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1. Introduction and/or abstract.

The (nonlinear) optimal (recursive) filtering problem which gives rise to the mathe-—
matical problems to be described and discussed below is the following. Suppose the
state x, of a stochastic system evolves according to the Ito stochastic differcn—
tial equation dxt - f(xt)dt + G(xt)dwt where f and G are vector and matrix va-—
lued functions of the appropriate dimensions and v is a Wiener (noise) process.
The state x, is not directly observable. What can be measured are noise coterted
outputs y_ depending on X according to dyt = h(xt)dt + dvt , where v is ano-
ther Wiener noise process. We now want to find the best estimate it of X,

given yC - (ys:O < s <t} and more precisely we would like to construct a finite
dimensional "machine' for calculating it recursively. (What this means is explain-—
ed below). It nov turns out that there is a natural Lie algebra (of differential
operators) associated to this problem and that the structure of this Lie algebra and
questions of representability (by vectorfields) concerning this algebra are intimate-
ly connected to the existence of optimal finite dimensional recursive filters. Much
what follows below reports on joint work with Steve Marcus of the University of Texas

at Austin.



2. Representation questions.

Let me scart with (asimplified version of) a representation problem of Lie algebras
which has acquired considerable importance in the theory of optimal filtering and
then proceed (in the next section) to discuss how this representation problem arises.

The question is

(2.1.) Problem. When can a Lie alpebra (usually infinite dimensional) over IR be
realized (represented) aos a Lie algebra of smooth vectorfields on a smooth fini\:c‘
dimensional manifold, and wheu can this be done analytically (algebraically) on a

real analytic (algebraic) manifold.

Below, there are two general results concerning this. Very little else is
known. First a bit of notation. Let M be a swmooth finite dimensional manifold.
Then V(M) denotes the Lie algebra of smooth vectorfields on 1 (usually viewed as
first order differential operators, i.e. as derivations of F(M) the ring of smooth
tunctions on M, cf. {19,Ch.I, §2]) ; and if M 1is real analytic then Van(M)

denotes the Lic algebra of analytic vectorficlds.

(2.2.) The finite dimensional case. Let L be a finite dimensional Lie algebra

over IR . Then, by Ado's thecrem [2, §7)] ., L has a finite dimensional faithtul
representation, i.e. for some n € IN cthere is an injective Lomomorphism L - glnf}()

vhere gln(lR) denotes the Lie algebra of real n x n matr.ces. Now

: o

(-.3.’ (au) - al_]xl d—i

i,}
defines an injective homomorphism of Lie algebras glnm) - V(,T_Rn) . Combining this
with Ado's theorem it follows that every finite dimensional Lie algebra can be re-

. . n
presented as a Lie algebra of vectorfields on R for some n .
For the applicationsto be discussed below it is also most important to find

if possible, low dimensional M such that L can be imbeddedin V(M). This leads to

(2.4.) Problem. Given a Lie algebra L (finite or infinire dimensional). What

is the smallest natural number m such that L can be imbedded in V(M) , where M
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is a smooth manifold of dimension w®w .

1 know nothing about the question of whether the topological type of M
will play a role here or whether the question is essentially local. Thus for instan-—
ce one would like to know whether the extra requirement ''M is compact" or "M is

R" for some n " would make a differvnce in problems (2.1.) and (2.4.).

O0f course, problem (2.4.) can also be asked voncerning imbeddings
L » Van(N) , N an analytic manifold. The answers .an certainly be different. Thus
'an abelian Lie algebra of countable dimensioun can be imbedded in VQR) but an
n-dimensional abelian Lie algebra can not be imbedded in VdnGR) if n > 2, but

5
can be imbedded in VanGR") (for all n iniluding n = =)

(2.5.) Lxample : The oscillator al:ebru. The Lie algebras L uriaing from filte-

ring preblems as described in section 1. above are all Lie algebras of (higher ntder)

differential operators. A nice simple example for the linear case s the so-called
o
. . . | d’ 12 d
oscillator algebra h which has a basis 5 -—5 - PR R
- dx- «
tion [(x) 1is (onsidered as the multiplication vperator p{x)» {‘x}p(x) , and the

1 . (licre a func-

bracket of two (differential) operators D],D,, i~ defined as {D].D)] = Ul[\7 - D”Dl)‘

-

5

P a” 1
Writing A = e oL xz one checks that [A,x] = 4 ,

2 d 2 dx
x

(A d—] = x [Ei__ x] =1, [A 1] = [x,1] = [i» 1] = G so that we have 1 four

'dx ’ dxl Al -~ * dxv
dimensional Lie algebra with a one dimensional center R.1 . Let k be the Lie alge-
bra h/R.1. This‘algehra admits the tollowing representation in "_mmz) (which ¢o-

'mes from the so-called Kalman filter ; ¢.1, below in section(}.3.)).

