ECONOMETRIC INSTITUTE

(FINE) MODULI (SPACES) FOR LINEAR SYSTEMS:
WHAT ARE THEY AND WHAT ARE THEY
GOOD FOR ?

M. HAZEWINKEL

Certons

REPRINT SERIES no. 274

This article appeared in” Geometrical Methods for the Theory of Linear Systems ",

D. Reidel Publ. Comp. 1980,

LRASMUS UNIVERSITY ROTTERDAM,

P.O. BOX 1738, 3000 DR. ROTTERDAM THE NETHERLANDS.



(FINE) MODULI (SPACES) FOR LINEAR SYSTEMS: WHAT ARE THEY AND
WHAT ARE THEY GOOD FOR ?

Michiel Hazewinkel

Erasmus Universiteit Rotterdam
Rotterdam, The Netherlands

ABSTRACT

This tutorial and expository paper considers Tinear dynami-
cal systems x = Fx + Gu, y = Hx, or, x{t+1) = Fx{t) + Gu(t),
y(t) = Hx{t); more precisely it is really concerned with families
of such, i.e., roughly speaking, with systems like the above where
now the matrices F,G,H depend on some extra parameters o, After
discussing some motivaticn for studying families (deiay systems,
systems over rings, n-d systems, perturbed systems, ideniification,
parameter uncertainty) we discuss the ciassifying of families (fine
moduli spaces). This is followed by two straightforward avpiica-
tions: realization with parameters and the norexisterce o7 global
continuous cancnical ferms, More applications, especially to feed-
back will be discussed in Chris Byrnes' talks at this conference
and similar problems as in these taiks for networks will be dis-
cussed by Tyrcne Duncan. The classifying fine mcduli space cannut
readily be extended and the concluding sections are devoted to
this observation and a few more related resuits.

1. INTRODUCTION

The basic object of study in these lectures (as in many others
at this conference) is a constant iinear dynamical sysiem, that is
a system of equations

1]
]

Fx + Gu x(t+1) = Fx(t) + Gult)

y = Hx () y(t) = Hx(t) (1.1
(a): continuous time [b): discrete time
125

X
3
)

C. I. Byrnes and C. F. Mertin, Geasmetricel Methods for tne Theory o) Linear Systems, 125-193.
Copyright € 1930 oy D. Reidel Pudiishing Company..



M. HAZEWINKEL

h xek" = state space, u € KM = input or control space,

© kP = output space, and F,G,H matrices with coefficients in

of the appropriate sizes; that is, there are m inputs and »p

‘puts and the dimension of the state space, also called the

lension of the system I and denoted dim(Z), 1is n. Here Kk

an appropriate field {or possibly ring). In the continuous

e of course k should be such that d1fferentiat1on makes sense
* (enough) functions R - k, e.g. =R or X. Often one

Is a direct feedthrough term Ju, glv1ng y = Hx + du 1n case

and  y(t) = Hx(t) + Ju(t) in case (b) instead of y =

I y(t) = Hx(t) respectively; for the mathematical prob]ems

be discussed below the presence or absence of J is essen-

111y irrelevant,

More precisely what we are really interested in are families
objects (1.1), that is sets of equations {1.1) where now the
:rices F,5,H depend on some extra parameters co. As people
'e found out by now in virtually all parts of mathematics and
. applications, even if one is basically interested only in
igle objects, it pays and is impsrtant to study families of
h objects depending on a small paremeter & (deformation and
‘turbation considerations). - This could be already enough moti-
:ion to study families, but, as it turns out, in the case of
near) systems theory there are many more circumstances where
1ilies turn up naturally. Some of these can be briefly summed
as delay-differential systems, systems over rings, continuous
wonical forms, 2-d and n-d systems, parameter uncertainty,
ingularly) perturbed systems. We discuss these in some detail
iow in section 2.

To return to single systems for the moment. The equations
1) define input/output maps fy : u(t) » y(t) given
spectively by

y(t) = _ft HeF(t'T)Gu(r)dr , t=0 (1.2a)

i

(o]
& i-1
y(t) = 2, Au(t-1-i), A, = HF' ™G,

i=1
i=1,2,..., t=1,2,3,... (1.2b)

're we have assumed that the system starts in x(0) = 0 at

e 0. In both cases the input/output operator is uniquely
:ermined by the sequence of matrices Aq,Ap,... . Inversely,
i1ization theory studies when a given sequenue Ar,A2,...

:h that there exist F,G,H such that A; HFi- 1& for a]] 1.
1lization with parameters is now the quest1on given a sequance
matrices A1(v), Ax(o), A3(o), ... depending polynomially

»sp. continuously, resp. analytically, resp. ...) on parameters
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c when do there exist matrices F,G,H dependinj polynomially
{resp. continuously, resp. ana]yt;ca}]y, resp. ...) on the param-
eters ¢ such that A;j({o) = H(c)F'"'(c)G(o) for all i. And to
what extent are such rea117at1ons unique? Which brings us to the
next group of questions one likes to answer for families.

A single system I given by the triple of matrices F,G,H
is completely reachab]e if the matrix R(F,G) consisting of the
blocks G,FG,...,FNG

R(Z) = R(F,G) = (G! By HI P F "6) (1.3)

has full rank n. (This means that any state x can be steered
to any other state x' by means of a suitable input). Dually

the svstem Z s said to be completely obs:rvab]e if the matrix
Q(F,G) consisting of the blocks H,HF,... HF"

H

HF '
Q(z) = QF.H) = | (1.4)

HF"

has full rank n. (This means that two different states x(t)
and x'{t) of the system can be distinguished on the basis of the
output y{z) for all T > 1t). As is very well known if
Ay,Az.... can be realized then it can be realized by a co and

cr system and any two such realizations are the same up to base
change in state space. That is, if £ = (F,G,H) and I' =
(F*,G',H') . both realize A4 Pg,... and both are cr and co then
dim(z) = d1m(V ) = n, and there is an inveTt1b1e nxn matrix S
such that F' = SFS-} » G' = SG, H' = HS™ (It is obvious that
if £ and I' are related in this way then they give the same
input/output map). This transformation

S -1

T = (F,6.H) » 2° = {F,6,H)° = (SFS™V,56,Hs™1)
corresponds of course to the base change in state space x' = Sx.
This argues that at least one good notion of isomorphism of sys-
tems is: twe systems I, &' over k are isomorphic iff

dim{z) = dim(Z') and there is an S € GL (k) the group of S
invertitle matrices with coefficients in k, such that &' = I°,
A corresponding notion of homomorphism is: a homomorphism from
© = (F.G,H), dimZ =n, to %' = (F',G',H'), dims =n', is an
n'xn matrix B (with coefficients in k) such that BG = G',
BF = F'B, H'B = 4. Or, in other words, it is a linear map from
the state space of I to the state space of ' such that the
diagram below commutes.
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k" —————vkn\ H
,//,,/”’l 18 ‘;;T‘*’Kp (1.6)
\ % _Ii_'___)kn

The obvious corresponding notion of isomorphism for families
(o), £'(s) 1is a family of invertible matrices S(o) such that

:(G)S(G) = Z'(s), where, of course, S(o) should depend polyno-
mially, resp. continuously, resp. analytically, resp. ... on ¢

if £ and I' are polynomial, resp. continuous, respt. analyti-
cal, resp. ... families. One way to look at the results of sec-
tion 3 below is as a classification result for families, or, even,
as the construction of canonical forms for families under the
noticn of isomorphism just described. As it happens the classi-
fication goes in terms of a universal family, that is, a family
from which, roughly speaking, all other families (up to isomor-
phism) can be uniquely obtained via a transformation in the param-
eters.

let L (k) be the space of all triples of matrices
m,n,p co,cr
(F,G,H) of dimensions nxn, nxm, pxn, and let Lm 5 D
3ttty

be the subspace of cr and co triples. Then the parameter space

for the universal family is the quotient space Lgoncr(k)/GL (k),
which turns out to be a very nice space. P

The next question we shall take ur is the existence or non-
existence of continuous canonical forms. A continuous canonical

form on L%O;C; is a continuous map (F,G,H) = c(F,G,H) such

that ¢(F,G,H) 1is iscmorphic to (F,G,H) for all (F,G,H) €
L;ORC; anrd such that (F,G,H) and (F',G',H') are isomorphic
if and only if c(F,G,H) = c(F',G',H') for all (F,G,H),
(F',G',H") € L;OSC;. Obviously if one wants to use canonical

£} k]
forms to get rid of superfluous parameters in an identification
problem the canonical form had better be continuous. This does
not mean that (discontinuous) canonical forms are not useful.
On the centrary, witness e.g. the Jordan canonical form for
square matrices under similarity. On the other hand, being dis-
continuous, it also has very serious drawbaczks; cf. e.g. [GWi]
for a discussion of some of these. In our case it turns out that
there exists a continuous canonical form on all of LCO,]cr if
and only if m=1 or p=1, M>7,P

Now let, ayain, ¥  be a o1ngle system. Then there is a
canonical subsysten 2(r) which is corpletely reachable and a
canonical quotient system :=¢? which is completely observable.
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Combining these two constructions one finds a canonical subquo-
tient (or quotient sub) which is both cr and co. The question
arises naturaily whether (under some obvious necessary condi-
tions) thnese constructions can be carried out for families as

well and also for single time varying systems. This is very much
related to the question of whether these constructions are contin-
uous. In the last sections we discuss these guestions and related
topics like: gqiven two families £ and L' such that I(g) and
T'(¢) are isomorphic for all (resp. almost all) values of the
parameters c; what can be said about the relation between I
and I' as families (resp. about Z(o) and Z'(o) for the
remaining values of g).

2. WHY SHOULD ONE STUDY FAMILIES OF SYSTEMS

For the moment we shall keep to' the intuitive first approxi-
mation of a family of systems as a family of triples of matrices
of fixed size depending in some continuous manner on a parameter

G. This is the definition which we also used in the introduction.

2.1 (Singular) Perturbation, Deformation, Approximation

This bit of motivation for studying families of objects,
rather than just tre objects themselves, is almost as old as mathe-
matics itself. Certainly (singular) perturbations are a familiar
topic in the theory of boundary value problems for ordinary and
partial differential equations and more recently also in optimal
control, cf. e.g. {CMal. For instance in [OMal, Chapter VI,
0'Malley discusses the singularly perturbed regulator problem
which consists of the following set of equations, initial condi-
tions and quadratic cost functional which is to be minimized for
a contrel which drives the state :

-

to zero at time t =1,

y = Alely + Ay(e)z + By(edu  y(0,e) = y°(e)
ez = Ay(e)y + Aye)z + B,(edu  2(0,¢) = 2%)

xT(1,e)m(e)x(1,€)

o
—_~
m
N~
i

S T
+ [ (te)ale)x(tie) + uT(t,e)R(e)u(t,e))dt
Q
(2.1.1)

with positive definite R(e), and Q(e),m(e) positive semidefin-
ite. Here the upper T denotes transposes. The matrices
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As{e), 1 =1,2,3,4, B.(e), i=1,2, n(e), Q(e), R(e) may also
depend on t. For fixéd small e > 0 there is a unique optimal
solution. Here one is interested, however, in the asymptotic solu-
tion of the problem as ¢ tends to zero, which is, still quoting
from [OMal, a problem of considerable practical importance, in part-
icular in view of an example of Hadlock et al. [HJK] where the
asymptotic results are far superior to the physically unacceptable
results obtained by setting e = 0 directly.

Another interesting prob]ém arises maybe when we have a sys-
tem
x = Fx + Gu + GV, 'y = Hx (2.1.2)
where v 1is noise, and there F, Gy, Gp,H depend on a parameter
€. Suppose we can solve the disturbance decoupling problem for

e =0, I.e., we can find a feedback matrix L such that in the
system with state feedback loop L

x = (F+GL)x + Gyu + G,v, |y = Hx

the disturbances v do not show up any more in the output vy,
(for € = 0). Is it possible to find a disturbance discoupler
L(e) by "perturbation" methods, i.e., as a power series in ¢
whigh converges (uniformly) for e small enough, and such that
L(0) = L.

In this paper we shall not really pay much more attention to
singular perturbation phenomena. For some more systems oriented
material on singular perturbations c¢f. [KKU] and also [Haz 4].

2.2 Systems Over Rings

Let R be an arbitrary commutative ring with unit element.
A linear system over R is simply a triple of matrices (F,G,H)
of sizes nxn, nxm, pxn respectively with coefficients in
R. Such a triple defines a linear machine

x(t+1)
y(t)
which transforms input sequences (u{0),u(1),u(2),...) into

output sequences (y(1),y(2),y(3),...) according to the convolu-
tion formula (1.2.b).

i

Fx(t) + Gu(t), t=0,1,2,..., x €R", ueR"

Hx(t), y € RP (2.2.1)

It is now absolutely standard algebraic geometry to consider
these data as a family over Spec(R), the space of all prime ideals
of R with the Zariski topology. This goes as follows. For each
prime ideal p 1let ip : R Q(R/p) be the canonical map of R
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into the quotient field Q(R/p) of the integral domain R/p.

Let (F(p), G(p), H(p)) be the triple of matrices over Q(R/p)
obtained by applying i. to the entries of F,G,H. Then I(r) =
(F(p),G(p),H(p)) is a ?ami]y of systems parametrized by Spec(R).

Let me stress that, mathematically, there is no difference
between a system over R as in (2.2.1) and the family I(p).
As far as intuition goes there is quite a bit of difference, and
the present author e.g. has found it helpful to think about
families of systems over Spec(R) rather than single systems over
R. Of course such families over Spec(R) do not quite correspond
to families as one intuitively thinks about them. For instance
if R =7 = the integers, then Spec(Z) consists of (0) and the
prime ideals (P), p a prime number, so that a system over Z
gives rise to a certain collection of systems: one over N =
rational numbers, and one each over every finite field F, =Z/{p).
Still the intuition one gleans frem thinking about familiés as
families parametrized continuously by real numbers seems to work
well also in these cases. :

2.3 Delay-Differential Systems

Consider for example the following delay-differential system
x3(t) = x,(t-2) + xp(t-a) + u(t-1) + u(t)
xz(t) = x](t) + xz(t-l) + u(t-a) (2.3.1)
y(t)

where a 1is some real number ipcommensurable with 1. Introduce
the delay operators oy, oo by 018(t) = B(t-1), o,8(t) = B(t-a).

x](t) + xz(t—Za)

Then we can rewrite (2.3.1] formally as
x(t) = Fx(t) + Gu(t), y(t) = Hx(t) (2.3.2)
with
2
[o] 9, 1+ 01] )
F = , G= , H=(1 02) (2.3.3)
(1 % 9, .

and, forgetting so to speak where (2.3.2), (2.3.3) came from, we
can view this set of equations as a linear dynamical system over
the ring 'R[o],czl, and then using 2.2 above also as a family of
systems parametrized by the (complex) parameters 01, O, a point
of view which has proved fruitful, e.q., in [Byl. This idea has
been around for some time now [ZW,An,Yo,RMY], though originally
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tﬁe tendency was to consider these systems as systems over the
fields R(Gl""’ar); the idea to consider them over the rings
R[s],...,sr instead is of more recent vintage {Mo,Kam].

