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Polyhedral Combinatorics—
Some Recent Developments and Results

ALEXANDER SCHRIJVER

Polyhedral combinatorics deals with characterizing convex hulls of vectors
obtained from combinatorial structures, and with deriving min-max relations
and algorithms for corresponding combinatorial optimization problems. In this
paper, after an introduction discussing the matching polytope (§1) and some
algorithmic consequences (§2), we give some illustrations of recent developments
(viz., applications of lattice and decomposition techniques (§§3 and 4)), we go
into the relation to cutting planes (§5), and we describe some other recent results

(86)-

1. A basic example: The matching polytope. We first describe a ba-
sic result in polyhedral combinatorics, due to Edmonds [7]. Let G = (V,E)
be an undirected graph (i.e., V is a finite set (of wvertices) and E is a col-
lection of pairs (edges) of vertices). A subset M of E is called a matching if
e Ne' = whenever €,¢e" € M, ¢’ # ¢'’. The matching polytope of G is the set
conv.hull{x™|M matching} in R, where x™ is the incidence vector of M (i.e.,
xM € RE with x™(e) = 1if e € M, and = 0 otherwise). Edmonds now showed:

THEOREM 1 (EDMONDS’S MATCHING POLYTOPE THEOREM) . The match-
ing polytope of G = (V, E) is equal to the set of vectors = € RE satisfying:

(i) ze 20 (e € E)’
(i) e<1 (vev),
ii ;z "
(i) Y.< B—[U{J (U CV,|U]| 0dd).
eCU

For proofs we refer to [24, 30, 33].

Edmonds’s theorem has the following application. If we are given some
“weight” function ¢ € RF, we can describe the problem of finding a matching
M of maximum “weight” Eee a Ce €quivalently as the problem of maximizing
¢Tz over the matching polytope, that is, by Edmonds’s theorem, over z € R¥
satisfying (1). This last is a linear programming problem, and we can apply
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LP-techniques to solve this problem, and hence to solve the combinatorial op-
timization problem. Among others, with the help of the ellipsoid method, it
can be shown that the maximum matching problem is solvable in polynomial
time—see §2.

Another, theoretical, application of Edmonds’s theorem is obtained with the
duality theorem of linear programming. Let Az < b denote the system (1). Then
for any c € R®

max { Z ce|M matching} = max{cTz|Az < b}
eEM
= min{yTbjy > 0;yTA = cT}. (2)

So we have a min-max relation for the maximum matching problem. It was shown
by Cunningham and Marsh [6] that if ¢ is integer-valued, then the minimum
in (2) has an integer optimum solution y. The special case ¢ = 1 (the all-
one function) is equivalent to the following Tutte-Berge formula [35, 1]: the
maximum cardinality of a matching in a graph G = (V, E) is equal to
min !Vl + |Ul - O(V\U), (3)
Ucv 2
where O(V\U) denotes the number of components of (V\U) with an odd number
of vertices ((V\U) denotes the graph (V\U,{e € Ele CV\U})).
Note that the constraint matrix A in (1) generally is not totally unimodular
(a matrix is totally unimodular if all subdeterminants belong to {0, +1}). If G is
bipartite (i.e., V can be split into classes V'’ and V' (the color classes) so that
E C {{v/,v"}]v' € V',v" € V""}), then the inequalities (1)(iii) can be deleted as
they are implied by the constraints (i) and (ii), as one easily checks. In that case,
the theorem is due to Egervéry [9] and follows more simply from the fact that
if M is totally unimodular and d is integer, then each vertex of the polyhedron
determined by Mz < d is integer.
Similarly, for bipartite G, the Tutte-Berge formula above reduces to the well-
known Kénig-Egervéry theorem [21, 9].

2. Polyhedral combinatorics and polynomial solvability. Above we
mentioned obtaining polynomial-time algorithms from polyhedral results with
the ellipsoid method. In this section we describe this more precisely.

