in [9], for
all four values of vrag (50 also for vpas = 1), the new method does indeed give a
better convergence than the existing higher-order method. For decreasing mesh
width, the convergence of the new higher-order method becomes even relatively
better than that of the first-order method. (For all four values of vpas under
consideration, the corresponding convergence histories in Figure 1.3a show a
better grid-independency than those of the multigrid method applied to the
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log || residual ||i,

log || residual ||,

log || residual ||L,

cycles

a. Convergence

log || residual ||r,

log || residual ||L,

log || residual ||L,

CPU-time (hrs.)
b. Efficiency

FiGURE 2.3. Convergence and efficiency histories (first-order method: ---,
existing higher-order method: ———, improved higher-order method: )
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first-order discretised equations.) This better performance is probably due to
the predicted better smoothing in the new method.

As for the actual order of accuracy, if we took the converged higher-order
accurate solution obtained on the 2225-vertices grid as the reference solution,
we measured local orders of accuracy in the range [O(h!*), O(h*?)] for the
solutions on the coarser grids (the 585-vertices grid and the 161-vertices grid).
The global order of accuracy appears to be almost O(h?).

Finally, the important question still remains which of the various higher-order
methods is the most efficient. To answer this question, we give the higher-order
efficiency histories in Figure 1.3b. (The indicated computing times have been
obtained on a Sequent.) Siice the sizes of the three grids considered are related
to each other by approximately a factor 4, we have related the scales along the
horizontal axes accordingly. Concerning the relative efficiency of the improved
higher-order method, for the four values of vpas considered, it appears that for
all three grids the best efficiency is obtained with vpas = 1 (just as in [7], for
the schedule with only a single FAS-cycle per ItDeC-cycle.) Further it appears
- and this is important - that the improved method with vpag = 1 is also
more efficient than the existing higher-order method. Due to the better grid-
independency of the improved method, this relatively better efficiency becomes
even increasingly better with decreasing mesh width.

2.6 Conclusions

Fully implicit solution methods for higher-order discretised equations may
strongly benefit from iterative defect correction when these systems of dis-
cretised equations are not easily invertible, which often is the case with higher-
order accurate discretisations. Fully explicit solution methods may also profit
from iterative defect correction. Here the profits are faster convergence and
higher efficiency. The defect correction method appears to lead to greater sta-
bility (and hence to greater robustness) than the existing (standard) explicit
method. Compared to the existing explicit method it possesses remarkably
good smoothing properties, in fact even better than the first-order method.
Last but not least its convergence rate appears to be grid-independent. For
upwind discretisations, the ‘price’ which has to be paid for using defect cor-
rection iteration - a slightly more comnplex algorithm - is negligible, because of
the direct availability of an appropriate approximate operator: the first-order
upwind operator.

3 CONVERGENCE BEHAVIOUR OF DEFECT CORRECTION FOR HYPERBOLIC
EQUATIONS

This section is based on the paper [2]. The nonlinear multigrid method is effi-
cient for the solution of the compressible Navier-Stokes equations with a large
Reynolds number, or for the Euler equations [5, 7]. The relaxation procedure
being the workhorse of the multigrid method, the existence of a relaxation rou-
tine suited for fast reduction of the high frequency error components in the
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solution of the discrete equations is essential for this success [5]. A good relax-
ation routine is found in point- or line-wise nonlinear (collective) Gauss-Seidel
relaxation, assumed that we solve the first order accurate discrete equations.

For the second order discretisation the relaxation procedures are significantly
less efficient. This is the reason why an additional iteration procedure is in-
troduced as an outer loop: iterative defect correction (ItDeC [1]). The second
order accurate approximation is now computed by the iteration

Nig) =0, (3.1)
NHa ) = NHg) = NE(a))), i=1,2,--. (3.2)

Here N} and N? denote the first and second order (nonlinear) discrete op-
erators. Only systems for first order accurate discrete equations are solved,
but the fixed point of the iteration is the solution of the second order discrete
system

Ni(qn) = 0. (3.3)

. . . 141 .
For the approximate solution of each iterate q,(,H' ) i= 0,1,---, a small number

of multigrid iteration steps (and in many cases only a single step) is sufficient.

It is a classical result that, under easily satisfied conditions, the second iterate
q};')) is already second order accurate [4, Sect.14.2.2]. This result describes
the convergence behaviour for the low-frequency difference between the first
and second order discrete approximations. It explains why the convergence
is fast for smooth solutions and fine grids. However, for the Navier-Stokes
equations with high Reynolds nuniber and for the Euler equations, sharp layers
or discontinuities may exist in the solution. Therefore, it is of interest to study
the total convergence behaviour for defect correction.