There are, as far as I know,no relations between the solu-
tions of (2.3.1) and the solutions of the family of systems
(2.3.2), (2.3.3). Still many of the interesting properties and
constructions for (2.3.1) have their counterpart for (2.3.2),
(2.3.3) and vice versa. For exampie to construct a stabilizing
state feedback loop for the family (2.3.2)-(2.3.3) depending poly-
nomially cn the parameters oy, Jp that is finding a stabilizing
state feedback loop for the system over Rloy,0p], means finding
an mx*n matrix L(oy,0p) with entries in Rlay,02] such that
for all complex oy,02 det(s-(F+GL)) has its rcots in the left
half plane. Reinterpreting 7 and o as delays so that
L(a].oz) becomes a feedback matrix wif% delays one finds a stab-
ilizing feedback loop for (the infinite dimensional) system
(2.3.1). (cf. [BCl, cf. also {Kam], which works out in some
detail some of the relations between (2.3.1) and {2.3.2)-(2.3.3)
viewed as a system over the ring Rloy,02]).

As another example a natural notion of isomorphism for systems
= (F6,H), ' =(F',G',H') over aring R is: I and I' are
isomorphic if there exists an nxn matrix S over R, which is
invertible over R, i.e. such that det(S) is a unit of R, such
that ' = 535, Taking R = R[oy,0p] and reinterpreting the o;
as delays we see that the corresponding notion for the delay-
differential systems is coordinate transformations with time
delays which is precisely the right notion of isomorphism for
studying for instance degeneracy phenomena, cf [Kapl.

Finally applying the Laplace transform to (2.3.1) we find a
transfer function T(s,e~S,e”®5), which is rational in s,e-S
and e @S, It can also be obtained by taking the family of trans-
fer functions

-1

T0] ,02(5) - H(G] :02)(S“F(0] :02)) G(O] :02)
and then substituting e™> for oy and e ®S for ao. Inversely
given a transfer function T(s) which is rational in s,e~S,e”®S
one may ask whether it can be realized as a system with delays s
which are multiples of 1 and o. Because the functions s, e,
e~S are algebraically independent (if & 1is incommensurable with
1). there is a unique rational function T(s,o],o ) such that
T(s) = T{s.e=S,e-0S) and the realizability of T%s) by means of
a delay system, say a system with transmission lines, is now mathe-
matically equivalent with realizing the two parameter family of
transfer functions T(s,o07,09) by a family of systems which depends
polynomially on g1s Ope

(RS B R LY
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2.4 2-d and n-d Systems

Consider a linear discrete time system with direct feed-
through term

x(t+1) = Fx(t) + Gu(t), y(t) = Hx(t) + Ju(t) (2.4.1)
Tne zssociated input/output operator is a convolution operator,
viz, (cf. (1.2.b))
t i-1
y(t) = 2 Au(t-i), A = J, Ay = HF'T'G (2.4.2)
i=0

for i =1,2,...

Now there is an obvious (north-east causal) more d]'mensional gen-
eralization of the convolution operator (2.4.2), viz.

h  k
cythk) = 3 3 Ay culn-i,k-3), h,k = 0,1,2,...
i=0 j=o '
(2.4.3)

A (Givone-Roesser) realization of such an operators is a "2-d sys-
tem"

xq(h+1,k) = (h,k) + Fiox,(h,k) + G1u(h,k)

FiiXy
xo(R,k+1) = Forxp(hok) + Foox,(hyk) + Gyu(h,k)  (2.4.4)
y(h,k) = H]x](h,k) + Hzxz(h,k) + Ju(h,k)
which yields an input/output operator of the form (2.4.3) with the
Aj ; determined by the power series development of the 2-d trans-
fer” function T(s,,s.,)
1°72
N “i -j = = ‘ -
2 A5,357 570 = T(spasy) = (Hy Hy)
1,3 0 s.1I
Fn Pz} [
tFZT Foz [GZ
where [. is the rxr unit matrix and ny and no are the

1
dimensions of the state vectors xj and x%. There are obvious
generalizations to n-d systems, n = 3. he question now arises
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whether every proper 2-d matrix transfer function can indeed by
so realized. (cf. [Eis] or {So2] for a definition of proper.) A
way to approach this is to treat one of the sj as a parameter,
giving us a realization with parameters problem.

More precisely let Rg be the ring of all proper rational
functions in sj. In the 2-d case this is a principal ideal domair
which simplifies things considerably. Now consider T(sy,s2) as
a proper rational function in sp with coefficients in Ry. This
transfer function can be realized giving us a discrete timé system
over R, defined by the quadruple of matrices (F(sy), G(s]),
H(s1), g(s])). Each of these matrices is proper as a function of
s1 and hence can be realized by a quadruple of constant matrices.
Suppose that

(FF’GF’H#’JF) realizes F(s])
(FgsGgoHg»Jdg) realizes G(sy)
(FyysByyoHyady)  realizes H(sq)
(FJ,GJ,HJ,JJ) realizes J(s1)

Then, as is easily checked, a realization in the sense of (2.4.4)
is defined by

w
(I M 00
F F .
n Fie 6 'Fp 0 0 0
= 3 '
F | =foto Fg 0 04,
]
oy F22] 6,'0 Fy 0 0
1
00 0 0 Fy
R
s)
6, 0
G = . = GG
2 0
LGJA
t
= = ' =
Ho= (M H)) = (g 10 0 Hy H), J=1J
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ed in [Eis]; a somewhat different

he same initial step (i.e. realization
: ) is followed in [So2].

his is the procedure follow
Doroach, with essentially th -l
i th parameters, or realization over a ring

-5 Parameter Uncertainty

Su we have a system I = (F,G,H) but that we are

ncerta?fxoggoagagome of its parameters, i.e. we are uncertain
bout the precise value of some of the entries of F,G or H. That
S , what we really have is a family of systems Z(E), where R
uns throuch some set B of parameter values, which we assume
ompact. for simplicity assume that we have a one input-one out-
U T system. Let the transfer function of z.‘.(_e\) be TB(S) =
={s)/g-(s). Now suppose we want to stabilize = by{a dynamic
L Tput Feedback loop with transfer function P(s) = &{s)/¥(s),
t 111 being uncertain about the value of B. The transfer func-
ion of the resulting total system is T(s)/(1-T(s)P(s)). So we
nall have succeeded if we can find polynomials ¢(s) and y(s)
uch that for all 3 € B all roots of

98(5)¢(S) - fB(S)¢(S)

re in the left halfplane, possibly with the extra requirement.
hat P(s) bte also stable. The same mathematical question arises
rom what has been named the blending problem, cf [Tall. Tt can-
ot elways be solved. In the special but important case where the
ncertainty is just a gain factor, i.e. in the case that B 1is an
nterval [by,bl, bp > by >0 and T_(s) = BT(s), where T(s)
s a fixed transferfunction, the prob]@m is solved completely in
Tall.

. THE CLASSIFICATION OF FAMILIES. FINE MODULI SPACES

.1 Introductory and Motivational Remarks

(Why classifying families is essentially more difficult than
Jassifying systems and why the set of isomorphism classes of
51ingle) systems should be topologized.)

Obvicusly the first thing to do when trying to classify fami-
ies up to isomorphism is tec obtain a gcod description of the set
f isomcrphism classes of (single) systems over a field k, that
5 to odbtain a good description of the sets I n p(k)/GLn(k) =
n.0, (k) and of the quotient map L, p(k) -’Mn o p(k). This
1%°Be done below in section 3.2 for thaPsubset of fgomorphism
lasses {or sets of orbits) of completely reachable systems. This
5 not particularly difficult (and also well known) nor is it
verly complicated to extend this to a description of all of
n.n,ptk) = Lm,n,p(k)/GLn(k)' cf [Haz 6}. Though, as we shall
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see, there are, for the moment, good mathematical reasons, to Timit
ogr§e]ves to cr systems and families of cr systems, OV, dually to
l1imit ourselves to co systems.

tiow let us consider the classification problem for families of
systems. For definiteness sake suppose we are interested (cf. 2.1
and 2.3 above e.g.) in real families of systems (o) = (F(o)» &(o),
H(c)) which depend continuously on a real parameter o € R. The
obvious, straightforward and in fact right thing to do is to pro-
ceed as follows. For each o € R we have a system x(c), and
hence a point (o) € My o(R) = Ly n, (R)/GLy(R), the set of
isomorphism classes or, équivalentl : tﬁe set of orbits 1in .
Lm,n.p under the action (Z,5)~ 2> of GL,(R) on Lm,n,p(R).
This’Befines a map o(L):R » My , o(R), and one's first guess
would be that two families I,.' *Bre isomorphic iff their asso-
ciated maps ¢(Z), ¢(Z') are equal. However, things are not
that simple as the following example in Ly 5 ]("R) shows.

Example 1 0 (1
E(O‘) = ) > ; ) (]32) >
0

o ]

N 0 1
' (o) (l } .| } , n,Zc))
o 1 {0

For each c €R, (o) and :'(c) are isomorphic via T(o) =

(3.1.1)

o it o#0 andvia T(o) = [' ¥ if o =o0. vet
lO -1 e
a

they are not isomorphic as continuous families, meaning that there
exists no continuous map R » GLp(R), o T(c), such that Z'(o)=

E(o)T(U) for all o € R. One might guess that part of the problem
is topological. Indeed, it is in any case sort of obvious that one
should give My, p(R) as much structure as possible. Otherwise
the map s‘(?):nR 3Mp . p(R) does not tell us whether it could
nave come from a contfnﬁgus family. (Of course if (o) s a
continuous family gver R giving rise to #(f) and S € GLp(R)
is such that =2(0)° # £(0) then the discontinuous family

£'(g), £'(a) = n(c) for o #0, £'(0) =z(0)S given rise to
the same map). Similarly we would like to have ¢(Z) analytic

if £ s an analytic family, polynomial if T is polynomial,
differentiable if & is differentiable, ... .

One reason to 1imit oneself to cr systems is now that the
natural topology (which is the quotient topology for m: L n
> Mnn {R)) will not be Hausdorff unless we limit ourseT\"e§pto
cr $99tBms. (It is clear that one wants to put in at jeast all
co.cr systems).
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There are more reasons to topologize M (R) and more

m,n,p
generaily Mon p(k), where k 1is any field. For one thing it
would be nice if M (R) had a *topology such that the isomor-

m,n,p
phism classes of two systems I and I' were close together if
and oniy if their associated input/output maps were close together
(in some suitable operator topclogy; say the weak topology); a
reguirement which {s also relevant tc the consistency requirement
of maximum likelihood identification of systems, cf. [De, DDH, DH,
9S. Han]. Yet topologizing Mon p('IR) does not remove the prob-

lem posed by example (3.1.1). fnaeed, giving Mm n p(R) the quo-
tient topology inherited from Loon p(‘R) the maps defined by the
families £ and I' of example (3.1.1) are both continuous.

Restricting ourselves to families consisting of cr systems
(or dually te families of co systems), however, will solve the
protblem posed by example (3.1.1). This same restriction will
also see to it that the quotient topology is Hausderff and it
will turn out that M%rn pOR)/GLn(]R) is naturally a smooth dif-

Hiy il

ferentiable manifold. From the algebraic geometric point of view
we shall see that the quotient L;rn p/GLn exists as a smooth
scheme defined over Z. It is also pleasant to notice that for
pairs of matrices (F,G) the prestable ones (in the sense of
(Mu]l are precisely the completely reachable ones [Ta2] and they
are also the semi-stable points of weight one, [BH].

Ideally it would.also be true that every continuous, differ-

entiable, pelynomial,... map ¢: R ~ M;”n p(R) comes from a con-

ucus, differentiable, polynomial,... family., This requires assign-

irg to each point of Mﬁrn pCR) a system represented by that point

and to do this in an analytic manner. This now really requires a
siightly sore sophisticated definition of family than we have used
up to now, cf. 3.4 below. And indeed to obtain e.g. all continuous

map of say the circle into Mm n p('R) as maps associated to a
3ty

family one also needs the same more general concept of families of
system over the circle,

3.2 Description of the Quotient Set (or Set of Orbits)

cr
Ler plK)/BL, ().

Let k be any field, and fix n,m,p € N. Let
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J m= {(031)3(032)3--0’(0:-'“); (],])s---s(]:m); ese 3
(ns1)5e005(n,m)l} , (3.2.1)

lexicographically ordered (which is the order in which we have
written down the (n+1)m elements of Jp p). We use J, . to label

the columns of the matrix R(F,G), F € ann, G e k"™ cf. 1.3

above, by assigning the label (i,j) to the j-th column of the
block F1G,

A subset a < Jdp n s called pnice if (i,j) €Ea=
(i-1,j) €« or i = for all i,3j. A nice subset with pre-
cisely n elements is called a nice se]e;tvon. Given a nice
se]ection a, a successor index of o 1is an element (i,j) €
Jp,m\e such that o U {(37,j]] 1is nice. For every jo€{1,...,m}
thére is precisely one successor index ({i,j) of o with j = J .
This successor index will be denoted s(a,J ).

Pictorially these definitions look as follows. We write down
the elements of Jn m in a square as follows (m=4, n=5)
(0,1)  (1,71)  (2,1) (3,1) (4,1) (5,1)
(0,2) (1,2) (2,2) (3,2) (4,2) (5,2)
(0,3)  (1.,3) (2,3) (3,3} (4,3) (5,3)
(0,4) (1,4) (2,4) (3,4 (4,4) (5,4)
Using dots to represent elements of J, m and x's to represent

elements of a the f0110w1ng pictures represent respectively a
nice subset, a not nice subset and a nice selection,

» o ° o o o o X X o o o e & 8 e o o
XX X o o o X o o X o @ XX o o o o

X o ¢ o o o e X o o o o e o o o o o

e ¢« o o o XX o o o o XX X o o o

The successor indices of the nice selection a of the third pic-
ture above are indicated by *'s in the picture below

N e e e e o

X X * o o o
(3.2.2)

X o o o o o

X X X % o o

We shall use Ly (k) to denote the set of all pairs of
matrices (F,G) over k of sizes nxn and nxm respectively;
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L;rn(k) denotes the subset of completely reachable pairs (cf.
1.3 above). For each subset B8 € Jn,m and each (F,G) € Ly n(k)

w2 shall use R(F,G)B to deriote the matrix cbtained from R(F,G)
by removing all columns whose index is not in R.

With this terminology and notation we have the following
lemma.

3.2.3 Nice Selection Lemma

Let (F,G) € L;rn(k). Then there is a nice selection a
such that det(R(F,G)a) # 0.

Proof. Llet a be a nice subset of J, , such that the
columns of R(F,G)Cl are linearly independent and such that «
is maximal with respect to this property. Let

a4 = {(G,j}),.—-,(i],j]);
(O’jz)’."’(iz’jz); L] ; (O’js)"‘.’(is’js)}‘

By the maximality of o we know that the successor indices
s{a,j), j = 1,...,m are linearly dependent on the columns of
R(F,G) . I.e. the columns with indices (i1+1,371),...,(ig+1,3g)

and (0,t), t€ {1,...,mN\{j7,...,jg} are linearly dependent on
the columns of R(F,G),. Suppose now that with- induction we have
proved that all columns with indices (ip+£,j0), r = 1,...,8
and (2-1,t), t € {1,...,mN\{jy,...,Js} arelinearlydependent
on the columns of R(F,G)a, £ 2 1. This gives us certain relations
. i+ B

Pl = o aiLg)Fle, FT G = T b(iL)FG,

(i.j)€x J Ir o (i,3)€a J
(where G denotes the t-th column of G). Multiplying on the
left with™ F we find expressions

L v p

Pl = & a(i,jFttle.,

t(L))ea J
i +9+1 .
"6, = 5 b(iLj)F e,
s 3
Ir (i,5)€a
i+t
axpressing Fth and F G. as linear combination of those
r
coiumns of R(F,G) whose indices are either in a or a successor

F
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index of «. The latter are in turn linear combinations of the
columns of R(F,G),, so that we have proved that all columns of
R(F,G) are linear combinaticns of the columns of R(F,G)y. MNow
(F,6) is cr so that rank(R(F,G)) = n, so that « must have
had n elements, proving the lemma.