Suppose that for each graph G = (V, E) we have a collection 75 of subsets of
E. For example:

(i) %6 ={M C E|M is a matching};
(ii) %o ={M C E|M is a spanning tree}; (4)
(i) 7z ={M C E|M is a Hamiltonian circuit}.
With any family (7;|G graph) we can associate the following problem:

Optimization problem. Given a graph G = (V,E) and ¢ € QF, (5)
find M € 7; maximizing ),/ ce.
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So if (7¢|G graph) is as in (i), (ii), and (iii), respectively, problem (5) amounts
to finding a maximum weighted matching, a maximum weighted spanning tree,
and a maximum weighted Hamiltonian circuit, respectively. The last problem is
the well-known traveling salesman problem (note that by replacing ¢ by ~c (5)
becomes a minimization problem).

Given a family (7g|G graph), we are interested in finding, for any graph
G = (V,E), a system Az < b of linear inequalities in z € R¥ so that

conv.hull{xM|M € 75} = {z]|Az < b}. (6)
If (6) holds, then for any c € RF:

max { Z ce|M € 70} = max{cTz|Az < b}

eEM
=min{yTbly > 0;yTA = T}, (7)

thus formulating the combinatorial optimization problem as a linear program-
ming problem.

The optimization problem (5) is said to be solvable tn polynomial time or
polynomially solvable if it is solvable by an algorithm whose running time is
bounded above by a polynomial in the input size |V| + |E| + size(c). Here
size(c) := ) .cg size(ce), where the size of a rational number p/q is equal to
logy(Jp| +1) +1og, |g|. So size(c) is about the space needed to specify ¢ in binary
notation.

It has been shown by Karp and Papadimitriou [20] and Grétschel, Lovész,
and Schrijver [16] that (5) is polynomially solvable if and only if the following
problem is solvable in polynomial time:

Separation problem. Given a graph G = (V,E) and z € QF, (8)
determine if x belongs to conv.hull{x™|M € 7z}, and if not,
find a separating hyperplane.

Again, “polynomial time” means: time bounded by a polynomial in [V} +
|E| + Y c 5 size(ze).

THEOREM 2. For any fized family (7c|G graph), the optimization problem
(5) is polynomially solvable if and only if the separation problem (8) s polyno-
mially solvable.

The theorem implies that with respect to the question of polynomial-time
solvability, the approach described above (studying the convex hull) is more or
less essential: a combinatorial optimization problem is polynomially solvable if
and only if the corresponding convex hulls can be decently described—decently,
in the sense of the separation problem.

As an application of Theorem 2, it can be shown that the system (1) of linear
inequalities can be tested in polynomial time, although there exist exponen-
tially many constraints (Padberg and Rao [28]). Hence, the maximum matching
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problem is polynomially solvable (in fact, this was shown directly by Edmonds
(7).

Theorem 2 can also be used in the negative: if a combinatorial optimization
problem is not polynomially solvable (maybe the traveling salesman problem),
then the corresponding polytopes have no decent description.

Theorem 2 is shown with the ellipsoid method, for which we refer to the books
of Grétschel, Lovész, and Schrijver [17] and Schrijver [32]. The ellipsoid method
does not give practical algorithms, but it may give insight in the complexity of
a problem.

There are several variations of Theorem 2. For instance, a similar result holds
if we consider collections 75 of subsets of the vertex set V, instead of subsets of
the edge set E. Moreover, we may consider families (75|G € §), where § is a
subclass of the class of all graphs. Similarly, we can consider directed graphs.

3. Lattices and strongly polynomial algorithms. A first recent develop-
ment in polyhedral combinatorics is the influence of lattice techniques, to alarge
extent due to the recently developed basis reduction method given by Lenstra,
Lenstra, and Lovész [23]. In this section we give one illustration of this influence,
due to Frank and Tardos [10].

The basis reduction method solves the following problem:

Given a nonsingular rational nxn-matrix A, find a basis b1,...,bn  (9)
for the lattice generated by the columns of A satisfying

ba]] - [|Bal] < 2n(P=2)/%|det A,

in time bounded by a polynomial in size(A) := 3, ; size(a;;). Here the lattice
generated byay, ..., a, is the set of vectors A1ay +- - -+ Anayn With A1,..., An € Z.
Any linearly independent set of vectors generating the lattice is called a basts for
the lattice.