? N
x oy <

s =T

¢z

o

(2.6.)

S,z oyl a 4
2"”“y)3y yzaz’d:« Gz

o —

2
x

[

(2.7.) The Heisenberg-Weyl algebras. The Lic algebras of vectorficlds V(M) are

quite large and contain most of the better known Lic algebras. For instance the sim-
ple infinite dimensional filtered Lie algebras (of Lie and Cartan) , {9, 29] are
defined as subalgebras of V(M) and as another example the free Lie algebra on 2

generators can be imbedded in V(@) .



Now consider the Heisenberg-weyl algebras Un IR <X, 0y X ,—a-— LN

1° naxl""'ax
n

of all differential operators (of any order) in %x—....,%;- with polynomial coeffi-
) n

8
cients. (A basis for Hn as vector space is formed by the monomials x* -a-—s-
Ix

(where a and B are multiindices)). Two elementary facts concerning the Weyl alge-

bras W are
n

(2.8.) Proposition. W, has a one dimensional centre R.l, and wn/B.l is sim—

ple.
And concerning its relations with the Lie algebras V(M) we have '

(2.9.) Theorem. ([16}). Let M be a finite dimensional smooth manifold,

n €N = {1,2,...} . Then there are no nonzero homomorphisms Wt v(M) , W“/BJ»V(M)-

The present proof [16] of this theorem first reduces to the case of Lie al-

gebra homomorphisms into the Lie algebra of formal power serics vectorfields

-

n
3 gy .

v = { ¢ f.(x)=— : f (x) formal power series in x ,...,x } , by killing of the
el i Bxi 1 ! m

ideal of all germs of vectorfields uncar a peint whose coefficients are flat functions.

Now V_  has a natural filtration V_ =L DL DL >... where L.
] m -1 o 1

all expressicns Ia . x° 2 for which a . =0 if la} =
a,i ax,

consists of
a4, * ... + g < 1 . Fur-

a,l 1 n—

. i
ther vm“‘j is a finite dimensional vector space for all j, lLi'Lj] c L1¢j

and N L. = {0; . Thus if there cvxisted a nonzero W +V ,W /IR.1 =V , then W
.ol o wm n o o

or \Jm/m,l would inherit a similar filtration.

One now proves that the Lie algebras Hm and wm/m.y do not admit such .
filtration. This part of the proof is long and computationally and combinatorially
involved. It would be nice to have also a more conceptual proof perhaps involving the
relation of W“ vith classifying spaces for foliations and/or using Gelfand-Puks

cohomology, (28] and [9, especially the last section] .

An obvious question to ask concerning the W is
n

(2.10.) Problem. Characterize un in terms of some of its properties. And, parti-

cularly in view of the metters to be discussed below in section 3, it would be nice

to have criteria to decide when a given subset of elements of W generstes all
n



of W (as a Lie algebra).

Let me also state the natural extension problem (such extensions arise e.g.
when treating linear identification or adaptive control problems as nonlinear filte-

ring problems)

(2.11.) Problem. let 0 +a + g he h + 0 be an exact sequence of Lie algebras
with abelian kernel 8 . Suppose that we have given an imbedding 4 : h - V(M) . Does
there exist an imbedding q : g + V(M') which 1ifts the present one in the sense

that there exists a morphism of smooth manifolds ¢ : M's M which takes the vector-
field g(X) into a(n(X)) for all X € g . (Because & inbeds in V(R)
and V‘n(mz) one naturally thinks in terms of M' as a product space M' = M x '

or possibly a vectorbundle over M).