For each nice selection o we define

Uy (k) = €(F,6, 1) € L (k) [det(R(F,G) ) # 0} (3.2.4)

Recall that GL.(k) acts on L (k) by (F.G,H)S =
(SFS-1,5G,Hs-1)" 1P

3.2.5. Lemma. U, 1is stable under the action of GLh(k) on
Lm,n,p(k)' For each " € (F,G,H) € U, there is precisely one
S € GLo{k) such that R(7S)y= R(SFS™',S6)q = I_, the nxn
identity mazrix.

Proof. We have

R(Z>) = R(SFS™1,56) = SR(F,G) = S R(Z) (3.2.6)
It follows that R(ES)& = SR(L),, which proves the first state-
ment. It also follows that if we take S = R(F,G)&] then
R(SS)Cl = Iy and this is also the only S which does this because
in the equation S R(Z)O = R(XS)Q, R(X)a has rank n.
3.2.7. Lemma. lLet X1s+.+>Xm be an arbitrary m-tuple of n-vectors

over K and let « be a nice selection. Then there is precisely
one pair (F,G) € L;rn(k) such that R(F,G)a = 1 R(F’G)s(a 5"

Xj,

n’
j=1,...,m.

Proof  (by sufficiently complicated example). Suppose
m=4, n=25 and that o is the nice selection of (3.2.2)
above. Then we can simply read off the desired F,G. In fact
we find Gy = xq, Gg =ey, G3=1x3, G4 =e2, Fy= eé,

Fp = eg, F3=1x9, Fg=ce5, F5=x4. Uriting down a fully
genera? proof is a bit tedious and notationally a bit cumbersome
and it should now be trivial exercise.

3.2.8. Corollarv. The set of orbits Ua(k)/GLn(k) is in bijective
correspondence with k™ x kP", and Uy (k) X GL, (k) x (k"™ xP)
(as sets with GL,(k)-action, where GL,(k) acts on GL,(k) x
(k"™ x kP™) by multiplication on the left on the first factor).
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Proof. This follows immediately from lemma 3.2.5 together
with T—T:na 3.2.7. Indeed given I = (F,G,H) €U,. Take S =

RIF.6)Z! and Tet (F',6',H') = 5. Now define  : U (K) -
CLn(k) x (K™ x kP™) by assigning to (F,G,H) the matrix S'],
the m n-vectors R(Es)s(a,j), j=1,...,m and the pxn
matrix H'. Inversely given a T € GLp(k), m r-vectors x.,
j=1,....,m and a pxn matrix y. tet (F',G') € L;tn(k) be
the unique pair such that R(F',G')q =1, R(F',G")
j=T1,....m. Take H' =y and define

¢ i GL (k) x (k" x P o U, (k)

s{a,g) = %

by
W(T.(x,y)) = (r-,s',u')T )

It is trivial to check that y¢ = id, Pé It is also easy to
check that ¢ conmutes with the GL ( ) actlons.

3.2.9. The c. (local) canonical forms. For each I € U (k) we

denote with c;z(i) the triple:
S

c#a(z) =z

with S = R(z);‘ (3.2.10)

i.e. c#u(z) is the unique triple X' 1in the orbit of £ such
that R(:') = In. Further if z € K™ x k"P,  then we let

(z), G (z), H (z)) be the triple ¢(1,,z); that is if z =
((x],...,xm),y) (F (z), G {z), H (z)) 1is the unique triple such
Lha a (63 a

R(F,(2), 6,(2)), = I,» R(F (2), G (2))

ola,d) ~ X
nm PN (3.2.11)

n!
Ho(z) =y, z € ({xpseeinxy)s y) €Kk

3.2.12. Remark. Let m: U (k) + k™ x kP" be equal to v: U (k) -

6L, (k) x ("M x kp") followed by the projection on the second
factor. Then T, ze (F (2), 6 (z) (z)) is a section of L

(1ieaning that LR 1d), and ¢ (T ) = T Of course, m,
induces a bijection a(k)/GLn(k) kM kP".

3.2.13. Description of the set of orbits.

Lo p(K)/BL (k).
Order the set of all nice selections from Jn,m in some way.
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For each £ € Lm n,p 'et «(Z) be the first nice selection in

this ordering suc‘1 that R(F, G) 5 is non-singular. HMNow assign
I the triple c, (,.)\z) Th1s assigned to each Z€Lm n, (k)/

GLn(k) one pal‘tmulur well defined element in its orbit and this
hence gives comp]ete description of the set of orbits

Lon p(k)/GL (k).
3.3 Topelogizing 1" (k)/GL (k) = Mo, p(K)

3.3.1 A more "homogencous" description of M;':n’ (k). The
description of the set of orbits of GL (k) acting on L (k)
given in 3.2,13 is highly lopsided in the various possible nice
selections o. A more symmetric description of Mm,n,p(k) is
obtained as follows. For each nice selection o, Tlet Va(k) =
k"™ kPP and let for each second nice selection B:

Vog(K) = {z € v [det(R(F (2), 6, (2))g) # 0}  (3.3.2)

That is, under the section Ty va(k) - Ua(k) of 3.2 above which
picks out precisely one element of each orbit in Ua(k) Vue(k)
corresponds to thcse orbits which are also in UB(k); or equiva-
lently vaB(k) = na(Ua(k) n UB(k))' We now glue the Va(k), o
nice, together along the VaB(k) by means of the identifications:

bogt Vag(k) = Vgo(K)s 0,g(2) = 2* @

(F{2), 6,(2), H(2) = (F (2"), 6 (2'), H_(z'),
S = R(F,(2), 6,(2)); (3.3.3)

Then, as should be clear from the remarks made just above,

Mr"?ll"n p(k) is the union of the Va(k) with for each pair of nice
selections a, B, V (k) identified with VBa(k) according to
(3.3.3).

3.3.4. The analytic varieties an (R) and Mcr ,o{8). Now
let k=R or U andgive V (k) = k"™ x PP 1ts uéual
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{real) analytic structure. The subsets vaB(k) c:Va(k) are then
open subsets and the oaB(k) are analytic diffeomorphisms. It
follows that Mm n p(1R) and M;Tn,p(m) will be respectively a
real analytic (hence certainly C®) manifold and a complex analy-
tic manifold, provided we can show that they are Hausdorff.

First notice that if we give Lm,n p(R) and Lm n p(E) the
topology of 'Rm"+"?*"P and ¢“2+"m+ﬂp respectively and the open
subsets Uu(k) and Lm,n,p(k)’ k =R, T the induced topology,

then the quotient tcpology for L Ua(k) - Va(k) is precisely
the topology resulting from the identification Va(k) e K™ < kPO,
It follows that the topology of Mm (k) 1is the guotient topol-

c 2ELer
ogy of Lm n p(k) m n p(k /6L (k) M n,p(k)'
Now let G, m(n+1)(k) be the Grassmann variety of n-planes

in m(n+1)-space. For each (F,G), R(F,G) is an nxm(n+1)
matrix of rank n which hence_defines a unique point of
Gn m(n+])(k). Because R(SFS-],SG) = SR(F’G) we have that

(F,G) and (F,G)S define the same point in Grassmann space. It
foilows that by forgetting H we have defined a map:

R: M " n,p(k) n m(n+1)(k)’ (F,G) & subspace spanned

by the rows of R(F,G). (3.3.5)
2
In addition we let h: MS" (k) - k("+]) ™ be the map

m,n,p
induced by:

(A, Ay e AL
) A, )
h(F,G,H)=|. .,
e -
A, = HFTlg, i = 1,....2n41 (3.3.6)

1

It is not particularly difficult toshow ([Haz 1-3], cf. also
the realization algorithm in 5.2 below) that the combined map

2
(R h) MCY‘ (k) - Gn’m(n.pl)(k) < k(n+‘.) mp

mn.p is injective. By
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the quotient topology remarks above it is then a topological
embedding, proving that M;rn (k) is a Hausdorff topological
space. So we have: »N,P

3.3.7. Thecrem. (R) and M (L) are smooth analytic
manifolds. The sets ncr CO(R) and MEr rc(ﬁ) are analytic

open sub-manifolds. lThase are the sets of orbits of the cr and
co systems, or equivaient]y the images of L&Vﬁcg(k) under

Lm0 = ME (K, k= R,).

3.3.8. Remark. A completely different way of showing that the
quotient space ”ﬁtn,p(R) js a differentiable menifold is due
to Martin and Krishnaprasad, [MK]. They show that with respect
to a suitable invariant metric of Lcr Co(k), GL (k) acts
properly discontinuously.

3.3.9. The algebraic varieties M n p(k). Now 1et2 k be any
m, n,p(k) = kNeFnminp  the
Zariski topology and Ua(k) the induced topology for each nice
selection o. Then Ua(k) o GLn(k) x Va(k), Va(k) = mEnp
as algebraic varieties. The Vas(k) are open subvarieties and
the ¢ (‘): v, (k) - V (k) are isomorphisms of algebraic varie-
t1ns rhe nap (R h) 1s still injective and it follows that

(k) has a natural structure of a smooth algebraic variety,

algebraically closed field. G1v1ng L

also

m
cr,Cco .

w1th Mm n p(k) an open subvariely. ' ‘

3.3.10. The scheme Mm n,p° As a matter of fact, the defining

pieces of the algebraic varieties M (k), that is the V (k),

and the gluing isomorphisms ¢a6(k) are al] defined over Z. So
there exists a scheme MST over Z such that for all fields
k the rational points ovér’ cr (k), are precisely the
orbits of GL (k) acting on Lﬁrn ;(k). For details cf. section
4 below.

3.4. A universal family of linear dynamical systems

3.4.1. As has been remarked above it would be nice if.we could
attach in a continuous way to each point of HMp n, (k) a system
over k representing that point. Also it would be pleasant if

every appropriate map from a parameter space V to Mﬁrn,p came
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from a family over V. Recalling from 2.2 above that systems over

a ring R can be reinterpreced as families over Spec(R), this

would mean that the isomorphism classes of systems over R would

correspond bijectively with the R-raticnal points M;rn p(R) of
cr slls

the scheme Mm,n,p over Z, cf. 3.3.10.

Both wishes, if they are to be fulfilled require a slightly
more general definition of system than we have used up to now. In
the case of systems over a ring R the extra generality means that
instead of considering three matrices F,G,H over R, that is
three homomorphisms G: RM = RM, F: RM - RM", H: R™ - RP we now
generalize to the definition: a projective system over R con-
sists of a projective module X as state module together with
three homomorphisms G: R™m - X, F: X > X, H: X o> RP, Thus the
extra generality sits in the fact that the state R-module X is
not required to be free, but only projective. The aeometric
counterpart of this is a vectorbundle, cf. below in 3.4.2 for the
precise definition of a family and the role the vectorbundle plays.

In some circumstances it appears to be natural, in any case
as an intermediate step, to consider even more general families.
Thus over a ring R it makes nerfect sense to consider arbitrary
modules as state modules, and indeed these turn up naturally when
doing "cancnicai" realization theory, cf. [Eil, Ch. XVI], which
in terms of families means that one may need tc consider more gen-

eral fibrations by vector spaces than locally trivial ones.

3.4.2, Families of linear dynamical systems (over a topological
space). Let V be a topological space. A continuous family £
of real linear dynamical systems over V (or parametrized by V)
consists of: ’

(a) a vectorbundle E over V

sb) a vectorbundle endomorphism F: E - E
fc) a vectorbundle morphism G: V x R™ o £
(d) a vectorbundle morphism H: E » V x RP

For each v € V let E(v) be the fibre of E over v. Then we
have homomorphisms of vector spaces G(v):{v} x RN - E(v), F(v):
E(v) » E(v), H({v): E(v) » {v} xRP. Thus choosing a basis in
E(v), and taking the obvious bases in {v}_xR™ and {v} xRP

we find a triple of matrices F(v), G(v), H(v). Thus the data
listed above do define a family over V in the sense that they
assign to each v € V a linear system. Note however that there
is no natural basis for E(v) so that the system is really only
defined up to base change, i.e. up to the GL,(R) action, so that
what the data (a)-(d) really do is assign a point of Mo n p('R)' to

2 ]

each point v € V., -
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As E 1is a vectrobundle we can find for each v €V an
open neighborhood W and n-sectiens s7,...,5p: W = Elw such
chat sy{w),...,wp(w) € E(w) are linearly independent for all
w € W. UYriting out matrices for F(w), G{w), H{w) with respect
to the basis sy{w),...,sp{w) (3nd the cbvious bases in
{w} »R™ and iw} » RP), we see that over W the family =&
can indeed be described as a triple of matrices depending con-
tinuously on parameters. Inversaly if (F,G,H,) 1is a triple of
matrices depending continucusly or a parameter v € V, then
E=_V xRN, F(v,x) = (v,F{v)x), F{v,u) = (v,G(v)u), H(v,x) =
{v,H(v)x) define a family as described above. Thus locally the
new definition agrees (up to isomcrphism) with the old intuitive
one we have been using up to now; globally it does not.

Here the appropriate notion of isomorphism is of course: two
families © = {E; F, G, H) and ' = (C'; F', G', H') over V
are isomorphic if there exists a vectorbundle isomorphism ’
¢: E - E' such that F'e = ¢F, ¢G =G', H = H'¢.

3.4.3. Other kinds of families of systems. The appropriate defi-
nitions of other kinds of families are cbtained from the one above
by means of minor and obvious adjustments. For instance, if V

is a differentiable (resp. real -analytic) manifold then a differ-
entiable (resp. real analytic) family of systems consists of a
differentiable vector bundle E with differentiable morphisms

F, G, H {resp. an araly*tic vectorbundle with analytic morphisms

F, G, H). And of course isomorpnisms are supposed to be differ-
entiable (resp. analytic).

Simitarly §if V is a scheme (over k) then an algebraic
family consists of an algebraic vectorbundle E over V together
with morphisms of algebraic vectorbundles F: E - E, G: V x A0 o E,
H: E >V x AP, where A" is the (vectorspace) scheme AT(R) = R'
(with the obvious R-module structure).

Sti11 more variations are possible. E.G. a complex analytic
family (or holomorphic family) over a complex analytic space V
would consist of a complex analytic vectorbundle E with complex
analytic vecBorbundle homomorphisms F: E -~ E, G: V x UM E,

H: £ -V x @F,

3.4.4. Convention, From now on whenever we speak about a family
of systems it will be a family in the sense of (3.4.2) and (3.4.3)
above.