One of the many consequences is a polynomial-time algorithm for the following
simultaneous diophantine approzimation problem:

Givenn € N, a € Q*, and € with 0 < £ < 1, find an integer  (10)

vector p and an integer g satisfying |la — (1/q)p|| < €/q and
1<q< 2n(n+1)/45—n'

This can be seen by applying the basis reduction method to the (n+1)x(n+1)-

matrix
I a
A= (0 2-—n(n+1)/4en+1> ’ (11)

where ] is the n X n identity matrix.

Frank and Tardos showed that this approximation algorithm yields so-called
strongly polynomial algorithms. The algorithm for the optimization problem (5)
derived from the ellipsoid method performs a number of arithmetic operations,
which number is bounded by a polynomial in [V| + |E| + size(c). (Arithmetic
operations here are: addition, subtraction, multiplication, division, comparison. )
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It would be preferable if the size of the weight function ¢ only influences the sizes
of the numbers occurring when executing the algorithm, but not the number of
arithmetic operations. Therefore, one has defined an algorithm for (5) to be
strongly polynomial if it consists of a number of arithmetic operations, bounded
by a polynomial in V| + |E|, on numbers of size bounded by a polynomial in
V| + | E| + size(c).

Frank and Tardos however showed the equivalence of the two concepts when
applied to (5):

THEOREM 3. For any family (75|G graph), there ezxists a polynomial-time
algorithm for the optimization problem (5) if and only if there exists a strongly
polynomaial algorithm for (5).

Their result was obtained by constructing a strongly polynomial algorithm
for the following problem:

Given n € N and ¢ € Q", find & € Z™ such that [|¢]les < 2°%°  (12)
and such that: ¢cTz > ¢Ty & ¢Tz > Ty, for all z,y € {0,1}".

With this method the size of ¢ in the optimization problem can be reduced to
O(|E|3), without changing the optimum solution. Hence any polynomial-time
algorithm for the optimization problem yields a strongly polynomial algorithm.

As another interesting recent lattice result we mention Lovész’s [25] character-
ization of the perfect matching lattice (i.e., the lattice generated by the incidence
vectors of perfect matchings in a graph), in the same vein as Edmonds’s matching
polytope theorem.

4. The coclique polytope and decomposition techniques. As another
recent development in polyhedral combinatorics we mention the propagation of
decomposition techniques. Fundamental decomposition methods are described in
Seymour’s paper Decomposition of reqular matroids [34]. Also Burlet, Fonlupt,
and Uhry [2, 3] obtained deep decomposition results.

We illustrate the decomposition methods of Seymour by applying them to
characterizing the “coclique polytope” of certain graphs. For any undirected
graph G = (V, E), aset C CV is called a coclique if it does not contain any edge
of G as a subset. The cocligue polytope of G is the convex hull of the incidence
vectors of cocliques in G, i.e., conv.hull{x¢|C coclique} C RV.

The problem

Given G = (V,E) and ¢ € RV, find a coclique C in G maximiz-  (13)
ing Euec Co

is NP-complete, and hence probably not polynomially solvable. Therefore, by
Theorem 2 (now in the variant with subsets of V' instead of E), there is probably
no polynomial-time algorithm for the separation problem for coclique polytopes.
So we should not expect a decent description for coclique polytopes similar to
Edmonds’s matching polytope theorem.
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For some classes of graphs, however, the coclique polytope has a decent de-
scription, e.g., for perfect graphs (including bipartite graphs, line graphs of bipar-
tite graphs, comparability graphs, triangulated graphs, and their complements).
Another class of graphs is described in the following theorem of Gerards and
Schrijver [14]. An undirected graph G = (V, E) is called odd-K4-free if G has no
subgraph homeomorphic to

where wriggled lines stand for paths, so that each face in this graph is enclosed
by a circuit of odd length.