(2.12.) Representations in Vn . To conclude this section let us consider briefly

the formal part of problem (2.1.), i.e. the question - : when a Lie algebra L can
be represented as a subalgebra of Vn . Then L inher . ts a filtration

L= L_l o Lo =) L] > ... such that [Li'Lj] o Li+j' \ Li = {0} and L/Li is finire
dimensional, Moreover there is a growth condition on im L/Li which says that this

.n N . .
number grows slower than c¢i  as 1 + « for a suitable constant ¢ . This leads to

(2.13.) Problem. Let L be a filtered Lie algebra, L = L_l %) Lo Do,

(Li.Lj] 1< Li*j' dim L/Li <o, N L.l = {0} . Suppose moreover that for some n there
,in a constant ¢ such that dim L/Li < ¢i” for all i . Does there then exist an

imbedding of Lie algebras L-on for some mé€ N

Obviously, the answer is yes if one adds the primitivity and transitivity
requirements which make L one of the simple infinite Lie algebras of Lie andCax-
tan [9) . Thus the answer seems to be yes for the basic building blocks for this
class of glgebras. I should add that large classes of the Lie algebras of nonlinear

filtering theory are of this filtered type [16] .



3. Nonlinear filtering and Lie algebras.

Now let us see what the Lie algebra representation problems of section 2 above have

to do with optimal recursive filtering.

Consider a stochastic dynamical system

(3.1.) dxc - E(xc)dt + G(xt)dwt, dyL - h(xt)dt + dvt, Xy = x(O),y0 =0

Here f, G, h are vector and matrix valued functions of the appropriate dimensions,
v, and v, are unit variance Wiener noise processes. The processes L and Ve ‘
assumed independent of each other and of tne initial state x(0) . The problem is to
find recursive methods to calculate it - E[xt{yt] the (least squares) best estimate
of the state L given the observations up to time ¢, yt = (ys: 0 <s <t} . More
generally we are interested in the best estimates ;(xt) of functions ¢(xt) of the
state given yt . Here by definition a finite dimensional recursive estimator

for :(x[) is a svstem ou a finite dimensional manifold of the form

(3.2.) iﬁ[ = u(nt)dt + B(n()dyt. ¢(xt) = y(nc) >Ny ™ n(0)

where 1, % arc vectorfields on a finite dimensional manifold M . Such a machine
perwits the calculation of ;(xt) by a simple updating procedure for N, after
which ;(At) is obtained bv applying vy . Obviously such a procedure has advantages
in "on line'" situations and it is also not totally unreasonable to ask for such cal-

culating devices because the Kalman filter of considerable fame and enormous applica-

bility is preciselv such a machine.

(3.3.) Example : The Kalman-Bucy filter. Suppose we are dealing with a linear

stochastic system, i.e. 8 svstem of the form

(3.4.)  ds, = Ax dt + Bdw . dy = Cxdt + /Rdv,

where A, 5, C, are matrices of the appropriate dimensions and R 1is a positive de-
finite symmetric (covariance) matrix. All may depend on t . Then an optimal recursi-

ve filter for the conditional state it is given by the equations
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- s T -1 .
(3.5.) dit Axtdn P:C R (dyt-Cxtd() R io = %(0)

3.6.) dP_ = T T _ 5 oTe! -
( ) N (APt + P:A + BB Ptc R cp[)dz » Py P(0)

where the upper T denotes transposes. Here (3.6.) is an equation for the square
matrix P . (Matrix Riccati equation). This is precisely a machine of the type (3.2.)

for Szt:' vith M 7 (it'Pt) and vy the projection on the first coordinate.

(3.7.) The Duncan-Mortensen-Zakai equation. For simplicity (of notation mainly)

‘e shall from now on assume that h(x[) is scalar valued. Suppose that the system
(3.1.) 1is sufficiently regular so that a‘c( admits a probability demsity p(x,t),
the conditional probability of X, given yt . A certain unnormalized version p(x,t)

of p(x,t) then satisfies the so-called Duncan-Mortensen-Zakai equation

(3.8.) dp(t,x) = Lu(t,x)dt + h(x)u(x,t)dy[

where L is the Fokker-Plank operator defined by

| n 32 T n -
.9. L) o= X ——— > - b L
(3.9 LC) =g b (6640 - L Ly
i,j=1 i77) i=1 i

where fi. is the i-th component of f(x) and (GGT)U the (i,j)-th component of

T
G(x)G (x) . Cf. e.g. [8] for a derivation of equation (3.8.).