3.4.5. The canonical bundle over G, (k). Let G, (k) be the
Grassman manifold of n-planes in r-spdce {(r > n). Eég E(k)_»

Gy (k) be the fibre bundle whose fibre over x € G, (k) fis

tné n-plane in k™ represented by the point x. If E=R or

T this is an analytic vector bundle over G, (k). More generally
ally this defines an algebraic vectorbundle £ over the scheme

G

n.r
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this defines an algebraic vectorbundle E over the scheme
bn,r'

In terms of trivial p1eces and gluing data this bundle can
be described as follows. Let M ’r(k) be the space of all nxr

matrices of rank n and let n: M“‘r(x) (k) be the map

which associates to each nxr matr1x of ranl n  the n-space

in k" spanned by its row vectors. Then the fibre over E(x)
of E over x € G, (k) is precisely the vector space of all
linear combinaticns’ of any element in 7-1(x). From this there
results the following local pieces the gluing data description
of 6y r(k) and E(k). For each subset o« of size n of

{1,2,. f.,r1 let U/[(k) be the set of all nxr matrices A
such that Ay is inverts ble, let Va(k, kn(r-n)" "and for each

e Vi(k), z = {z7,...,2 -n)s 2 E kM, let A,(z) be the unique

n"r “matrix such that (A, (z)), and A (2)¢ )= 23 where

t(j) runs through the e]ements of {? 2eeeari-u $ﬂ the natural
order, j = 1,...,r-n. Then (k) consists of the V&(k)
glued together along the V'B(P9 € V&(k)iAa(z)S is invertible}
by means of the 1somorph1sms

2560k): Vg (k) 3 V1K), 2 2 (A (2))7 A (2) = Ag(z')
(3.4.7)

(Note how very similar this is to the p1eces and patching data
description of ME' (k) given in 3.3.1 above; the reason 1is

m,n,p
understandable if one opserves thau the map R: L (k) -
n<(n+1)m = L.
Mreg (k), induces a map R: M (k) (n+1) (k), which

is compatible with the local p1eces and patuh1ng data for the two
spaces).

The bundle E(k) over Gp.r(k) can now be described as fol-
lows. Over each V! (k) c G (E) we can trivialize E(k) as
follows:

Vol KT (K 4 (2030 XA (z) . (3.4.8)

It follows that the bundle E(k) over G, (k) admits the follow-
ing local pieces and patching data descr1pf.on which is compatible
with the local pieces and patching data description g1ven above

for Gy, (k). The bundle E(k) consists of the local pieces

E (k) = Va(k) x k" glued together along the E, (k) = V'B(k) x k"
by means of the isomorphisms:

e . ' ] n
¢aB ) vaB(k) x K" = VBa(k) x k

(2,x) » (825(2)5 (A (2),)T) (3.4.9)
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Tge bundle which is really of interest to us is the dual bundle
E7 to E described by the Tocal pieces Ef (k) a(k) x kN
glued together by the patching data:

528: Vig(k) < KT v (k)
(z,x) » (®&B(Z)’ AQ(Z)B) X) (3.4.10)

(note that the g]uing isomorphisms &gf are compatible with the
projeclions E (k) - V! (k, and the gluing isomorphisms ¢' B
for Gn r(k” note a]so that all three sets of g]u1ng data

, ~d ~d
¢uB’ aB’ ¢ o8 are transitive in the sense that ¢B o ¢ o8 ¢ay
are similarly for the ¢' and 4').

3 4 11. The underlying vector bundle of the universal family over

M el Themap Re LET (k) » MM (7 6,0) v R(FL6)

1nduces a map,

. uCr .
R: Mm,n,p(k) Gn,(n+1)m

(k) (3.4.12)

(because R(£S) = SR(r), S € 6L, (k).

If k=R or €, (3.4.12) is a morphism between analytic
manifolds. _In general (3.4.12) defines a morph1sm between the

LCT . = d -
schemes hm,n,p and G, n,(n+1)m’ Now let EU = R-E the pull

back by means ¢f R of the “canonical" bundle Ed described
above in (3.4.5).

Now recall that M n p(k) was obtained by gluing the
various pieces V (k) = k"m x kPN together, where a runs
through ali nice select1ons from J, n,m In terms of this descrip-
tion EY(k) can be described as fo}]ows: EY(k) consists of
pieces Eg(k) = Vy(k) x k" = k™ x kP™ x k", one for each nice
selection «. For each pair of nice selections E;B(k) =
vxﬁ(k) x k" < Va(k) x k™. Now for each pair of nice selections

3 . gu u : -
a,b let ¢a8(k). Eqs(k) - Eea(k) be the isomorphism:
~ -1
Yoz )
¢a8(k)(z,X/ (0,5(2)s (R(F (2}, G (2))g) " x) (3.4.13)
where ¢aP (k) - V8 (k) 1is the isomorphism of 3.3 above
(which descrxbes how the V. (k) should be glued together to give
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m 0 p(k), and Va(k) - Ua(k), zZe (Fa(z), Ga(z) H (z)) is
the section t = described above in (3.2.72). Then E (k) is

obtainad by gluing together the E;(k) along the Ea (k) by

means of the isomorphisms (3.4.13).

3.4.14. Cons truction of a unijversal family of cr systems. Let

£4(k) over M n p(k) be the bundle described above and view it

, 3

as obtained v1a the patching data (3.4.13). Recall also that,
cf. (3.3.3) above:

boa(2) = 2w (F (2), 6,(2), H (2))° =
(FB(Z'), GB(z'), HB(z')) (3.4.15)
with S = R(F_(z), G (2))5'

For each nice selection u we now define a bundle endomorpnism
Fiik) of E (k‘ v (k) x k" and bundle morphisms Gz(k):

v (k) > e (k) e (k) (x) >V (k) % kP. These are defined
a% follows:

Fo(k) (2,X) = (2,F (2)x)
G“(k) (z,u) = (2, 6, (2)x) (3.4.16)
HO(K) (2,x) = (z, H_(7)x)

we now claim that these bundle morphisms are compatible with the
gluing isomorphisms (3.4.13), which means that we must prove the
commutativity of the diagram below for each pair of nice selec-
ticns «, B.

GLI FU HU
‘m o u o u Q p
S S
pgid [mas 16a8 L (3.4.17)
u ~U U
Gg Fe Hg
m u u p
Vo k™ b B Vg <k

where we have abbreviated various notations in obvious ways. Now
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i

BBl 22u) = 8 5(2, 6 (2) u) by (3.4.16)

(0gg(2)s RIF,(2), 6. (2))7! 6 (2) w)
by (3.4.13)

(0,5(2)s Gglz') w) by (3.4.15)
s“(qsuB x id(z, u)) by (3.4.16)

proving the commutativity of the left most square of (3.4.17).
Similarly:

FoaFalzx)

3,a(2s Folz) x) by (3.4.16)

(8,6(2)s RIFL(2), G (2D F (2) %)
by (3.4.13)

(055(2), F4lz') RF,(2), 6,(2))3T%)
by (3.4.15)

Fo Byg(Za%)

proving the commutativity of the middle square of {3.4.17). And
finally, and completely analogously:

HgBaa(2:%) = (o o(2), R(F(2), 6,(2)5! x) by (3.4.13)

= (0,5(2)s Hg(2) R(F (2), G (2))5' x)

by (3.4.16)
- (6,4(2), H(2) %) ’

= (6,5 x 1d) (H (z,x))

proving the commutativity of the last square of (3.4.17).

Thus the Fg, Gg, Hg combine to define bundie morphisms
FUCk): E%(k) - EY(k), GY: el p(k) K" - EY(k), HY(K): E%(k) -
MET (k) x kP Y

m,n,p '

If k=R or @, FYk), 6%(k), HY(k) are morphisms of
analytic vector bundles. Algebraically speaking the FU(k), X
GU(k), HY(k) for varying k are parts of morphisms of algebraic

vector tundles over the scheme M;rn p’ which are defined over
Z. >
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3.4.18. The pullback construction. Let V be a topological
space and ¢: V - M;rn p(R) a continuous map. Let Y=

(Eu; F4, gY, Hu) be the universal family of systems constrycted
above. Then associated to ¢ we have an induced family &-gU
ove; V (obtained by pullback). The precise formulas are as
follows:

- ¢!Eu = {{v,x) € V x Euf¢(v) = n(x)} , where

m EY o M;rn p(R) is the bundle projection; the
sily 1 u
E

bundle projection of ¢ is defined by (v,x)=-v;

) |

o FY: (v,x) = (v, FUx) € o €Y
1

- o 6" {(v,u) » (v, Guu) € ¢!Eu

¢!Hu: (v,x) » (v, H'%) € ¢!(Mcr R) x RP) = v x RP

m’nlp

!
Obviously ¢'EY is (up to isomorphism) the family of systems over
V' such that the system over v € V is (up to isomorphism) the
svstem over 6(v) in the family Y.

If V and ¢ are differentiable (resp. real analytic) there
results a differentiable {resp. real anaiytic) family over V. If

¢ V- Mérn p(@) is a morphism of compliex analytic manifolds there
N * >

results a complex analytic family and on the algebraic-geometric
side of things if ¢: V- MIT, is a morphism of schemes one
finds thus an algebraic fam11y’8ver the scheme V.

3.4.19. The topological fine moduli theorem. Let V be a topo-
logical space and £ a continuous family of completely reachable
systems over V., Then there exists a unigue continyous map

ar Voo M;rn p(‘R) such that ¥ is isomorphic to ¢°zY (as con-
2 3
tinuous families; i.e. there is a bijective correspondence between

continuous maps V - M;rn p('R) and isomorphism classes of contin-
£ ’

vous families over V).

3.4.20. The algebraic-geometric fine moduli theorem. Let V be
a scheme and £ an algebraic family of cr systems over V. Then

there exists a unique morphism of schemes &: VY - M;rn p such
EARE ]

i
that I is jsomorphic to ¢'Zu over V.

3.4.21, On the proof of these theorems. First consider the topo-
logical case. The map ¢ associated to % is defined as follows.
For each v € V we have a system x(v), which uniquely determines
ar isomorphism class of linear dynamical systems (cf. (3.4.2));
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m.n p(R) which

is the space of all isomorphism classes of cr systems (of the
dimensions under consideration). This ¢ 1is obviously continu-

ous. Now IY(z) for all z € Mg n pJR) represents z. So, by

3.4.18, I and ¢!EU are two continuous families of cr systems
over V such that for all v €V, I{v) and ¢- YU( ) are iso-
morphic. It follows that the families £ and ' = ¢!TU are
isomorphic as centinucus families. The reason is the following

rigidity property: if (F, G, H), (F', G', H') € L%rn pGR) are
3

isomorphic then the isomorphism is unique. Indeed, if S is an
isomorphism then we must have SR(F, G) = R(F', G') so that if
a 15 a nice selection Sufh that R(F,G), is invertible, then

S = R(F', G'), (R(F,G),)"'. The statement that £ and I' over
V are 1somorph-c if tﬁej are po1ntw15e isomorphic results as
follows. For every v € V there is a V' 3 v such that the
bundles E and E' of £ and Z' are trivial over V' so
that over V' the families I and &' are simply (up to isomor-
Aphzsm) cont1nJou ]y varywnq tr1p]es of matrices (F(v'), G(v'),
H(v')), (F'(v'), G'(v'), H'(v')), v' € V'. Let o be a nice
selection such thaf R/F(v) G(v)) is invertibie. Re>tr1»t1ng
V' a bit more if necessary we can assume that R(F( , G{v! ))
is 1nvet+1b]e for a]l v' € V'. Then S(v') = R{F'(v' "‘ (v ))
(R(F{v'), G(v'))y)™' is a cont1nuous fam11y of 1nvert1b1e matrices
taking £{v') into =z'(v') for all v' € V', Thus I and I'
are wscmorphic over some small neighborhood of every point of V.
The iscmorphisms in question must agree on the intersections of
these neighborhoods, again by ithe rigidity property. It follows
that these Tocal isomorphisms combine tc define a global isomor-
phism over all of V from & to &',

that is, it uniquely defines a point &(v) of MS'

A more formal and also more formula based version of this
argument can be found in [Hazl]. The scheme theoretic version
{theorem 3.4.20) is based on the same rigidity property, cf.
section 4 below for some details.

2.4.22. Remark. In [HK] I claimed that the underlying bundle g
of the universal family £Y was the pullback by means of R (cf.
3.3.5)) of the bundle E over Gn(n+1)m whose fibre over z was

the a-plane represented by z. As we havg seen it is not; instead
EYU is the pullback of the dual bundle E% of E. Now the deter-
minant bundle of Ed is a very ample 1ine bundle (rather than

the determirant bundle of E) so that the argument in [HK] to
prove that Mp n 1is not quasi affine is correct modulo two

errors which cancel each other.
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4, THE CLASSIFYING "SPACE" Mt(r:»rn D IS DEFINED OVER Z  AND
ity
CLASSIFIES OVER Z.

Mainly for completeness and tutorial reasons I give in this
section the algebraic-geometric details of the remarks 3.3.10
and 3.4.20 that there exists a scheme Mﬁrn over Z of
which the varieties M;rn p(k), cf. 3.3.§,’k an algebraically
closed field, are obtained by base change and that this scheme is
classifying for algebraic families of cr systems, and thus in
particular classifying for cr systems over rings (with pessibly
a projective module as state module).

Those who are not particularly interested in the algebraic-
geametric details can skip this section without consequences for
their understanding of the remainder of this paper. There is in
any case nothing difficult about what follows below and anyone who
has once seen, say, the construction of the Grassmann schemes or
projective spaces over Z, will have no difficulties in supplying
all details for himself from what has been said in section 3 above.
Al1 we are really doing below is rewriting a number of formulas of
section 3 above using capital letters instead of small ones. This
does take a certain number of pages, though. It seemed desirable
to include these, as, judging from the audience's remarks during
the oral presentation of these lectures, there is, perhaps rightly
s¢, a distinct unwillingness in accepting without further proof
a statement on the part of the lecturer like "the algebraic-geome~
tric version-of this theorem is proved similarly."

4.1 Definition of the scheme MS' For each nice selection

m,n,p°

2 ']n m Tet

v, = Spec(Z.[X?j,Ygs; i=1,.005n, §J=1,...,m,

r=1,0c0sps s =1,....01) (4.1.1)

Let H,(Y) be the pxn matrix (Y2 ), and let (Fg(X),64(X))
be the unique pair of matrices over Z.[X?j] such that

x‘;‘.
J
R(F,(X),6,(X)), =T, R(Fa(x),GG(X))S(a’j) =l
x>,
nj
J=1,...,m (4.1.2)

@here the s(a,j) are the m successor indices of «, cf. 3.2),
Finally for each pair of nice selections a,8 let daB(X)E ZIX?j]
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be the element

d X} - dot(R(F“(X),G“(X))B) (4.1.3)

and let V__ be the open subscheme of v, obtained by Tocalizing
with respeét to d.s (x), i.e. .