THEOREM 4. For any odd-K4-free graph G = (V, E), the coclique polytope
is equal to the set of vectors = in RY satisfying:

i) 0<2, <1 (veV),
({l) zy+zu <1 ({v,w} € E),
1 (14)
(i) Ym0 < Emj (C circuit with |C| odd).
veC

(Here C is a circuit if C = {vy,...,vx} with {v;_1,v;} € E (:=1,2,...,k) and
{’I)k, ’01} ek )

Note that if G is bipartite, then G has no odd circuit, and hence there are no
constraints (iii). In that case the theorem reduces to a theorem of Egervéry [9].

The theorem implies, with the help of Theorem 2, that problem (13) is polyno-
mially solvable for odd-K4-free graphs. Indeed, the constraints (14) can be tested
for any given z € R in time bounded by a polynomial in |V| + |E| + size(z),
although there are exponentially many constraints. (The condition (iii) can be
tested using a shortest path algorithm.)

We sketch how Theorem 4 can be shown using decomposition techniques
(which also yield a direct combinatorial polynomial-time algorithm for the max-
imum coclique problem for odd-Ky-free graphs). It was shown by Seymour [34]
that “each regular matroid is obtained by taking 1-,2-, and 3-sums of graphic
matroids, cographic matroids, and R;q.” Regular matroids are matroids repre-
sentable over each field. By a theorem of Tutte [36], regular matroids are exactly
those binary matroids not containing the Fano-matroid or its dual as a minor.

Seymour’s theorem can be equivalently stated as: “Each totally unimodular
matrix can be decomposed into network matrices and their transposes and into
certain 5 x 5-matrices.” It implies a polynomial-time test for the total unimod-
ularity of matrices, and a polynomial-time algorithm for linear programs over
totally unimodular matrices. It also has implications in geometry and graph
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theory. One of them described by Gerards, Lovész, Schrijver, Seymour, and
Truemper [13] is as follows.

Consider the following four compositions of graphs G’ = (V', E’) and G”
(V”,E") into a new graph H. Composition 1. If V' NV"| < 1, then H :
(VIUV",E'"UE"). Composition2. f V' NV" = {v1,v2} € E'NE" and G" is
bipartite, then H := (V'UV" (E'UE")\{{v1,v2}}). Composition3. fV'NV" =
{vo,v1,v2}, E' N E" = {{vg,v1}, {vo,v2},{v1,v2}}, and vg has degree 2 both in
G’ and in G”, then H := (V' UV")\{vo}, (E' UE")\(E' N E")). Composition
4. V' NV" = {vg,v1,v2,v3}, E' N E" = {{vo,v1},{v0,v2},{vo,v3}}, vo has
degree 3 both in G’ and in G”, and G” is bipartite, then

Il

H = ((V'UV")\{vo}, (E" U E")\(E' N E")).

Moreover, consider the following operations on a graph G = (V, E). Operation
1. If {vg,v1},{v1,v2},{ve,v3} € E, where both v; and vy have degree 2, then

H:= (V\{Ul’v2}» (E\{{UOavl}a {'UI»U2}’ {U2av3}}) U {'007'03})'

Operation 2. If vg € V', where {vo,v1},...,{vo, vk} are the edges of G containing
v, then let wyq, ..., wr be “new” vertices and

H:= WV u{w,...,we}, (E'\{{vo,v1},---,{vo,ve}})
U {{UOawl}""1{00awk}’{w1vvl}v .- 'v{wk’vk}})'

THEOREM 5. An undirected graph is odd-K4-free if and only if it can be
constructed by a series of compositions and operations above starting with the
following graphs:

(i) graphs G = (V, E) having a vertex vg so that the graph
(V\{vo}, E\{ele D vo}) s bipartite;
(i) planar graphs having exactly two odd facets (an odd facet (15)
18 a facet enclosed by an odd number of edges);
(iii) the following graph :

Sufficiency in this theorem is easy to see: each of the graphs in (i), (ii), and
(iii) is odd- K4-free. Moreover, each of the compositions and operations maintains
the property of being odd-K,-free. The content of the theorem is that in this
way all odd-K4-free graphs can be constructed.