Equation (3.8.) 1is an infinite dimensional version of a so-called bilinear
system, that is a system of equations of the form x = Ax + Bxu where A and B
.Are matrices. And for such systems it is known that the Lie algebra generated by the
matrices A and B plays an important role in studying such systems {Wei-Norman
theory ; ct. e.g. (6]) . This analogy was first noticed by Brockett and the idea to
analyze the Lie algebra generated by the two operators L and h(x) to study the

optimal recursive filtering properties of nonlinear systems (3.1.) seems to be due
independently to Brockett and Mitter. [3,4,5,6,25,26,27] .
Equation (3.8.) is an Ito stochastic differential equat-on. In order to be

able to calculate the brackets of the differential operators involved in it in the

normal way it is necessary to bring it in its Fisk-Stratonovic form



(3.10.) doCt,x) = (L= B2 (0))p (taxdde + h(xp (t,x)dy,

The Lie algebra generasted by the two operatora [~ % hz(x), h(x) is called the esti-

mation Lie algebra of the system (3.1.).

(3.11.) Example : Linear noise linearly observed (3] . The simplest nontrivial li-

near system (3.4.) 1is undoubtedly the one-dimensional system

(3.12.) dxt - duc, dyt = xcdt + dvt

In this case the two-operators occurring in the (Fisk-Stratonovic form of the) Dunc‘

2

Mortensen-Zakal equation (3.10.) are X ,x . Thus the Lie algebra generated

ot .
dxz
by them is the four dimensional oscillator algebra of example 2.5.) above. The Kalman

1
2

N —

filter for X in this case is given by the equations

s < 2
(3.13.) ch(t Pt(dyt xtdt), dPt (1 Pt)dt

so that the two vectorfields involvedin this calculating machine of type (3.2.) are

:~; , b=P %; . The Lie algebra generated by these two vector-

fields is closely related to the oscillator algebra. It is in fact the quotient by

2.2 P
a-(l-P)ﬁ- x

its center of the oscillator algebra, c¢f. (2.5.) above. This relationship between

the estimation Lie algebra of (3.12.) and the Lie algebra of the recursive filter
(3.13.) is no accident [3] . It is also striking that the Lie algebra is precisely
the Lie algebra of the Euclidean harmonic oscillator. It turns out that there are
indeed deep analogies between the problems of nonlinear filtering and those of quan'

tum field theory [25,27]

(3.14.) The estimation algebra and representation questions. Now suppose that

there is a machine of the type (3.2.) for estimating a certain statistic ;(xc)
(Equations (3.2.) are supposed to be in Fisk-Stratonovic form, which, anyway, is ne-
cessary for stochastic equations on general manifolds [7]). Then there arc two ways
to process the data Vg » 0 <8 <t toobtain ;(xt) . The first way is to run

the Ve through the conditional density equation (3.10.) to obtain p(t,x) (from

s givan stavting density p5(0,x)) ; from p(t,x) ealeulste p(t,x) by normalising

and then obdtain p(xt) by integrating ¢(x) against p(t,x) . The second way is to
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run our data through the machine (3.2.), which we can assume to be of minimal dimen-
sion. Thus we have two machines processing inputs with the same results. If both we-~
re finite dimensional this would imply [30] that there is a morphism {rom the part
of the first machine reachable from the starting point to the second machine, which
in turn implies that there is a homomorphism from the Lie algebra generated by the
vectorfields of the first machine into the Lie algebra generated by the vectorfields
of the second machine. Conjecturally this theorem extends (under suitable assump-
tions) to the case that the first machine is infinite dimensional. Thus if a finite
dimensional machine (3.2.) for calculating ;(xt) exists there should be a corres-
ponding homomorphism of Lie algebras from the estimation Lie algebra of the system
to the Lie algebra generated by the vectorfields of the filter. This is precisely

what happened in the case of the example (3.11.) above.