= Spec(Z Ux§, Y‘;S,das(x)‘]j) (4.1.4)

N

V;IB

Now for each pair of nice selections «.,3 write down the
formulas

S,et¥)” ‘F (K)S g (%) = Fy(X)
S (X)) G LX) = G,(X), H(Y)S, o(X) = HB(Y) (4.1.5)

(b
where

S5l = R(0.6,00), (8.1.6)

Because the entries cf Fg(X) and Ga(X) are equal to zero, 1
or XT1 for some 1,j anJ because the (r,s)-th entry of Hg(Y)

iz Vg tns formuiae {4.1.5) provide us with certain expressions

for the X. and V? S in terms of the X Yrs which by
(4.1.5} Mu (4 1.2) (and the usual formula for matrw inversion)
can b2 written as polynomials in )'“ Y d]B(X)" . say

8 _ -1
X'lj = (X’J)(x‘l\] CLB( ) )a .
(4.1.7)
rB = / l { o
\rs %B(r,s)(‘(u apt X) Yrs)
Then
Y (1,009, YE g (rs)(X%,Y) (4.1.8)
ag 'iJ » E 13‘ s 10/
defines an isomerphism of rings.,
B 8 =1y L oy "1
E[xij’yrs’dm(x) ] = zZ[X]. ,Y rc’ aﬁ(y)

It follows from 4.1.5 that (with the obvious notations)
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* - -1
%BR(FB(X)’GB(X)) = 5,500 TR(FL(X),6,(X))

(4.1.9)
as Hg{Y) = H (Y)S o (X)

ani these formulae describe ¢a8 completely. It follows that
*
(X) = 8¢ det(R(F,(X),6,(X) ) =
\ "] - "']
det(SaB(X}) = d (X)

aB Bu

o a x 3 =1 a0
co that $og does indeed map dBa(X, into Z[X1J Yr<’d (X)
*x

The ¢aB induce isomorphisms of open subschemes
and MST i5 now the scheme obtained by gluing together the

m,n,p
schemes V., for all nice selections &, by means of the iso-
sorphisms ¢ ..
ol
As in section 3 above one can now embed Mm n,p into a pro-
uct of a Grassmannian over Z and an affine space over Z to
that M%rn b is a separated scheme.

b L]

ﬂ) (8]
o

For cach nice selection a let VCO be the open subscheme
cl va defined by

co _ . o o -1 : ,
AR S GRS NOR AL (4.1.11)

where v runs through all the nice selections of the set of row

irdices Jp n of Q(F (X),H (Y)). Then the ¢ 8 restrict to give
.;Jnurch1sms. ¢ @
.CO

Cco co

e VaB - v&u (4.1.12)
where VEO < yC0 g Vg Gluing together the ve% by means of
. ,CraCO o pCT
-ne $a3 we obta1n.the open subscheme r%un,p o Mm,n,p‘

Ta

. ‘C see how all these abstract formulas look in concreto con-
sider the case m=2,n=2, p=1, In this case, there are
inree nice selections o,8,y < Jz 29 viz.

o = (U,]),(O,-)}, g = {(O’]),(]’])} 9
{(0,2),(1,2)} (4.1.13)

v
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We have
2 oy (
_ ISTRERT \ 1 0 “on
AORE SR PEACE L H(Y) = (5,13)
X5 X, o 1
0 3 n xB
1 12 -
FB(X) = ’ GB(X) = ) HB(Y) = (Y ’Yz)
B 8
1 x& o x5,
\ \ )
( Y (yY 1
0 x]ZW X1 1 .
F(X) = » G(X) = s H(Y) = (YY, YD)
Y y Y Y 0 Y 1°°2
1 Xz fa )
Thus
= y& o _y® - yB B 8 yB yB _
dyg(X) = X5y 4, (XY = =Xpos dg (X) = X7oKy5 + XoXo1%z0
g 8 B
X11%22% 22
- = _yY vy = yY yY Y yY yV. .
dao (X} = X5p, d [ (X) = =X5qs d oK) = XqqXqy * X39%p0%5
Y vY yY
X21%21%72
1K) 1 x,‘f‘2
SCV.B(X) = ’ 3 SBCI(X) = s
0 x¢ 0o xB
o X L 22
0 x®) Y g
0 Xy X{; 1
Sy (1) = et = ,
o, X5 0
B B B Y gY yY
2 X%z G
S. {X) = , S_.(X) =
By 8 8 . BB Y Y NY e yY Y
Koo X2+ X01%32 Xap Xqpt%pka
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* *
Thus for example the two isomorphisms ¢a8 and ¢ B are given
oy

. 8 B -1 -7
b T L IG5 ,(x o) 1= zztxu o (le)
-1
kg e (X5 7 " KBy = (X3!
B o ye <] u
- X12x21 "nxzz’ sz SRS
g a
e e 08T - 0TI
* a ya 0 -1 B B -1
o ¢ ZIX5HY ) »(X ]) » Z UK Y,.;(X ) )
Gy e 08T x5y e (687
o R B 8B B B (8
X m X303, - 508, - 05,718,
Xy o o (x8 o) ‘xB + x31
8 -1,R B y-1,8,8
LTI S Y¢ o (xB o) Y5 = (X3,) Y]Xu
and one checks without trouble that indeed d (X) = (X 2)
gets maﬂned 1nto E [X ij Ya,(Xa )']] and d_ (X)'] (Xa]) -1
into Z ! 'J Y' (X 2) 1 and that indeed ¢ B o ¢ = id,
;~ 2 p o - 1d (The formulas are not always so 51mp1e; for
*
instance the formulas for ¢B and ¢ g area good deal more
complicated. Y Y

4.2, Small Intermezzo: Completely reachable systems over a ring.

A system £= (F,G,H) over a ring R 1is said to be completely
reachable if R(F,G): RF = RN, r = (n+1)m is a surjective map,
cf. e.y. [Sollor [Roul. This is equivalent to each element of the
family Z(») = (F{(p),G(p), H(p/), b € Spec(R) being completely
reachable. Indeed R(F G) is surjective if it is sur-
Jective mod every maximal idea] [Bou, Ch. II, $3.3, Prop. 111
and the statement follows.

4.3. The Algebraic Geometric Version of the Nice Selection Lemma.

The next thing to do is to discuss the algebraic<geometric
version of the nice selection lemma, 3.2.3. Recall that this
lemma says that if the system (F,G,H) over a field &k is cr then
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there is a nice selection o such that P(F G) is invertible.
Now let (F,G,H) be a cr system over a ring R which per defini-
tion means that K(F,G): RY = RN, r (n+1)m, 1is surjective, which
in turn is equivalent to cond1t1on that the systems I(p) =
(F(t,,G(p ,H(p) over k(p), the quotient field of R/p, are cr
for ali prime ideals p. Then of course one does not expect the
existence of a nice selection o such that R(F,G), 1is an invert-
ible matrix over R; after all £ = (F,G,H) should be interpreted
as a family and not as a single system,

For a continuous topological family (o) over a topglogical
space M the nice selection lemma implies that there is a finite
covering M = U U, such that for all o € Uy, R(F(0),G6(0)), is
invertib]e. And this property generalizes nicely.

4.3.1. Lﬂnrm Let £ = (F,G,H) be a cr system over a ring R,
For each nice selection « let d = det(R(F,G)q). Then the ideal
generated by tne dy 1is_the who]e ring R. (This means of course
that the U, = Spec?R’d' 1} cover all of Spec(R)).

Proof. Let I be the ideal generated by the dy, a nice.
Suppose that I # R. Then there is a maximal ideal m such that
I «m. Consider &(m) = (F(m),G(m),H(m)) Then det(R(z(m)) ) =
in R/m for all o, showing that %(m) is not cr (by the old” n1ce
selection lemma 3.2.3 over the field R/m) which contradicts the
assumption tnat L was cr.

To state the more global version of this lemma we need a bit
of notaticn. Let ¥ be a family of cr systems over a scheme V.
For each nice selection o we define

= {v € V(det(R(Z(v)) ) # 0} : (4.3.2)

This definition seems a bit ambiguous at first because R(z(v))
depends on what basis we choose in the state space of z(v) and
hence is only defined up to multiplicaticn on the left by an
nxn invertible matrix with coefficients in k{v). This matrix
being 11vert1b]e however, means that the whole symbol group
det(R(Z(v)),) # 0 makes perfectly good sense so that Uy is -
well def:reg Of course U, 1is an open subscheme of V.,

4,3,3. Lemma. Let £ be a family of cr systems over a scheme
V. For each nice selection a Jet UOL be as in (4.3.2). Then
an?ce Ua = V. ‘

This follows immediately from lemma 4.3.1 because V can be
coverad with affine schemes Spec(R;) (such that moreover the under-
lying buandle of £ 1is trivial over each Spec(Rj)).
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cr

4.4. The Universal Bundle tu over M .
- or m,Nn,p

sundle Y over Mm n,p js constructed just as in 3.4.11 above.
3%y

writing things out in relentness detail one obtains the f_o]]om’nq
algebraic-geometric local pieces and patching data description.

The universal

For each nice selection o let
- a o3 a9y - n
E, = Spec(Z [Xij’Yrs] ® Z[Z],...,Zn]) v, x/A(4 . ”

whare E[X?J.,Ya 1 is as in 4.1.1; i.e. Spec zixs

rs ij? r!

iet

ﬂa H Ea - Vu (4.4.2)

be the projection induced by the natural inclusion
* oy a0 o
T, /A [Xij’yr‘,s] cZ [Xij’Yr‘,s’Zt] .

Define for each pair of nice selections a,B.

- - (31 a - n
Eas Spec Z[xij Z B\X) ]) vanA
(4.4.3)
and let

5&8 : EaB - Ech (4.4.4)

be the isomorphism given by the ring isomorpnism

* B (B 5B -1 o 40 -1
Bog ¢ LN YR 20 dg ()71~ TIN5 Y 70 g (X)
(4.4.5)
Jiven by g . g
. . o
xij - ¢‘GB(1’J)(}( )’Yr,S nd d‘aB(r’S)(x aY )9
R [o Y
Zt - $a8(t)(x ,27) (4.4.6)
where the & ,\(t)(x(" 7%) are defined by the equality
Qe
3 (1) (3,2 )] 2,]
aB(X)

-~ a
3,4(m (7,2 7|

\..__.m
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The 3 are compatible (by their definition) with the w8

in that the fo]lowlng diagram conmutes for each pair of nice sel-
ections a,B.

EQB ——r Eﬂa
T Fag it (4
o 8 .4.8)
VQB 5 vBa
ap

t follows that by gluing the Ea together by means of the 3
we obtain a vector bundle EY, aB

u cr
T E o Mm D (4.4.9)
4.5. The Morphism into ﬁ%]n D Associated to an Algebraic

Family of ¢r Systems. Ue start with the case that the underlying
vector bundle E of the ‘ami]y L is trivial and that the
parametrizing scheme V is affine. Z 1is then described by a
ring R, V = Spec(R), £ = Spec(k(Z1,...,Zp), ™ : E »V induced
by ihe natural inclusion R - R[Zy,...,Z,], and vector bundle
homomorphisms F: £ = E, G: Spec(R[Uy,...,Upl) » E, H: E >
Spec{RIYy,... ¥ol)e The fact that these morphisms are vector
bundle homomorphisms is reflected by the fact that the associated
homomorphisms of rings

* *
Fo: R{Z],...,An] - R[ZI”"’zn]’ G :R[Z],...,Z”] -

RIU ..U, H* ;LY W1 = RIZy,ennsZ, ]

Rk

ére firstly R-algebra homomorphisms and further of the form

F7(2.) = 2f..7., 6 Zg JH (v Ehu 5

i o1 1373 1J J

(4.5.1)

where the F1J, 95 hij are elements of R. This defines a
triple of natr1ces F = (fij)’ § = (gij)’ H = (h ). For each

nice selection o let S, *© R(?,ﬁ)a, dy = deth 7 ER, let
U, =Spec(R[d'1}) and ]et vV, © Spec(Zﬁ[X? “ }) be "the nice-
se]ect1on -a-piece of Nm N p" of 4.1 above. hov define

KRR (4.5.2)
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by the inorphism of rings

o O8] - RIS ] - (4.5.3)
Qa J .
given by
- . 1,2 &
X?j» i-th entry of the column vector Sa R(F’G)s(a,j)
Y(;s ~ r-th entry of the column s of the matrix ﬂSa

(4,5.4)

where s(w,j) s the j-th successor index of the nicg selection
, cf. 3.2 above. Or, using the oObvious notation, tpa is defined

by
CR(F(X),6.00) = STIR(FLR), w. H (1Y) = A
Fa Rt tAT5, o R

(4.5.5)
Now let B be a second nice selectm? ‘!n claim that the
vy and yg agree on U, n Ug = Spec(Rldg ,dz! In view of
how the Yoo VB are glued together to obtain Mg'"n P this means
that we must prove the curmutativity of the diagram
. -1 '
Z Y., ,d ()74 *
i S
PN o8 \\%‘
* -1 -1
¢aB / R[da ’dB ] (4.5.6)
*
z 0 v8 Ld (07N Ve

rs’ Ba
tiote first that
0 (5 (X)) = UTR(F_(X) .G = sTIR(F,B), = 5!
")'.1 as = (p(l‘ CV.( ')9 Q(X)B) - SQ P( ) )B = Sa S

8
. (4.5.7)
so that ¢ = does indeed map daB(X)"1 into R[d;l,d;]]. Now

g; is described by
* _ =1 = * _n
wB(R(FB(x),GB(X)) = Sg R(F,5), Yghg(¥) = s, (4.5.8)

and on the other hand

460 RIFGX)L6,000) = 0™ (5, 007 TR(F_(X),6,00)) |
(by (4.1.9))
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B R B
sB S.S4 R(F,B)

(by (4.5.7) and (4.5.5))
s“R(r:,G)

"

which fits perfectly with (4.5.8). S1n1lar1y w ¢ H (X) =

* \ ol PO -

wuHa(Y;S (x) = HS(SOl SB HSB wBHB(Y)’ S0 that (4 5.6) is in-
deed comfutat1ve Thus the wu: Ua - Va are compatible, and

because Y U = Spec(R) we obtain a morphism of schemes
anice o

Py 2 Vo= Spec(R) -» ”m .0

4.5.9. Lgmma The morphism 5 depends only on the isomorphism

ciass of & (so in particular yy does not depend on how E is
tr1v1a]1zed;.

Proof. Let L' be a second family of cr systems over
= Spac(R) with trivial underlying vectorbundle E' =
Spec(R[Z%,ZZ, -.,Ln]). Suppose I' s isomorphic to I and let

the isomorphism be p : E » E', Because u is a morphism of
vectorbundles over V = Spec(R) 1its ring homomorphism
*k

B R[Zi,Zé,...,l ]~ R[Z], 2,...,Z ]
is an R-algebra homomorphism of the form
*
21t -
1 (l].) = ; Sij z

Let S be the matrix (s, Then S is invertible (over R)
because u is an 1somorbﬂxem MNow because u defines an iso-
morphism £' = L we have F'yy = yF, G = G', H = H'y which in
terms of the matrices F,G,R associated tc b (cf. (4.5.1)
abcve) and the analogous matrices F',G',A' of I' means that

j° Sij €R

SF = F's, sG =G', H=H'S
It follews that if d&, S&, U& are defined analogousiy to da,
S,U then S'=5S85 ., d'-= det(S)d o) that U' = U and
a’ Ta Q a o - )
v =y all because SR(F,G) = R(F',G ), HS = ', which
oroves the lemma.
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$.5.10. Construction of s for families whose underlying
btundie is not necessarily trivial.

Now let & = (E; F,G,H) be a family of cr systems over a
schen» V. We can cover V with affine pieces Uj = Spec(Rj)
such that E s trivializable over Uj. By the construction
zbove and lemma 4.5.9 this gives us morphisms (independent of
the trivialization chosen)

. cr
bi 2 Yo Mo

Now on U; N Uj the y¥; and vj must agree, because by lemma
4.5.9 again 5 and t; agree on all affine pieces Spec(R) <
i n Uj. Hance the 4~ combine to define a worphism

. cr
L V > Mm,n,p

which, again by lemma 4,5.9 depends only on the isomorphism class
of *T.