In order to derive now Theorem 4, it suffices to prove that each of the graphs
(15) has the property described in Theorem 4, and moreover that this property
is maintained under each of the compositions and operations above. Showing
this is not as hard as the original direct proof of Theorem 4.
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If we let Az < b denote the system (14), then by Theorem 4 for odd-Ky-free
graphs G = (V,E) and c € RV:

max {Z ¢|C coclique} = max{cTz|Az < b}
veC

= min{yTbly > 0;9" A =cT}. (16)

Using the above decomposition techniques, Gerards [12] showed that if ¢ is
integer-valued, the minimum has an integer optimum solution y. In particular,
if ¢ = 1 (the all-one function) then the maximum size of a coclique is equal to

min (m +§ EmJ) , (17)

where the minimum ranges over all subsets F of E and circuits Cy,...,C such

that V = |JF U_, Ci. This forms an extension of a theorem of Kénig [22]
for bipartite graphs.

5. Cutting planes. Quite often the problem of characterizing the convex

hull of certain {0, 1}-vectors amounts to characterizing, for some polyhedron P,
the polyhedron

Py := conv.hull{z € P|z integral}. (18)
P is called the integer hull of P. E.g., if G = (V, E) is a graph, and
P:= {.mEREImCZO(eEE);ZzGSI('UEV)}, (19)
e3v

the integral vectors in P are exactly the incidence vectors of matchings, and
hence P; is equal to the matching polytope of G. Similarly, for

P:= {zeRVb:uZO(veV);szSl(eeE)}, (20)
veEe
P is the coclique polytope of G.

For any rational polyhedron P, there is a procedure of deriving the inequalities
determining P; from those determining P—the cutting plane method, due to
Gomory [15]. The following description is due to Chvétal [4] and Schrijver [29].

Clearly, if H is a rational half-space, i.e., H is of form

H={zeR"dTz < B}, (21)

where a € Q", a # 0, § € Q, we may assume without loss of generality that a

is integral, and that the components of a are relatively prime integers. In that
case:

Hy ={z e R"aTz < |8]}. (22)

Hj arises from H by shifting its bounding hyperplane until it contains integral
vectors.
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Now define for any set P in R™:

P=J Hi, (23)
HDP
where H ranges over all rational half-spaces containing P. Since H O P implies
Hy D P, it follows that P/ O P;. It can be shown that if P is a rational
polyhedron (i.e., a polyhedron determined by linear inequalities with rational
coefficients), then P’ is a rational polyhedron again.
To P’ we can apply this operation again, yielding P”. It is not difficult to
find rational polyhedra with P"” # P’. Each rational polyhedron P thus gives a
sequence of polyhedra containing P:

P2P DP'D2P"2...DP. (24)
Denoting the (¢t + 1)th set in this sequence by P(*), the following can be shown.

THEOREM 6. For each rational polyhedron P there erists a number t such
that P(t) = Py,

The theorem is the theoretical essence of the termination of the cutting plane
method of Gomory. The equation aTz = | 3] defining Hy, or more strictly the
hyperplane {z|aTz = B3]}, is called a cutting plane.

The smallest ¢ for which P() = P; can be considered as a measure for the
complexity of P; relative to that of P. In a sense, P’ is near to P, P" to P’, and
S0 on.

Let us study some specific polyhedra related to graphs. Let G = (V, E) be
an undirected graph, and let P be the polytope (19), implying that P; is the
matching polytope of G. It is not hard to see that for each graph G, the polytope
P’ is the set of all vectors z in P satisfying

Sas |yl ©evviow. (25)
eCU
(Of course, there are infinitely many half-spaces H containing P, but the cor-
responding inequalities aTz < |f] all are implied by the inequalities defining
P and by (25).) So Edmonds’s matching polytope theorem in fact tells us that
P’ = Py for each graph G. (P = P; for bipartite G, since in that case (25) is
implied by the inequalities determining P.)

Next let, for any undirected graph G = (V,E), P be the polytope (20),
implying that P; is the coclique polytope of G. It is not difficult to check that
the polytope P’ is the set of vectors z in P satisfying

E Ty < B—]CIJ (C odd circuit). (26)
veC

So Theorem 4 states that P/ = P if G is odd-K4-free. By Egervéry’s theorem
P = P if and only if G is bipartite. Chvétal [5] has shown that there exists no
fixed t so that P(t) = P; for each graph G.
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An important computational application of cutting planes is to the traveling
salesman problem, which we mention in the following section.