(3.15.) Homomorphisms between Lie algebras and morphisms between systems. There

is a partial converse to the result discussed above [21] . It goes, roughly, as tol-
lows. Consider a system x = al(x) + Bl(x)u on a manifold M1 and a second sys-—
tem x = az(x) + Bz(x)u on a manifold M2 . Let Li , i=1, 2, be the Lie algebra
of vectorfields generated by as Bi . Let x € Mi , 1 =1, 2, and suppose that
aya, Blu» 82 induces a homomorphism of Lie algebras Ll - Lz which takes the
isotropy subalgebra of Ll at x, into the isotropy subalgebra of L2 at x, .
Then there is a morphism of manifolds from a neighbourhood of X, toa neighbour-
hood of X, which takes the trajectories of the first system into the trajectories
of the second system.

Hopefully this result also extends to the case where the first manifold Ml
is infinite dimensional. Given a homomorphism of the estimation algebra into
some V(M) thie is almost the same as exponentiating the resulting action of the
{usually infinite dimensional) estimation algebra on M to an action of a semigroup
of operators. In this connection I am curious to know whether similar phenomena can
occur a8 in the case of actions of Banach Lie groups on finite dimensional manifolds.

In that case one has the result [12] that under certain irreducibility and tramsiti-

vity assusmptions the Banach Lie group is necessarily finite dimensional.
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Thus we have twvo more problems involving both system theoretic and represen

tation theoretic ideas.

(3.16.) Iwo problems. Extend the "minimal realization results" of [30] and the

'existence of morphisms of systems" of ({21] to the infinite dimensional case.

(3.17.) Representing Lie algebras together with a module. Suppose that we have a

morphism of manifolds ¢ : M + N which induces a homomorphism of Lie algebras from

a certain subalgebra L < V(M) into V(N) . This is precisely the situation of

(3.14.) and (3.15.) above. Let a : L=+ V(N) be this homomorphism of lLie algebras.

The map ¢ induces a homomorphism of the rings of functions @* : F(N)+F(M) and
.

because o 1is compatible with ¢ we have that ¢ is a homomorphism of L-modules

where F(N) acquires its L-module structure via a .

Of course ¢ is recoverable from ¢* by looking at the real ideals of
F(M) and F(N) , cf. [10].

Thus the representability problem of Lie algebras coming from fiitering
theory is not just a question of representing Lie algebras by vectorfields but a
question of representing a Lie algebra together with a given representation Ly means

of vectorfields.

(3.18.) Problem. Let L be a Lie algebra together with an L~module P. When does
there exist a homomorphism of Lie algebras L » V(M) , where . 1is finite dimensic-

nal smooth manifold, such that there exists also a morphism of L-modules F(M) . P .

(3.19.) The case that P is finire dimensional. It is perhaps worth rcmarking

that if P is a finite dimensional vectorspace (3.18.) is easy. Choose coordinates

in P . To a function f on P = r" associate the vector %5— (0),...,g§~ (0) and
1

define L - V(P) , by g+ [ a..x

5% 3;; if (aij) is the matrix by which ' g ascts

on P, Then F(P) » P 1is indeed a homomorphism of L-modules.

This case is in fact relevant in the setting discussed asbove because it may
happen that there are submodules of finite codimension in the space of functions on
wvhich L acts. This happens e.g. when the functions f and G 1inmn (3.1.) are both

gero in 0, cf. [16].
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4. Estimation Lie algebras.

Given a stuchastic system (3.i.) (with scalar oblservations) we have discussed a cer-
in Li Leeb . 4 . ) [

tain Lie algebra assocliated to it generated by the two cperators [ - 3 h"(x), h(x)
occurring in equation (3.10.), and we have seen that this Lie algebra has much to
say about the existence or nonexistence of finite dimensional recursive filters for
varicus statistics of the conditional state. This algebra is called the estimation
Lie algebra ot the system (3.1.), and it 1s an almest totally open question which
algebras can arise in this way and, how to decide when the algebra will be infinite

or finite dimensiovnal. Let us start with some examples.

4.1 Example : The cubic sensor. Consider the system

A H 3 .
(4.2.) dx duc N uyL xtdL + vt

4
. . . . d 1 6 3
In this case the estimation algebra is generated by -3 "3 X, x , and we have
dx
(4.3.) Theorem ({ien. The estimation algebra of the cubic svnsor is

W = R < X, g; »>. For this particular .ystem the conjcectural statement of (3.14.)
above has been proved [31] , [18] so that combined with theorem (2.9.) this result

implics.