- . - A
<.4, The universal family ¥ of cr systems over M;rn D Let
N cr >0

¢ be the vectorbundle over Hm n,p constructed in 4.4 above.
» 3

in this secrion I describe a (universal) family of cr systems
uCr

il

» - . m,n,p. - .

is indced universal will be proved in 4.9 below).

over whose underlying bundle is EY. (That this family

Recall that EY was constructed out of affine pieces
g' = Spec(Z [x?j,Yﬁs,Z%}) glued together by means of certain
isomorphisms ¥ ., cf. 4.4. Let A" = Spec(Z [U],...,Ur]).
To define Y = (Eu;F“,Gu,Hu) it suffices to define vectorbundie
homoimorphisns
. . m . p
Fa : Ea-»E'l, Ga. VaX/A "an’ Ha. EQ»VQX/A
(4.6.1)
vihich are compatible with the identifications

~ . or .y, m . m
QaB' EaB bﬁu’ ¢aB x id: vaB i \'Ba XA

Sy * 1 Voo x AP o Voo x AP

afl

in the sense that the foilowing diagram must be commutative
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G F H
Y Sk : v P
ab aB R TT: S XA
! 214 3 Ba 8 11
|
G
b B s He )
Vo, XA > Eg, - Ep ——— Vo xA

(4.6.2)

(cf. also (3.4.17)}). Ve now describe F,,G4,Hy @s those morphisns

which on the ring level are given by the Z [¥% Y“S] - algebra

i3’
homomorphi sins

* Y R S oy St o o
Fa' /4 [Xij’Yrs’zt] Z [XiJ rs’z 1, I"»F (X)Z
(4.6.3)
¥, R L RN v BV, o 3
G.: /A [X]J \rs’zt} Z 1xij,vrs,ul,...,um], FARNS Ga(x,d
(4.6.4)

a
%1, Ve H&(Y)Z

* Ko BN N a
Hu. ZI[kij,YrS,V],...,Vp] /A [Xij

rs’-t
(4.6.5)

. T
wiere Za, U, V are respectively the cclumn vectors (Z?,...,ZG) ’

: n
T T
Ugsenlpd s (VeseenV) ;
It remains to check that the diagram (4.6.2) is indeed com-

mutative, which is done by checking that the dual diagram of
rings nomovpnisms is commutative,

This ccnies down to precisely the same calculations as in
3.4.14. As an example we check that the diagram

_*
Z X%, v ,7%d ()7 E z 0!
i rs’Tt R N ii t’ as
*x *
{aaﬁ * 60-8
| Fr
& yB 4B 1 8 s 8 %
Z X iy YrS,Zt,dL (x)™'1 Z (XY, .2 dw( )
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iz commutative. Becauce E*F maps Z [X?j,YES,dBa(X)']] into
z [X Y rs 9y (X X)"11 and because F and F; are respectively
z {AiJ, ;s -algebra and Z [XB YB 1- algebra homomorphisms it

suffices to check that
~% * 6 _ * J 8 _
¢QB FB(Zt) = FQ,bQB(Zt), t = ],...,n

By the definitions (4.4.7), (4.6.3) and using the definition of
i ., Cf. 4.1, we have

o
*_ *
B
Faboa(Z)

*

-1 ]
FrlSye(0712%) = s (07 F (02"

n

bugfa(20) = Bog(F07%) = o7 (P (X))s o (1) 712°

-1 -1
saB(x) ra(x)sas(x)saB(X) Vau

5,507 F, (007

The remazining two squares of diagram (4.6.2) are similarly shown
to be comnutative.

4.7. A rigidity lemma.

The key to the procf of theorem 3.4.20 (the algebraic-
geometric classifying thecrem) is (as was remarked before) a
rigidity property which in this context takes the following form.

4.7.1. Proposition. Let I, &' be two families of cr systems
over a scheme V. Suppose that there is a covering by open sub-
schemes (U;) of V such that the two families Z and '
restricted to Uj are isomorphic for all i. Then L and I'
are isomorphic as algebraic families over V,

lle note that no such proposition holds for arbitrary families
of systems cf. [HP] for a counterexample.

Proof. We can assume that the underlying vectorbundles E
and T" have been obtained by gluing together trivial pieces
uver affine subschemes of V. Refining the covering (Uj) if
necessary (this does not change the validity of the nypotiesis
of the proposition) we can therefore assume that E and E' n
nave been obtained by gluing together trivial oundies Ui x A
cver affine schemes- Ui'
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Our data are then as fcllows.

scheme U; = Spec{(Rj) for each 1i,j

We have for each i an affine
bundles

isomorphisms of (trivial)

n
Sig0t5 (U U5 x AT (U n U <A

which respectively define the bundles E and E'. The remaining
iqgredients of the two families of systems

ns £ and L' are then
given by vectorbundle homomorphisms
Fi,F%: U'i x/An—DU x/A ' .X/’-\m—)Ui X/An
HyaHEs U < AT o U, x AP (4.7.1)
such that the following diayrams are commutative for all 1i,j
{where U.. 1is short for bi n Uj)
F.:.F*
n 1701 n
Uy <A - Uy A
s].,r;]:/' | l I HY
. i i ® i ! p
SRR R BT rij’¢ij 5 Uij A
N S
Fs,F! H.oH:
~; n 37 NN
Uy <A Uyy A"
(4.7.2)

Finally the fact that =

T and L' are 1somorph1c over each U
means that there are vectorbundle isomorphisms Y AL
U

x AN such that the following diagram is conmutatxve for all i

| AN

Uy <A % AT
es\ » F! i /
' U, g/ AL E Uj x /AN 1

(4.7.3)
We now claim that the o; are compatible and combine to define
an isomorphism ¢: £ = £' (it then fcllows, bacause this is
locally true, that #F = F'4, ¢G = G', H'¢ = H). To prove this
we must chow that for each Spec{R) = Uc Uij =U;n Uj the foi-
Towing diagram ccommutes b
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n i
UxA" —————s UX/A
¢, . (4.7.4)
1 . J
uxmn.___fll;» uxAl

Now vectorbundle homomorphisms of trivial vectorbundles over an
affine scneme U = Spec(R) are given by matrices with coefficients
in R as we explained en passant in the first few paragraphs of

N . ' ] 1 1
4.5 above. Let Gi’ Gi’ Fi’ Fi’-Hi’ Hi’ Sij’ Sij’ Si’ Sj be the

r.atrices of the morphisms of vectorbundles Gi’ G%, Fi’ F%, ”i’ H%,
iy Q;j’ 55 ¢j restricted to U. The commutativity relations
14.7.2) and (4.7.3) then imply for these matrices with coefficients
in R that

suﬁ1 = Gj, sné; = (‘;3, 513?1 = ?J is° siJF; = Fss;J
S”R] = s;JH; = Hs, sf1 = G!, siF‘i = F;s]

His; = ﬁi’ (4.7.5)
sjéj = Gj, sJ?J = ?353., HjSJ = FIJ

and the matrices Si’ Sj, i S' are all invertible because
they come froum vectorbundle lsomorphisms.

It follows that

.S, R(F.,G.) = S.R(F.,G,) = R{F!,G!
SJS1JR(F1,;]) SJR(FJ,GJ) R\FJ,GJ)
. (4.7.6)
- 1 1) 1 =
= ijR(Fi’Gi) S1JS]R(F )
Now £ is a family of cr systems and hence so is its_restriction.

to U = Spec(R). It follows (cf. 4.2 above) that R(F.,G.):RF=R"
~ = (n+1)m, 1is a surjective map. Hence, (4.7.6) 1mp]1es that

SJ.S].J = S;J ; proving the commutarivity of (4.7.4) and hence the
pronosition.

4.8. 0n the pullback construction, Let I = (E; F,G,H) be a
family of systems over a scheme ! and let ¢ : V' - M be a
morphisri of schemes. Assume that evervthing is given in terms of
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local affine p1eces and patchmo data; i.e. I 1is given by
trivial bundles ; x AT S U; Spec(R ) =M with vectorbundle
isomorphisms ¢U ij /A - U ij X/A and vector bundle mor-
mo:phigms Fi: Uj x AN s U < AN, G .x/A > U, x A",

Hy: U x AN S U x AP such the nonprime diagram (4 7.2) is com-
mutatwe, and w 1s given by affine morphisms 2% U; - U1 U;

= Spec(R]!). Let w : R - R' be the ring homo-norphism of ;.
Let, as before, F] (’51 H1 be the matrices of the vectorbundle
morphisms Fi’Gi’H"i'

Then the Tocal pieces of the pullback family w!E = L' are
the trivial bundles U' ></A - U’ with the vectorbundle homomor-
phisms F!: U'></A -»u'x/A :U'></A -»u'x/x\ 1:u'x/A”
—»U'X/Ap gwenbj hematmces F'-pF G'—J)G,H'=wr{.
The patching data are defined as foﬂows. If U‘ —Spec(R)cU nUS
maps into U = Spec(R) < U; AUy under ¢ and \p] R - R' is
the associated homomorphism of rings, then over Spec(R') the iso-
morphim ¢‘. U A sy ></An is given by the matrix

oo e : e n n
Sij zy]SU. 1f bn is the matrix of J’ij' UxA - UxA",
) This can be taken as the definition of the pullback family
y'L. It agrees of course with the more informal description
given in section 3 above.

4.9. The classifying theorem for algebraic families of cr systems

cr
over schemes (Mm,h,p

We can now prove the algebraic-geometric classifying theorem
for families of cr systems, i.e. theorem 3.4,.20. Stated more pre-
cisely this theorem says

is classifying over 7Z).

4.9.1 Theorem, Let I be an algebraic family of cr systems over
a scheme V Then there exists a unique morphism of schemes

1
by v - MCT (defined in 4.5 above) such that w;z”q L where

m,n,p
t¥ is the universal family constructed in section 4.6 above.

i
That is the map I » wz and the map Y » w'zu {of 4.8 above) set
up & bijective correspondence betweei, the set of scheme morphisms
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v - Mm n.p and isomorphism classes of families of cr systems

over V. Moreover this isomorphism is functorial.

Rﬁggi; First let y: V - Mm n,p be a morphism of schemes;
let £ =u'zY. Then we must show that wz = y. To do this it
suffices to show that wz and ¢ agree on all elements of some
affine covering (U ) of V We can take this covering to be
finer than the cover1nq (v~ (V ), anice) where Va c Mm .n,p is
the piece belonging to the nice se]ect1on a, cf. 4.1, Let
therefore U = Spec(R) be such that w(U)c:Va, and let

* Oy
oo E[X1J Yrs] R

be the associated ring homomorphism. Then according to 4.8 above
and the definition of IY, cf. 4.6, the family £ over U is
described by the three matrices

= ¢"F(X), G = w6 (X)), o= wTH(Y) . (4.9.2)

By 4.5 above the morphism wz : Z.[X?j,Ygsl -+ R associated to
this family is characterized by

by (ROF (XD, 6,(X)) = STIR(F,B), w2H (V) = As_ (4.9.3)

where S, = R(F, G) . Because R(Fa(x), Ga(x))a =1,8, =1, in
this case cf (Q 9 2)) so that indeed (comparing (4.9.2) and
(4.9.3)) wz .

Now ]et Z over V be a family of cr systems and let
wzz V- M n,p be tHe associated morphism as defined in 4.5. We
have to show that wz is isomorphic to Z By the rigidity
result 4.7.1 it suffices to show that wz and £ are isomorphic

over each element of some affine covering (Ui) of V, which we
tan take fine enough so that the urnderlying bundle E of I is
trivial over each Uj. Let therefore U = Spec(R) be such that

I over U is described by the triple of matrices F,G,H. Let
da = det(R(F,G)a) for each nice selection o. Then U in turn

is covered by the Uy = Spec(R[d;]]) (by the nice selection

Temma), So taking a still finer covering (if necessary) we can
assume that U = Spec(R) 1is such that for a certain nice selec-
tion o we have that S, = R(F,G)a is invertible over R. Then
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by 4.5 by is given on U by the ring homomcrphism

* . a ya N
yo: Z[Xij’yr,s] R

characterized by

w*R(Fa(X),Gu(X)) - S;]R(F,G), w*Ha(Y) = A, (4.9.9)

By 4.8 the family of cr systems wéz“ is defined by the matrices
=, - * vz * o - *
Fto= 9 F (X), B =y G (X), A" = v H(Y) (4.9.5)

Comparing (4.9.4) and (4.9.5) we see that over U the families
defined by F,G,H and by F',G',A' are indeed isomorphic with
the isomorphism being defined by Sa (which is invertible over

R). This concludes the proof of the theorem.

4.10. On cr systems over rings, The classifying theorem 4.9.1

of course also applies to systems over rings R. Such a system
(with finitely generated projective state module X) gives rise
to a family of cr systems over R iff R(F,G): RF =+ X, r =
(n*1)m, is surjective (cf. 4.2). If R is such that all finitely
generated projective modules are free (which happens e.g. if R

i3 a ring of polynomials over a field by the Quillen-Suslin
theorem [Qu,Sus), then theorem 4.9.1 says that the R-rational

are precisely the GLn(R) orbits in

points of MET

m,n,p
;tn’p(R), i.e.
MET  (R) 5 LT (R)/GL_(R) (if R is projective free)
m,n,p " % “m,n,p n e

In qeneral the theorem gives a canonical injection

cr cr
Lo p(RIZGL (R) = MY (R)

(R) corresponding to systems
over R whose state module is projective but not free.

with the remaining points of M

4,11, A few final remarks. There is a completely dual theory
from the co instead of cr point of view. Also the open subscheme

cr,co :
Mm:nsp . -(
This scheme is embeddable (over Z) in an affine scheme A
as a locally closed subscheme.

is of course classifying for families of co and c¢r sys?ems.
nt+1)mp
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5. EXISTENCE AND NONEXISTENCE OF GLOBAL CONTINUQUS CANONICAL FORMS
As a first application of the fine moduli spaces of sections

3 and 4 above we discuss existence and nonexistence of global con-
tinuous canonical forms for linear dynamical systems.

5.1. The topological casé. Let L' be a GLn(R)-invariant sub-
space of Lm n p(R). A canonical form for GLn(R) acting on L'
is a mapping c: L' - L' such that the following three properties
hold

c(z®) = ¢fs) forallzel',Se GL(R);  (5.1.1)

for all £ € L' there is an S € GLnCR) such that

o{z) = £ (5.1.2)
c(T)

]

c(z') = 35 € GLn(R) such that ' = ZS

(5.1.3)
(Note that (5.1.3) is implied by (5.1.2).)

Thus a cancnical form selects precisely one element out of
each order of GLn(R) acting on L'. We speak of a continuous

canonical forin if ¢ is continuous.

Of course there exist {many) canonical forms. E.G. order

the set of a?] nice selecticn a in Jn m in some way. For
b ]

each f € m n p(R) let o) be the first o §uch that R(Z)a

is nonsangu]ar Then

) "—S .
T ca(z)(xy =3z, = R(z)" (5.1.4)

u(?)

is a canonical form on m n p(R) (Luenberger canonical forms

~2 la Bryson). This mapping is not continuous, however, except
when m =1 (in which case there is only one nice selection),
which entails a number of drawbacks, e.g. in numerical calcula-
tions and in jdentification procedures, cf [GWi] for a discussion
in the similar case of Jordan canonical forms. '

5.1.5. Theorem. There is a continuous canonical form on
LEr> CO(R) if and only if p=1 or m=1.

m,n,p
Proof. If m=1 let acd, = {(0,1),(1,1)5...5(n,15}
be the unique nice selection (0,1),...,(n-1,1). Then
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. = S C = -]
Chqi c#a(z) 7, S R():)cl (5.1.6)

is a continuous canonical form, because R(Z) is always invert-
ible for L cr. o

Similarly if p=1, let B < Jn 1° be the uriique nice rowv
selection. Then Lk I, S = Q(E)B is a continuous form because
Q(:)B is invertible for all co z (if p = 1).