6. The traveling salesman problem and cuts. The well-known traveling
salesman problem (in its directed, asymmetric form) can be formulated as an
integer linear programming problem as follows, for given n € N and ¢ = (cy5) €
Rn)(ﬂ:

n
minimize Z Tij,

=1
such that
zij > 0 (7 =1,...,n); @27
() Tigujev Tz 21 (@#U G {L,....,n});
Y ie1 T =1 (t=1,...,n);
z;; integer (1,7=1,...,n).

Let P be the polytope in R**™ determined by (*). It is clear that P is the convex
hull of the incidence vectors of traveling salesman routes. Since the traveling
salesman problem is NP-complete, we may not expect a “decent” description of
P in the sense of Theorem 2. In fact, if NP # co-NP there is no fixed t such
that P(t) = P; for each n.

On the other hand, cutting planes can be helpful in solving instances of the
traveling salesman problem. The traveling salesman problem is equivalent to
solving min{cTz|z € P}, while solving min{c*z|z € P} is not so difficult (it
is polynomially solvable), and it yields a good lower bound for the traveling
salesman optimum value (since P 2 P;). Good bounds are essential in branch-
and-bound procedures for the traveling salesman problem.

Adding all cutting planes to (x) to obtain P seems infeasible, but instead we
could add some cutting planes in order to obtain a better lower bound. This is
a basic ingredient in the recent successes of Crowder, Grotschel, and Padberg in
solving large-scale traveling salesman problems (see [18, 27]). Recently, Padberg
was able to solve a symmetric 2392-“city” problem using cutting planes.

We shall not go into the details of solving the traveling salesman problem.
We describe some theoretical results related to the above, which exhibit some of
the connections of polyhedral results with combinatorial min-max relations.

Let C be a collection of subsets of V := {1,...,n} satisfying:

(i) @¢cC,vec,
i) fT\UeC, TNU#Q, TUU#V, thenTNU€EC (28)
andTUU e C.

Such a collection is called a crossing family. Consider the polytope P consisting
of all z = (z,;) € R™" satisfying:

2i; >0 (i,j=1,...,n), > m;>1 (Uel) (29)
1@&U, jeU
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Note that (*) in (27) defines a facet of P, for C = P(V)\{&,V}.
The following theorem was shown in [31].

THEOREM 7. P has integral vertices if and only if

there are no sets Vi,Va,V3,V4, Vs in C such that Vi C Vo NV, (30)
VouVs =V, VaUuVyCVs, VanVy =3

Note that if z is an integral vertex of P, then z is a {0, 1}-vector.

Theorem 7 can be put in a more combinatorial setting. Let C € P(V) be a
crossing family and let D = (V, A) be a directed graph (i.e., V' is a finite set and
ACV xV). Call asubset A’ of A a covering (for C) if each U € C is entered
by at least one arc in A’ (a = (v,w) enters U if v ¢ U, w € U). Call a subset A’
of A a cut (induced by C) if A’ =6, (U) := {a € Ala enters U} for some U € C.
So each covering intersects each cut.

Consider the polyhedron in R4 determined by:

2, >0 (a€A), > =1 (Uel). (31)
a€s—(U)

Then Theorem 7 is equivalent to:

THEOREM 8. Each vertez of the polyhedron determined by (31) s the inci-
dence vector of a covering, for each directed graph D = (V, A), if and only if (30)
holds.

Now we have the following: (30) holds <> the polyhedron determined by (31)
has vertices coming from coverings and facets coming from cuts < (by polarity)
the polyhedron determined by

2, >0 (a€A), Z Tz, > 1 (C covering) (32)
aeC
has vertices coming from cuts and facets coming from coverings. So Theorem 8
is equivalent to:

THEOREM 9. Each vertex of the polyhedron determined by (32) is the inci-
dence vector of a cut, for each directed graph D = (V, A), if and only if (30)
holds.