3.1 Linear model problem

In this contribution we restrict ourselves to the Euler equations. These equa-
tions form a hyperbolic system of conservation laws. To analyze the conver-
gence for these equations, we first study the linear model problem in two di-

nensions P P P
q q

—q+a—+b—-=0. 34

a? ™ Yor Oy (34)
Although we are mainly interested in the steady state, we consider here the
time-dependent problem in order to introduce a ‘flow direction’ so that inflow
and outflow boundaries can be identified. The vector (a,b)” determines the
flow direction, and with a > 0 the flow is in the positive x-direction.

For the first order discretisation, the simple upwind scheme is used. This

scheme is described by its stencil

0
L, ~ | —a a+b 0 |. (3.5)
—b
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For the second order discretisation, various alternatives are available. Obvious
possibilities are the second order upwind scheme and the central scheme, with
the stencils

0
0 _b
r 4 « 2
LV~ e 90 3 o9 o, and L}~ | —% Ob g
_1,2b -£
2

(3.6)
The corresponding linear operators are denoted by L}, L,QLC and L,er, for the
first order and the second order central and upwind scheme respectively. By
linear combination of L,QLC and L'fll" a scale of second order schemes is obtained,
the so-called x-schemes

1—&
2

e 145
L3 = ;’”L,%“+

L. (3.7)

Here ke[—1,1] is a free parameter that determines the particular schemne; £ = 0
corresponds with Fromm’s scheme. Being interested in the convergence of
ItDeC, we study the amplification operator of the error,

3.2  One-dimensional analysis

We first study the operator M[ in the one-dimensional case. Then, without
loss of generality, we have

L} ~[-1,1,0], and (3.9)

1+

4
For an infinite, regular grid with mesh width h, eigenfunctions for these opera-
tors are u,, we[—mw/h,7/h], where u,(jh) = €. Corresponding eigenvalues
of the operator M} are

1__"[

. I
L ~ [-1,0,1] +

1,-4,3,0,0]. (3.10)

MF(w) = i sin(wh/2) cos(wh/2) + ksin?(wh/2). (3.11)

This shows that the eigenvalues are located in the complex plane on an ellipse
with axes x€(0, x], ye[—1/2,1/2]. From (3.11) we see that the upper bound for
the convergence factor is

sup |]Ef(w)| = sup VK24 H(1-1t).
w€[—7w/h,7/h] t€[0,1)]

Thus, as upper bounds we find

sup |MF(w)| = T for k%<1/2, (3.12)
we[—m/h,w/h]



and .
sup  |Mf(w)| =|s| for 1/2<k*<1L (3.13)
w€[—w/h.w/h]

These expressions describe the convergence if no boundaries are present in
the domain. To obtain an impression of the influence of the inflow Dirichlet
boundary, we consider grid functions on a uniform partition {r; = ih; i =
0,1,2,...} of the half-line [0,00) and we restrict ourselves to error components
that vanish for large ;. The operators L} and L3 are again described by (3.9).
(3.10), except for the first two equations in the system, that are determined by
the boundary discretisation.

The eigenfunctions uy of M and the corresponding eigenvalues A satisfy the
relation L3" uy = (1—X) L} uy, and from (3.10) it follows that u, has the form
ux(jh) = Ao+ Ay ;1.{ + Agué, where 11 and 9 are roots of the equation

1+ kK 1—~r
——-{2;{‘—#2-{-(2/\—/{,)[1-— 2h-——0.
A straightforward computation [2] shows
e+ iv1 = R2cos
A="2 V1 = A7 cos 6 # 0 mod(m). (3.14)

2 b

This shows that all eigenvalues are located on a line segment in the complex
plane at a distance #/2 from the imaginary axis and that all eigenvalues satisfy
A< 4.

In the case x = £1, we still have p = max|A| = 1/2, but the eigenvalues
coalesce and the eigenvectors are no longer independent. Consequently, in the
operator decomposition Jordan blocks .J arise. In the one-dimensional case, on
a finite interval, the size of these blocks is N — 1, where N is the number of
mesh points. Then the convergence behaviour after n iterations of ItDeC is
described by 7, = ||J"||x, where

7

p
E?'l p" )
Jh = ] N , with & = ( " ) Pl
) f" p'"
~j
It follows that 7, > max;—o.12....N |£}~"|, and lhence
e it is possible that 7 > 1 if n < V;

o 7, ~ nV~1p" for n — oo, and hence the asymptotic convergence rate of
the iteration is plog|n|;

e the sequence {7,},<, is guaranteed to be decreasing only for n > N/(1-
p). In our case p = 0.5. This implies that the iteration may show no
convergence for the first 2V iteration steps.
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These phenomena are seen in practice indeed, as is shown in Figure 3.2.a-d.