It remains to show that there cannot be a continuous canoni-

cal form ¢ on all of L;racgm) if both m>1, p>1.

To dc this we construct two families of linear dynamical
systems as follows for all a €R, b €R (We assume n > 2; if
n =1 the examples must be modified somewhat).

a 1]0 ... 0

T 10 ... 0

G"(a) = 2 ! >
. . B
2 1 )
(i b0 ... 0
H 0 0
12
: : B
\2 1 )

where B is some (constant) (n-2) x(m-2) matrix with coeffi-
cients in R,

0 :
) s e R
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’y](a) 112 ... 2
yz(a) 111 ... 1
H](a): 0 O N

. . C

0 0 )
'x](b) 1 2 cse 2)
xz(b) 1 1 e 1

_10 0
. . C
10 0 )

where C i35 some (censtant) real (p-2) x (n-2) matrix. Here
the continuous functions y](a), yz(a}, x](b); x,{b) are e.q.

y}(a) =a for Jal <1, y](a) =a ! for !a{Lz 1, yz(a) =

Y, xy(b) =1 for [b] <1, x(b) = b2 for [b] 21,
xz(b) = b—]exp(-b-z) for b # C, x2(0) = 0. The precise form
of these functions is not important. llhat is important is that
they are continuous, that xi(b) = b'ly](b']), xz(b) = b'lyz(b-])

for all b # 0 and that yz(a) #0 for all a and x1(b) £0
fo~ all b.

~n

exp{-a

For all b #0 let T{b) be the matrix

(b 0 ... O
o 1
T(b) = |, L’ 2. ° . (5.].7)
. o 0
0 ... 0 1

tet Zi(a) = (Fy(a), 6(a), Hi(a)), E,(b) = (Fy(b), G,y(b), H,(b)).
“hen one easily checks that

T(b)

ab=1= Ziga) = Zz(b) . (5.1.8)
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, co,cr .o
¥g£§ also that E](a), Zz(b) € Lm,n’p(R) for all a,b €R; iy

f(a) €U, o= ((0,2),(1,2),...,(n-1,2)) for al
a €R (5.7.9)
Zz(b) € UB’ 8 = ((0,1),(1,1),...,(n-1,1)) for all
b €R (5.1.10)

which proves the complete reachability. The complete observabii-
ity is seen similarly.

Now suppose that ¢ is a continuous canonical form on
co,cr oL e -
LT3n’p(§)' L?t C(Z](a)) = (F](a)aG](a)’H](a))’ ~(u2(b))
(Fz(b),Gz(b),Hz(b)). Let S{a) be such that c(E](a)) =

34
z](a)s(a) and 1et S(b) be such that c(Zz(b)) = Xz(b)g‘b).
1t follows from {5.1.9) and (5.1.10) that

S(a) = &(F(2),8,(a)) R(F ()6, ()] (5.1.11)

S(b) = RIF,(b),6,(b))REF5(6),6,());

Consequently S(a) and S(b) are (unique and are) continu-
ous furnctions of a and b.

Now take a =b =1. Then ab =1 and T(b) = I, so that

(cf. (5.1.7), (5.1.8) and (5.1.11)) S(1) = 5(1). It follows from
this and the continuity of S(a) and S(b) that we must have

sign(det S(a)) = sign(det 5(b)) for all a,b €R
(5.1.12)

Now take a = b = -1. Then ab =1 and we have, using
(5.1.8),

Z](_])(S('])T('i)) = (Z](—])T(-]))S(-])

5,0~ < c(z,(-1))

o(z,(-0) = £, (-n3CY

it follows that S(-1) = 3(-1)T(-1), and hence by (5.1.7), that

[}
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det(S(-1)) = -det(5(-1))

which contradicts (5.1.12). This proves that there does not exist

a continuous canonical form LEOBCE(R) if m22, and p > 2.
. ially

5.1.713. Remark. By choosing the matrices B,C in G](a),
Gz(b), H](a), Hz(b) judiciously we can also see to it that
rank G](a) = m = rank Gz(b), rank H}(a) = p = rank Hz(b) if

p<n and m< n, Note also that F 1in the example above has
n distinct real eigenvalues so that a restriction like "F must
be semi-simple" also does not help much,

5.1.14. Discussion of the proof of theorem 5.1.5. The proof
ven bo»e though definitely a proof, is perhaps not very
i

91
pr cH|nn1ng What is behind it is the following. Consider the
natural prOJEut10n

o - LETsC0 ,Cr,co ,

Tt m n pGR) Pm n p('R) . (5.1.15)

Let ¢ be a continuous canonical form. Because c is constant
1 : : s cr,
ch ail orbits ¢ induces a continuous map T : Mm ncng)
b

L;récgﬂR) which clearly is a section of 7, (cf. (5.1.1) =

(5.1.3)). Inversely if T 1is a continuous secticn of T then

co,cr L CO,cr . . .
T i form.
Ter Lm ; p(R m ; pOR) s a continuous canonical form

Now (5.1.15) is (fairly easily at this stage, cf [Haz 1]),
szen to be a principal GLnCR) fibre bundle. Such a bundle is

trivial iff it admits a continuous section. The mappings
a# Z](a), h Xz(b)

of the proof above now combine to define a continuous map df
P]CR) = ¢circle into MCr Co('R) such that the pullback of the

tibre bundle (5.1.15) is nontr1via1. In fact the associated
determinant GL](R) fibre bundle is the Mobius band (minus zero
section) over the circle.

5.2. The algebraic-geometric case. The result corresponding to
theorem 5.1.5 in the algebraic-geometric case is the following.
For simplicity we state it for varieties {over algebraically
closed fields).

5.2.1. Theorem. Let k be an algebraically ciosed field. Then
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. ) . ., Cr,co cr,co .
there exists a canonical form c: Lm.n,p(k) - Lm,n,p(k) which

is a morphism of aigebraic varieties if and only if m=1 or
p=1.

Here of course 2 cancnical ferm is defined just as in 5.1
above; simply replace R with k averywhere in (5.1.71)-(5.1.3)
and replace the word “continuous” with “morphism of algebraic
varieties," which means that locally ¢ is given by rational
expressions in the coordinates.

The procf is rather similar to the one briefly indicated in
cryco “Cr,co(k)
myN,p m,n,p

prinicpal GLn(k) bundle and cne again shows that it is trivial

£.1.14 above. In this case L is an algebraic

if and only if m=1 or p = 1. The only difference is the
example used tc prove nontriviality. The map used in 5.1.14 is
non-aigebraic, nor is there an algebraic injective morphism
P](k) - Mioacg(k). Instead one defines a three dimensional mani-
3 >
fold niuch related to the families Z](a), Zz(b) together with an
injection into Mirgcg(k) such that the pullback of this prin-
cipal bundle is easily seen to be nontrivial. Cf. [Haz 21 for
Jetails.

€. REALTZATION WITH PARAMETERS AND REALIZING DELAY-DIFFERENTIAL
SYSTEN

As a second application of the existence of fine moduli
spaces for cr systems we discuss realizaticn with parameters
(cf. also [Byl) and realization of delay-differential systems.
A preliminary step for this is the following bit of realization
theory.

6.1. Resumé of some realization theory. let T(s) be a proper

rational matrix-valued function of s with the (formal) power

series expansion (around s = )
1 2

T(s) = A]s + Azs

to, A€ KPrm (6.1.1)

One says that T(s) is realizable hy a linear system of dimension
<n, if T(s) is the Laplace transform (resp. z-iransform) of @
Jinear differentiable (resp. difference) system I = (F,G,H) €
Lm n,p(k)‘ This means that

k]

T(s) = H(sI_-F)7'g (6.1.2)
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» €quivalently
Ay = HETTG, = ,2,3, (6.1.3)

& cessary and sufficient condition that T[(s) be realizable )
@ system of dimension n s that the associated Hankel matrix
#) of the sequence = (A, AysAss...) be of rank < n.  Here

# )} is the block Hankel matrix.

r \
AL A, A .
Ay Ay
{ =
hist) = |A, )

\* hd J

& precisely we have the partial realization result wr_zic‘n says
t there eixst F,G.H € L % (k) such that A, = welTle e
k hn(.;:() = rank hn*rl("”[) = n, where hi.(.u') is the bleck

i~ ix consisting of the first 1 block rows and the first i
ck-columns of h{w/).

Now suppose that rank h( .« ) is precisely n, and let
>H  realize .

e have
fH A
HF ] 1 2 1}
) = 2 (GYFGYFoG!...)
HF

3t follows by the Cayley-Hamilton theorem that R(F,G) and
,H) are both of rank n so that I = (F,G,H) 1is in this
> both cr and co.

Finally we recall that if £ and ' are both ¢r and co
bboth realize «/, then &L and I' arg isomorphic, i.e.,
re is an S € GLn(k) such that %' = g2,
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For all these facts, cf e.g. [KFA] or [Haz 3].

6.2. A realization algorithm. Now let # be such that rank
hi{./) = n. We describe a method for calculating a

T = (F,G,H) € L;t;fg(k)

which realizes 7. By the above we know that there exist a nice
selection a. < Jm n the set of column indices of

3>

¢ \
ALA, . AL
A2
hopyfot) = | (6.2.1)
) N
Pt <o Aona)

and a nice selection o, < Jd n’ the set of row indices of
b ]
h ..(/), such that the nxn matrix hn+](d1)ar,ac has rank
} ' ‘e $heo . .
n. Here hn*](df)ar’ac is the matrix obtained from hn+]

by removing all rows whose index is not in . and all columns

N+
(esf)

whose index is not in a.- \ie now describe a method for finding

a = (F,G,H) € Lcr,co(k) such that T realizes « and such

m,n,p
that R(F,G)_ =1_. {(Such a £ 1is unique).
% n
Let Y, be the subset of Jp n of the first p row indices,

so that hn+1(”1)y consists of the first row of blocks in
(6.2.1). Now let '

H=h . (u) .
n+1 SR

(6.2.2)

Now let

S =gy, (6.2.3)

r-c
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and define R S (hn+](a¢)ar). Then (R )ac 1 and we let
F.G be the unique nxn and nxm matrices such that

R(F,G)

R! (6.2.4)
Recall, cf 3.2.7 above, that the columns of F and G can be
simply read from the colusns of R', being equal to either a
standard basis vector or equal to a column of R'.

For every field k and each pair of nice selections

@< Rm ar @, S Jp n let w(a s J(k)} be the space of all
sequences of pxm matrices ~nf~ (A .Y on +]) such that
rank(h . -{«)) = n and rank{h (JJ) ) = n. Then the above
n+1 n+l Gr,0c
uef1nes a map
. - L CrscO
T(ar,ac}. U(ctr,ac)(k) m M p(k) (6.2.5)

6.2.6 Lemma. If k=R or € the map r(cr,ac) is analytic,

and 2iqgebraic-geometrically speaking the T(ar,ac) define a mor-

pnism of schemes from the affine scheme W(a ,a ) into the quasi
£r,co

.F-- h

affine scheme L "1 ,n,p°

6.2.7  Lemma., Let H(k) be the space of all ‘sequences of pxn
1’ Z”" such that rank(hn+](ad)) = n=

matrices = (A )

rank h (/). Let h: LCr LE(k) - W(k) be the map h(F,G,H) =
(HG, HFb ..,HFZ““ . Then h - T(ar’ac) is equal to the natural
embedding of W(x 2% (k) in W(k). (Il.e. h - T(ar,ac) is the
jdentity of w(ar,ac)(k) )

Proof. Let w/ € ¥(a ,o )(k). By partial realization theory

{cf. 6.1 above) we know that .« s realizable, say by &z' =
(F',G',H'). Then because .#/€ U(u R )(k) we have that S =
R(F‘,G‘)a is invertible., Let
‘ 57! -1 -1
= (F,G,H) = %! = (S F'S,S G',H'S).

Then L also realizes .o/ and R(F,a) = In. Now observe that

the realization algorithm described above simply recalculates
precisely these F,G,H from .
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6.2.8. Corollary. let k=R or T and let h: M*" CO(p)-.w)
be the map induced by n: Lm n p(k) - W(k). Then h 1s an is

5¢
morphism of analytic manifolds.

6.2.9. Corollary. Hore generally h: LEOSC; - W' induces an isg-
3 E]

morphism of scheames M n,p - W. In particular if k is an alge.
braically closed f1e1d then we have an isomorphism of the algebrai
varieties M " p(k) and W(k).

6.3. Reaiization with parameters.

6.3.1. Tne topological case. Let Ta(s), a €V bea family
of transfer functions depending continuously on a parameter a £ V.
For each & € V write T,(s) = A](a)s'] + Az(a)s_2 + ... and

for each a 1let .n{a) be the rank of the block Hankel matrix of
A{a) = (A](a),AZ(a),...). The question we ask is: does there

exist a continuous family of systems i(a) = (F{a),G(a),H(a))
such that the transfer function of Z(a) is Ta(s) for all a.
The answer to this is definitely "yes" provided n(a) s bounded
as a function of a. Simply take a long enough chunk of the «/{a}
of all a2 and do the usual realization construction by means cf
biock coumpanion matrices and observe that this is continuous in
the A;(a). [True if V is paracompact and normal, one needs
partitions of unity (in any case, I do) to find continuous Ti(a)

such that Bn+] = T1Bn + ...t TnB] where B s the i-th block

column of h{sZ).] The question becomes much more deiicate if
we ask for a continuous family of realizations which are all cr
and co. This obviously requires that n{a) 1is constant end pre-
vided that the space V is such that all n = n(a) dimensional
bundles are trivial this condition is also sufficient. Indeed

if n(a) 1is constant then the .»"(a) determine a continuous
map V - U(R) and hence by Corcllary 5.2.8 a continuous map

V- rﬁrncgm\
to a family over V gives us a family (E;F,G,H) over V. such
that the transfer function of the system over a € V is T_(s)

Pulling back the universal family over M

for all a. The bundle £ is trivial by hypothesis, so there
are continuous sections e],...,en: V> E such that

{e](a),...,en(a)} is a basis for E(a) for all a €V. Row

write out the matrices of F,G,H with respect to these bases to
find a continuous family I(a), which realizes T (s) and such
that ¥x(a) 1is ¢r and co for all a.
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£.2.2. The_polvnomial case. Let k be a field and k its alge-
b. ic closure, e.g. k=R and k =T. Let T (s) be a trans-

fer funttion with coafficients in k{xl,...,xq], where

Xyseoo
l)
realization of T(s) over k[x,,...,xq), that is a triple of
[]

,xq are indeterminates. e ask whather therz exists a

matrices (F,G,H) with coefficients in k[xys...5%_ 1 such that
T (s) = H{sI-F)7!

da not require any minimality conditions on the realization (pro—
vided n(x],...,x ) the degree of the lankel matrix of T(s) is

bounded for all (x1,...,xq) € K9

G. Again the answer is obviously "yes" if we

Now assume that n(x seessX_) 15 constant for all

(Xyseeenx ) = RS. Then (x seees¥g) P/ (X050 00,x ) defines a
*q 1 * uC q

r,ce

ﬂ, >P . .

the univercal fam1&y by means of this morphism we find a family

(£;F,G,H) cover k' which is defined over k because the mor-

morphism of algeberaic varietie R4 > {k). Pulling pack
g

=q

phise &' - ¥W(k) and the isomorphism with Mers CO(k)

m,n,p
over k. Thus I s defined cver & and by the Quillen-Suslin
theorem © s trivializable over k. Taking the corresponding
sections and writing out the matrices of F,G,H with respact to
tre resulting bases we find an F,G,H with coeffigients in

are defined

ka],...,x j which realize Tx(s) for all x € Eq, i.e. such
that T (s; = H(SI-F)_]G. Moreover this system (F,G,H) is cr

over k[x,,...,xq} meaning that R(F,G): k[x],...,xq](n+])m

k{x .....x " s surjective; it is also co and even stronger

its dual Jysteﬂ is also cr (i.e. (F,G,H) is split in the terminol-
ogy of [So 31).