It follows that if (30) holds, and ¢ € Z#, then the linear programs of minimiz-
ing ¢Tz over (31) and over (32), respectively, have integral optimum solutions,
corresponding to a minimum-weighted covering and a minimum-weighted cut,
respectively. In fact, it is shown in [31] that if (30) holds, then also the linear
programs dual to these programs have integer optimum solutions. By LP-duality
this means:

THEOREM 10. Let C be a crossing family satisfying (30), let ¢ € Z4, and
let D = (V,A) be a directed graph. Then (i) the minimum weight of a covering
15 equal to the mazimum number t of cuts C1,...,Cy (repetition allowed) so that
each arc a of D is in at most c, of the cuts C;; (ii) the minimum weight of a cut



1442 ALEXANDER SCHRIJVER

is equal to the mazimum number t of coverings Cy,...,Cy (repetition allowed)
30 that each arc a of D i3 in at most ¢, of the coverings C;.

We mention the following applications.

1. Let V be partitioned into classes V/ and V", let C := {{v}jv € V'} U
{V\{v}veV"}, ACV" xV’' ¢ = 1. Then (i) in Theorem 10 is equivalent to
a theorem of Konig [22]: the minimum number of edges covering all vertices in
a bipartite graph is equal to the maximum size of a coclique. Similarly, (i) is
equivalent to a theorem of Gupta [19]: the minimum degree in a bipartite graph
is equal to the maximum number of pairwise disjoint edge sets Fi,...,E; each
covering all vertices.

2. Let r,s €V be fixed, let C:={U CV|rgU,se U}, D= (V,A) arbitrary,
and ¢ = 1. Then (i) in Theorem 10 is equivalent to the (easy) result that the
minimum number of edges in a path from r to s in D is equal to the maximum
number of pairwise disjoint cuts separating r from s. Assertion (ii) is Menger’s
theorem (26]: the minimum number of edges in a cut separating r from s is equal
to the maximum number of pairwise edge-disjoint paths from 7 to s.

3. Let r € V be fixed, let C := {U C V|r ¢ U # O}, and let D = (V,A) and
¢ be arbitrary. Then (i) in Theorem 10 is equivalent to a theorem of Fulkerson
[11]: the minimum weight of an r-branching (= a subset of A forming a rooted
directed tree with root 7) is equal to the maximum number ¢ of r-cuts (= sets
of form 6 (U) with U € C) (repetition allowed) such that any arc a of D is in
at most ¢, of these r-cuts. If ¢ = 1, assertion (ii) is equivalent to a theorem of
Edmonds [8]: the minimum size of any r-cut is equal to the maximum number
of pairwise disjoint r-branchings.

REFERENCES

1. C. Berge, Sur le couplage mazimum d’un graphe, C. R. Acad. Sci. Paris Vie Acadé-
mique 247 (1958), 258-259.

2. M. Burlet and J. Fonlupt, Polynomial algorithm to recognize a Meyniel graph,
Progress in Combinatorial Optimization, W. R. Pulleyblank, editor, Academic Press, Toronto,
1984, pp. 69-99.

3. M. Burlet and J. P. Uhry, Parity graphs, Annals Discrete Math. 16 (1982), 1-26.

4. V. Chvétal, Edmonds polytopes and a hierarchy of combinatorial problems, Discrete
Math. 4 (1973), 305-337.

5. —, Cutting-plane proofs and the stability number of a graph, Report No. 84326,
Institut fiir Operations Research, Universitit Bonn, 1984.

6. W. H. Cunningham and A. B. Marsh III, A primal algorithm for optimal matching,
Math. Programming Stud. 8 (1978), 50-72.

7. J. Edmonds, Mazimum matching and a polyhedron with 0,1-vertices, J. Res. Nat.
Bur. Standards (B) 69 (1965), 125-130.

8. —, Edge-disjoint branchings, Combinatorial Algorithms, B. Rustin, editor, Aca-
demic Press, New York, 1973, pp. 91-96.

9. E. Egervary, Matrizok kombinatorius tulajdonsdgairdl, Mat. és Fiz. Lapok 38 (1931),
16-28.

10. A. Frank and E. Tardos, An application of simultaneous approzimation in combi-

natorial optimization, 26th Annual Symposium on Foundations of Computer Science, IEEE,
New York, 1985, pp. 459-463.