If Kk #x1but 1< |kl < %\/ﬁ, the convergence during the first 2N iteration
steps is dominated by the behaviour as described by the Fourier analysis (3.13),
i.e. a convergence rate of |k| is seen. For all ke[—1,+1] the convergence rate
has the lower bound p = 1/2.

In summary, for the one-dimensional problem we distinguish different phases
in the convergence of the iterated defect correction. In most cases we first
observe an impulsive start, where all components corresponding with small
eigenvalues are damped. For the regular schemes (i.e. || different from 1)
soon an asymptotic rate of 1/2 is obtained. For the (near) pathological cases
(i-e. |&| close to 1), after the impulsive start, we distinguish first a Fourier (or
pseudo-convection) phase for about 2N iterations, in which the convergence is
described by the Fourier analysis. After 2N iterations the asymptotic rate 1/2
is found. In the truly degenerate cases (|| = 1) we recognise a Fourier (pseudo-
convection) phase, where the error does not decrease for 2N iterations, and a
logarithmic asymptotic rate due to the large Jordan block in the eigenvalue
decomposition.

3.3  Two-dimensional analysis

In principle, the Fourier analysis for the two-dimensional difference operators
(3.5,3.6) is completely analogous to the one-dimensional case. With the Fourier
modes defined by u, (hj) = e(w1hijitwzhaiz) where the subscripts refer to the
- and the y-directions respectively, we find

E,Il (W) = 2ia e M/ 2gin(wihy/2) + 2ib e “2"2/2 sin(wyha /2) (3.15)
and

L¥(w) = 2iae 1h/28(C? +i8,Cy + (1 — k)S3) +

2ibe wrhe/2 S(CF +iS,Cy + (1— 1)S3) (3.16)

where S7 = sin(wyhy/2), S2 = sin(waho/2), C1 = cos(wih1/2) and Cy =
cos(waha/2).
As the amplification factor we find

gw) =M = |2} - I3

(2153 +a283)*+(a151C1+0a252C5)? :

(3.17)

This expression can be used to determine the convergence rate for the separate

modes on an infinite domain. It shows that, for a given x, we can never expect a

better convergence rate in the two-dimensional case than in the one-dimensional
case.

For the analysis of the two-dimensional case on a finite domain, we refer to [2].

Essentially, the results for two space dimensions can be seen as a perturbation

_\/msf(l—(l—»)sf)+azsz<1—<1—~)S&»2+(1 1)2(a1 S3C1 +a253C3)?
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of the results for one dimension. Analogous to the one-dimensional domain, the
location of the eigenvalues is shown in Figure 3.1. We now find the eigenvalues
not on a line segment in the complex plane, but in a cloud near that line
segment. The real part of the eigenvalues is generally larger than is the case
in one dimension (for the same ). This means that the cloud is shifted to the
right of the corresponding line segment. For the case of large x (k &~ +1), the
cloud is larger than for small k (k = —1).

For different values of x and for different values of N the location of the
eigenvalues in the complex plane is shown in Figure 3.1. In this figure the ratio
a/bis 2/3.

In Figure 3.2 the convergence behaviour is shown for the model problem on
a 40 x 40-mesh. For x < 0 the cloud of eigenvalues is still contained in the
circle |z| < 0.5, so p(M}) < 0.5 if & < 0. However, for 0 < x < 1 we find
possibly p(M}) > 0.5, and for large & we have lim, .1 limp_o p(M) = 1.
This explains why a convergence rate p(M}) > 0.5 is found for x = 1/3 in
Figure 3.2.e whereas p(M}) = 0.5 for & = 0 (Figure 3.2.e). For more details
we refer to [2].

3.4 FEuler equations

A similar behaviour, depending on x, as for the linear model problem, is
found for the nonlinear Euler equations. In Figure 3.3 we show the conver-
gence behaviour for a problem that describes subsonic flow around a standard
NACA0012 airfoil. This is a smooth flow where the problem is described by a
complex nonlinear system of equations and the domain is not simply connected.
The mesh is 20x 32 and results are shown for different values of . We see that
the iteration doesn't converge for x = 1, as it doesn’t for & = —1 (not shown).
We obtain slow convergence for x = 0.8 and x = —0.8. Good convergence
with a rate of approximately 0.5 per iteration step is obtained for » = 1/3,0
and —1/3. Probably the asymptotic rate cannot be observed because rounding
error accuracy is obtained after approximately 40 iterations. For k = 1 /3 and
k = —1/3 we see that after an initial phase with p ~ 0.5, we obtain another
phase with a slightly slower convergence rate. Such effect is not (yet) seen for
k=0.