(4.4 Theorem ([317). There exist no finite dimensional exact filters (3.2.)

for anv statistic @(x[) , @ nonconstant, of the cubic sensor (4.2.)
(4.5.) Example ([23]). Consider the two dimensional system

(4.6 dx, = dw, dx, = x

. - .
. 2e ltdt H dyt xtdt de

The estimation Lie algebra of this examplce has as basis the operators

a, b, c., di' i €N J {0} given by

1 1
2 12 2 5t
A= xt 2 et & h ex b, a2 g e R
I 3x 2 2 2 71 i ! i Ix i i
2 axl X ) axz 3x,

with the bracket relations [a.bi] =< [a.ci] = bi + 2b,

[a,dj]-[bi.dj] - [Ci'dj] -0
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[bi,cj] = ‘di*j' [bi'ij - [ci,cj] = 0 . This estimation algebra has many ideals

and these do indeed corraspond to exact filters for various statistics [23].

(4.7.) Example ([22]). Consider the linear system with parrially unknown parameters

dxt - axtdt. da = 0, d¢c = 0 ; dy: - cxcdc + dvt H x5 = x(0), 7o ™ 0

In this case the estimation algebra has a basis bo = a + ax %; + % czxz ,
b, = a'ex, i = 1,2,... vith the bracket relacions [b;,b.) = 0, i,j 21,

[bo’bi] - bifl . It is perfectly easy to represent this Lie algebra by means of vec—'

2
torfields on R°, e.g. by assigning to bo the vectorfield e -g;— and to bi. the

vectorfield (i~l)!e1y %; . This would give a 2-dim. calculating machine and it seems

most unlikely that this can give information for all three (independent) unknowns

. . . ] 3 1 2 2 3
I3 — - — — ——
a,c,x . The four dimensional representation bo » a 3y + ax i + (Zc x ) ay
bi w a‘cx ——zy will do a better job. Thus as is also clear from (3.15.) above not all

representations of the estimation Lie algebra will be relevant for filters.
(4.8.) Example ([13]). Consider the stcchastic system

3
(4.9.) dx: - dwc. dyt - (xc+ cxt)dt + dvt

where ¢ 1is a (small) fixed parameter. In this case one finds that the estimation

algebra is equal to wl for ell ¢ # 0 .

(4.10.) Example ([14]). Consider the stochastic system

(4.11.) ch(t = dvlt + utdWZ:’ dyt = xcd: + dvt . d

where again ¢ is a (small) fixed parameter. In this case also one finds that the

estimation algebra ie equal to Hl for all e ¢ 0

These examples end several more suggest that estimation slgebras have a
strong tendency to be equal to a Heisenberg-Weyl algebra suggesting the question

(conjecture really).

(4.12.) Question. Let f,g and h in the stochastic syst<=z (3.1.) be polynomial
in LTI SYRDRTE S Is it true that generically the estimstion algebra of (3.1.) is

equal to Hn 1
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More asmbitiously one would like to know all subalgebras of W which can
n

arise as an estimation algebra and in particular

(4.13.) nestion. Are there (up to isomorphism) other finite dimensional estima-

tion algebras in k’n then the ones coming from linear systems ?

One result 1n this direction can be found in (25):

(4.14.) Theorem ([25]). Consider a one dimensional nonlinear system of the form
dxr - f(xc)dc + dut, dyt - h{xt)dt + clvc . Then the estimation algebra is finite di-

"
mensional only in the case hix) = ax + g, fx + £° = uxz + bx + ¢,u,B,a,b,c € R .

For polynomial f this means that { 1is of the form f(x) = dx + e . For
more general f and L the resulting class of filtering problems is one which was
discovered by Benes ([! ]) and this class is equivalent in a certain precise way

to the filtering protiem of example (3.11.), ([25]).

(4.15.) Probler. Which subalgebras of k'n ;an ariy @ 45 estimation alyebras T Si-
milar questions have come up in quantum physics [20', suggesting additional evidence
cencerning the deep relations between the problems of nunlinear filtering and those

of quantum physics. One striking result from [20] is the following.

(4.16.) Theorem. Let L be a semisimple Lie algebra over € of rank r . Then L

cannot be realized in W w€ =& < x ,...,x , ™ ,..., ——= + if ¢ > n
n | n’ 3x X
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