POLYHEDRAL COMBINATORICS 1443

11. D. R. Fulkerson, Packing rooted directed cuts in a weighted directed graph, Math.
Programming 6 (1974), 1-13.

12. A. M. H. Gerards, An extension of Kénig’s theorem to graphs with no odd-Kj,
Preprint.

13. A. M. H. Gerards, L. Lovész, A. Schrijver, P. D. Seymour, and K. Truemper (to
appear).

14. A. M. H. Gerards and A. Schrijver, Matrices with the Edmonds-Johnson property,
Combinatorica 6 (1986), 403-417.

15. R. E. Gomory, Outline of an algorithm for integer solutions to linear programs,
Bull. Amer. Math. Soc. 64 (1958), 275-278.

16. M. Grotschel, L. Lovész, and A. Schrijver, The ellipsoid method and its consequences
in combinatorial optimization, Combinatorica 1 (1981), 169-197.

17. , Geometric algorithms and combinatorial optimization, Springer-Verlag, Ber-
lin (to appear).

18. M. Grétschel and M. W. Padberg, Polyhedral theory, The Traveling Salesman Prob-
lem, E. L. Lawler et al., editors, Wiley, Chichester, 1985, pp. 251-305.

19. R. P. Gupta, A decomposition theorem for bipartite graphs, Theory of Graphs, P.
Rosenstiehl, editor, Gordon and Breach, New York, 1967, pp. 135-138.

20. R. M. Karp and C. H. Papadimitriou, On linear characterizations of combinatorial
optimization problems, SIAM J. Comput. 11 (1982), 620-632.

21. D. Konig, Graphok és matrizok, Mat. és Fiz. Lapok 38 (1931), 116-119.

22. ___, Uber trennende Knotenpunkte in Graphen (nebst Anwendungen auf Deter-
minanten und Matrizen), Acta Litt. Sci. Regiae Univ. Hungar. Francisco-Josephinae (Szeged),
Sect. Sci. Math. 6 (1933), 155-179.

23. A. K. Lenstra, H. W. Lenstra Jr., and L. Lovész, Factoring polynomials with rational
coefficients, Math. Ann. 261 (1982), 515-534.

24. L. Lovész, Graph theory and integer programming, Ann. Discrete Math. 4 (1979),
141-158.

25. , The matching structure and the matching lattice, Report MSRI 04118-86,
Math. Sci. Res. Inst., Berkeley, Calif., 1986.

26. K. Menger, Zur allgemeinen Kurventheorie, Fund. Math. 10 (1927), 96-115.

27. M. W. Padberg and M. Groétschel, Polyhedral computations, The Traveling Salesman
Problem, E. L. Lawler et al., editors, Wiley, Chichester, 1985, pp. 307-360.

28. M. W. Padberg and M. R. Rao, The Russian method and integer programming,
Ann. Oper. Res. (to appear).

29. A. Schrijver, On cutting planes, Ann. Discrete Math. 9 (1980), 291-296.

30. , Short proofs on the matching polyhedron, J. Combin. Theory Ser. B 34 (1983),
104-108.

31. ____, Packing and covering of crossing families of cuts, J. Combin. Theory Ser. B
35 (1983), 104-128.

32. ., Theory of linear and integer programming, Wiley, Chichester, 1986.

33. P. D. Seymour, On multi-colourings of cubic graphs, and conjectures of Fulkerson
and Tutte, Proc. London Math. Soc. (3) 38 (1979), 423—460.
34. , Decomposition of regular matroids, J. Combin. Theory Ser. B 28 (1980), 305—

359.

35. W. T. Tutte, The factorization of linear graphs, J. London Math. Soc. 22 (1947),
107-111.

36. — ., A homotopy theorem for matroids. 1, I1, Trans. Amer. Math. Soc. 88 (1958),
144-174.

TILBURG UNIVERSITY, 5000 LE TILBURG, THE NETHERLANDS

MATHEMATICAL CENTRE, 1098 SJ AMSTERDAM, THE NETHERLANDS