The first order discrete equations are solved by a nonlinear multigrid method
[5]. It employs a nonlinear syminetric point-Gauss-Seidel relaxation as a
smoother and a nested sequence of Galerkin discretisations for the coarse grid
corrections. Experience has shown that a small number of iteration cycles of
this multigrid method solves the discrete system to a high degree of accuracy.
In the experiments shown, 3 FAS V-cycles were applied for each single de-
fect correction step. It was shown by experiments that the same results were
obtained for multigrid iteration with 2 through 5 FAS V-cycles. All initial es-
timates were obtained by interpolation from a first order accurate solution on
a coarser grid.

For this flow subsonic flow around the airfoil & = 1 gives an almost diverging
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FiGURE 3.1. Location of the eigenvalues of the amplification matrix M} in
the complex plane, relatively to the circle of radius 1/2, for the one and the
two-dimensional model problem. Except for the first 1-dim. figure, the mesh is
10 x 10 and the ratio a/b = 2/3.
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The sup-norm of the error is plotted against the munber of iterations.
The dashed line corresponds with a convergence rate p = 1/2.

FiGURE 3.2. Convergence of ItDeC for the one- or two-dimensional linear test
problem.
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The dashed line corresponds to a convergence rate 1/2.
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process and x = 0.8 and £ = —0.8 shows bad convergence. The asymmetry
in the convergence behaviour with respect to £ > 0 (worse) and & < 0 (better
convergence) might be understood by the location of the eigenvalues in the
complex plane (as shown in Figure 3.1). There we see that more eigenvalues are
located in the neighbourhood of the origin for & < 0 than for £ > 0. This may
be of greater importance for the nonlinear equations, where the corresponding
eigenvectors are excited again and again, than for the linear problems, where
the effect of these eigenvalues is no longer seen after a sufficient number of
iterations.
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A Natural Term Language

Jan van Eijck

This paper proposes a natural term language, investigates some of its prop-
erties, and discusses some of the advantages of natural term logic (NTL) as
a medium for natural language semantics over its rivals and ancestors.

1 INTRODUCTION

In 1989 Cor Baayen was the prime mover behind the decision to start long-term
work on the logic of natural language at CWI. Work in this area had found
an occasional refuge at the centre before, witness Janssen [13], but the seed of
a full scale research group in ‘Logic and Language’ was sown in the Autumn
of 1989. Right now, five years later, the group consists of five researchers (six
if we count a distinguished longtime guest), all but one supported by external
funds. Fortunately for the rest of CWI we anticipate that this rate of growth
will not be sustained in the future.

The main focus of current CWI research in ‘Logic and Language’ is on con-
nections between programming language semantics and natural language se-
mantics and on the design and analysis of suitable representation languages for
natural language meaning. The connection with programming is explained by
the fact that natural language representation should account for incrementality
of processing, i.e., for the fact that we tend to understand each natural language
utterance in the context of our understanding of what we have heard before.
The semantics of a natural language text T consisting of T} followed by T3 will
specify that T} sets up a context which is passed on as input to T5, and that
the meaning of T can be described as an increment of the meaning of T;. This
has a straightforward parallel in the analysis of computation: the semantics of
a computer program P consisting of two parts P; and Pa, in that order, will
specify that the result of the computation to which P; refers is passed on as
input to P,, and that the output of P, for this input is the final output of P.

The paper starts with listing some desiderata for natural language represen-
tation, and then makes a new proposal for an incremental language for meaning
representation.
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2  WHAT MAKES AN NL REPRESENTATION LANGUAGE ‘NATURAL’?

If we assume that the meaning of (descriptive uses of) langnage should re-
veal itself in the conclusions we can draw from the truth of natural language
utterances, the following requirement is possibly the most important:

Suitability of Representation for Reasoning The representation language
should come with a sound and complete calculus for reasoning, and prefer-
ably with decidable and efficient sound reasoning systems for useful frag-
ments of it.

First order logic meets this requirement quite well. as we know. More esoteric
higher order representation languages such as Montague’s [18] Intensional Logic
and its derivatives score lower in this dimension, as it is not always obvious
how such l