. Realization by means of delay-differentiablas systems.

z= (Flys. seeadg s Gloys. A )5 Hloy,. ..,cq)) be a delay
differential system w1th q 1ncunn°n*urab]° delays. Here 05

.3.3
t

>tands for the delay operator oiF(t) = F(t-ai), cf., 2.3 above

for tnis notation. The transfer functior of Z 1is then
-3, -a_s -a,s -as .
T(s) = G{e veeese 9 )(sI-F(e veeese D)

-a+5 -a_S
He Ve 9) (6.3.4)

which is a rational! function in s whose coefficients are poly-
nomials in
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-a,s -
1 aqs
e 30005€ .

Now inversely suppose we have a transfer function T(s)
1ike (6.3.4) and we ask whether it can be realized by means of
a delay-differential system £{v). HNow if the a. are incom-
mensurable then the functions 1

-a,(s) -a_s
s,e | ,...e O

are algebraically independent and there is precisely one transfer
fuancticn T(s;c],...,o ) whose coefficients are polynomials in

-a s
g such that T(s) = T'(s,e 1 veeese ). Thus the

problem is mathematically identical with the one treated just

above 6.3.2. In passing let us remark that complete reachability
for delay-systems in the sense of that the associated system over
the ring 'R[a1,...,oq] is required to be cr seems often a reason-

akTe requirement, e.g. in connection with pole placement, cf.
{So 11 and [Mo].

Tyseees0

7. THE “CANONICAL" COMPLETELY REACHABLE SUBSYSTEM.

7.1. %7 for systems over fields. Let % = (F,G,H) be a system
over a field k. Let X" be the image of R(F,G):k" - k",

. cr cr m cr
r = m{n+1). Then obviously F(X )< X", G(k') « X~ , so that

there is an induced subsystem £°' = (Xcr;F',G',H') which is

called the canonical cr subsystem of Z. In terms of matrices
S

this means that there is an S € GLn(k) such that I~ has the
form
G F F
£ = [ﬂl n Frl s (H ) (7.1.1)
0y 0 F22J

cr’ the "canonical” cr subsystem. The words

with (F]],G],H]) =g
Kalman "decomposition" are also used in this context, There is
3 dual construction relating to co and combining these two con-

structions "decomposes" the system into four parts,

In this section we examine whether this construction can be
gqlobalized, i.e. we ask whether this construction is continuous,
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and we ask whether something similar can be done for time varying
linear dynamical systems.

7.2. %" for time varying systems. Now let £ = (F,G,H) be a
time varying system, i.e. the coefficients of the matrices F,G,H
are ailowed to vary, say differentiably, with time. For time
varying systems the controilability matrix R(Z) = R(F,G) must
be redefined as follows

R(FL6) = (6(0) | 6(1) | ... | 6(n)) (7.2.1)
where

G(0) = G; G(i) = FG(i-1) - G(i-1) (7.2.2)
where the ° denotes the differentiation with respect to time,

as usual. Note that this gives back the old R(F,G) if F,G

do not depend on time. The system is said to be cr if this matrix
R(Z} has full rank. These seem to be the appropriate notions for
time varying systems; cf. e.g. [We, Haz 5] for some supporting
results for this claim.

A time variable base chgnge x' = Sx (with S = S(t) invertible
for ail t) changes & to I° with

1

£ = (sFs7! o+ 857V sg,Hs7Ty (7.2.3)

NMote that R(Z) hence transforms as
R(z®) = SR(z) - (7.2.4)

7.2.5. Theorem. Let T~ be a time varying system with differen-
tiably varying parameters. Suppose that rank R(%) is constant as
a function of t. Then there exists a differentiable time vary-
ing matrix S, invertible for all t, such that £S5 has the form
{(7.%.1} with (F]],G],H]) cr.

Procof, Consider the subbundle of the trivial (n+1)m dimen-
sional bundie over the real line generated by the rows of R(Z).
This is a vectorbundle because of the rank assumption. This
bundle is trivial. It follows that there exist r sections of
the bundle, where r = rank R(%), which are linearly independent
everywhere, The continuous sections of the bundle are of the
form Zai(t)zi(t), where zi(t),...,zn(t) are the rows of R(Z)

and the ai(t) are continuous functions of t. Let b](t),...,
br(t) te the r  everywhere linear independent sections and let.
bj(t) = :aji(t)zi(t)’ J=T,000,r; 1 =1,...,0.
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Let E' be the r dimensional subbundle of the trivial
bundle E of dimension n over the real line generated by the
r  row vectors aj(t) = (aj](t),...,ajn(t)). Because the quotient
bundle E/E' is trivial we can complete the r vectors a](t),
...,ar(t) be a set of n vectors a1(t),...,an(t) such that

the determinant of the matrix formed by these vectors is nonzero
for ail t. Let S](t) be the matrix formed by these vectors,

then S,R(L) has the property that for all t its first r rows

are linearly independent and that it is of rank r for all t.
It follows that there are unique continuous functions CP'(t)’
k= rel,.,ns 0= 1,0 such that z)(t) = zc,,(t)zf{t),

K
i
where z%(t) is the j-th row of S]R(Z). Now let

I )
Sty =1 !
-C(e) I,

Then S(t) = Sz(t)sl(t) is the desired transformation matrix
(as follows from the transformation formula (7.2.4)).

Virtually the same arquitents give a smoothly varying S(t)
i¥ the coefficients of Z vary smoothly in time, and give a
polynomial S{t) 1if the coefficients of ¢ are polynomials in
t (where in the latter case we need the constancy of the rank
aiso for all complex values of t and use that projective
modules over a principal ideal ring are free).

7.3. 3" for families. For families of systems these techniques
give

7.3.1. Theorem. Let 2 be a continuous family parametrized by
a contractible topolegical space (resp. a differentiable family
parameterized by a contractible manifold; resp. a polynomial
family). Suppose that the rank of R(Z) is constant as a func-
tion of the parameters. Then there exists a continuous (resp.
differentiable; reso. polynomial) family of invertible matrices
S such that 15 has the form (7.1.1) with (F15615H)) a
famiiy of cr systems. Ny

The proof is virtually the same as the one given above of
theorem 7.2.5; in the polynomial case one, of course, relies on
the Quillen-Suslin theorem [Qu; Susl] to ccnclude that the appro-
priate bundies are trivial. Note also that, inversely, the
existerice of an S as in the theorem implies that the rank of
R(Z) is constant.
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For delay-differential systems this gives a "Ka'lman dggorpposi—
tion" provided the relevant, obviously necessary, rank condition
is met.

Another way of proving theorem 7.3.1 for systems cver certain
rings rests on the fcllowing lemma which is also a bgsw-too]' in
the study of isomecrphisms of families in [HP] and which implies
a generalization of the main lemma of [0S] concerning the solvabil-
ity of sets of linear equaticns over rings.

7.3.2. lomma. let R be a reduced ring (i.e. there are no nil-
potents 7 0] and let A be a matrix over R. Suppose that the
rank of A(:) over the quotient field of R/p 1is constant as a
functicn of p» fcr all prime ideals p. Then Im(A) and Coker(A)
are projective medules.

Now let £ over R be such that rank R(Z(p)) is constant,
ard let R be projective free (i.e. all finitely generated pro-
jective modules over R are free). Then ImR(Z) <R is pro-
jective and hence free. Taking a basis of Im R(Z) and extending
it to a basis of ali of R", which can be done because R”/Irp R(T)
= Coker R{(r) 1is projective and hence free, now gives the desired
matrix S.

There is a complete set of dual theorems concerning co.
r

7.4. for delay differential systems. HNow let 2(o) =
(F(a), G6(cT, H(u)] be a delay difterential system. Then, of
course, we can interpret T as a polynomial system over Rlu] =
[o],...,or] and apply theorem 7.3.1. The hypothesis that

rank R{Z(s))} be ccnstant as a function of Gpseses0, (including
complex and regative values of the delays) is rather strong though.

o
DO

Now 1f we assume that all functions involved in
x(t) = Fla)x(t) + 6(c)u(t), y(t) = H(o)x(t) (7.4.7)

are zero sufficiently far in the past, an assumption which is not
unreasonable and even customary in this context, then it makes
perfect sense to talk about base changes cof the form

x' = S(o)x (7.4.2)
where S(o) is matrix whose coefficients are power series in
the delays GlseeesOy and which is invertible over the ring of
pewer series R[[c],...,cr]]° Indeed i¥ o]a(t) = a(t-a]),

33 > 0 and the function 8(t) is zero for t < —-Na]» then
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) . NANS
i o .
(iéé bial) a{t) ~ié0 biB(t—vai)

where N s such that t < H'ai.
Allowing such basis changes one has

7.4.3. Theorem. Let {o) be a delay-differential system.
Suppose trat rank R{L{c)) considered as a matrix over the guo-
tient field k(c],...,ar) is equal to rank R(Z(0)) (over R)

where 5(0) 1is the system obtained from 7(s5) by setting all
93 equal to zero. Then there exists a power series base change

matrix S € GLn(R[[c)]) such that XS has the form (7.1.1)
with (F]],G],Hx) a cr system (over R{[s]l).

The proof is again similar where ncw, of course, cne uses
that a projective modudle over a lacel ring is free.

Note that 7{0) 1s not the system obtained from I(v) by
setting 311 delays equal to zero. For example if I(o) is the
one dimensional, one delay system %(t) = x(t) + 2x{t-1) + u(t) +
a{t-2%, y{t) = 24{t) - x(t-1), then »(G) 1is the system x(t) =
x(t) + u{t), yit} = 2x(t) obtained by removing all delay terms.

3., CONCLUDING REMARKS ON FAMILIES OF SYSTEMS AS CFPOSED TO
SINGLE SYSTEMS

Ly . cr co

8.7. HNon extendability of moduli spaces Mm,n,p and Mm,n,p'
Ore aspect of the study of families of systems rather than single
systems is the systematic investigation of which of the many con-
structions and algorithms of systems and control theory are con-
tinuous in the system parameters {or more precisely to determine,
so to speak, the domains of continuity of these constructions).
Tihis is obviously important if one wants e.g. to execute these
algorithms numerically.

Intimately (and obviously) related to this continuity problem
is the question of how a given single system can sit in a family
of systems {deformation {perturbation) theory). The fine moduli

cr 14CO
spaces Mm,n,p and Jm,n,p
a system which is cr or co): for a given cr {(resp. co) system
the local structure of M;rq pGR) (resp. H;on p(!R)) around the
point represented by the given system describes exactly the most
complicated family in which the given system can occur (all

answer precisely this question (for
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other *anilies can up to isomorphism be uniquely obtal ned from

this one by a change of parameters)., Thus one may well be inter-

ested to sea whetner these moduli spaces can be extendeceg a bit.

In particular one could expect that HMST_ p('R) and Mm,n’pﬂ?)
sils

could be combined in some way to give a moduli space for all sys-

tems which are cr or co. The following example shows that this

is a bit optimistic.

§.1.1. Example. Llet I and i' be the two families over L
(cr R) give the triples of matrices

o by
) n o [1
Tl 1] ’ w) ey I
1

{
c) 1
£'= ! ) [} (1a0) -
11 o

I is co everywhere and cr everywhere but in o = 0, and I' is
cr everywhere and co everywhere but in o = 0. The systems =(a)
and ©'(s) are iscmorphic for all o # 0, but %(0) and L'(0)
are definitely not isomorphic. Tnis kills ail chances of having
a fine moduli space for families which consist of systems which

are co or c¢r, There cannot even be a coarse moduii space for
such families.

Indeed let oF be the functor which assigns to every space
the set of all isomorphism classes of families of cr or co systems.
Then a coarse moduli space for & (cf. [Mu]l for a precise defini-
tion) consists of a space M together with a functor transforma-
tion .#{-) -» Mor(-,M) which is an isomorphism if =~ = pt and
which also enjoys an additional universality property. Now con-
sider the commutative diagram

F(T\{o}) »Mor{T\{o},M)

I I

F(0) L~ Mor(T,M)

1 l

#({0}) =+ Mor({o},M) .

Consider the elements of (I} represented by £ and I'.
Because £ and I' are isomorphic as families restricted to
C\{o} we see by continuity (of the elements of Mor(g,M)) that
a(2) = a{z?). Because z(0) and £'(0) are not isomorphic this



188 M. HAZEWINKEL

gives a contradiction with the injectivity of 3#({o}) -
Mer({ol,M).

Coarse moduli spaces represent one possible weakening of the
fine moduli space property. Another, better adapted to the idea
of studying families bv studying a maximally complicated example,
is that of a versal deformation. Roughly a versal holiomorphic
deformation of a system % over § is a family of systems X(o)
over a small neighborhood U of 0 (in some parameter space)
such that 5{0) = £ and such that for every family I' over V
such that 2'(0Q) = ¢ Tnern is some (not necessarily unique) holo-
morphic'map 4 (i.e., @ holomorphic change in parameters) such
that ¢S =~ 35' in a e1qnborhood of O.

For square matrices depending holomorphically on parameters
(with similarity as isomnorphism) Arnol'd, [Ar], has censtructed
versal deformations and the same ideas work for systems (in any
case for pairs of matrices (F,G), cf. [Ta 2]).

,Cr,ce
2
8.2. 0n the geometry of hm n.pt

systems pcint of view not only the local structure of M;OQCSCR)
3t
is important but also its global structure cr. also [BrK] and
[Haz 8]. Thus, for exawple, if m=1 = p, ﬁoncgﬂR) = Rat{n)
decomposes into  (n¥l) components, and some of these components
are of rather comaplicated topological types, [Brl, which argues
i1l for the linearization tricks which are at the back of many
identification procedures. One waz to view identification is as
finding a sequence of points in M 0, Cr(R as more and more data

From the identification of -~

come in. Ideally this sequence of p01nts will then converge to
something. Thus the question comes up of whether MEOnC;OR) is
compact, or compactifiable in such a way that the extra points
can be interpreted as some kind of systems. Now HﬁoncgﬂR) is
never compact. As to the compactification question, there does
exist a partial compactification Mm n, such that the extra
points, i.e. the points of M ,n,p\M;f fg correspond to systems
of the form

= Fx + Bu, vy = Hx + J{D)u (8.2.1)

where D is the differentiation operator and J is a polynomial
in D. This seems to give still mcre motivation for studying sys-
tems more general than % = Fx + Gu, y = Hx [Ros). This partial
compactification is also maximal in the sense that if a family of
systems ‘converges in tha sense that the associated family of input/
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cutput operators converges (in the weak topolegy) then the limit
input/output operator is the input/output operator of a system of
the form (8.2.1). Cf. [Haz 4] for details.

8.3. Pointwise-local-qlobal isomorphism theorems. One perennial
gquestion which always turns up when ona studies families rather
than single objects is: to what extent dees the pointwise or
local structure of a family determine its global properties. Thus
for square matrices one has e.g. the gquestion studied by Vasov
[Mal, cf. also [0S]: given two families of matrices A(z), A'(z)
depending holomorphically on some parameters z. Suppose that for
each separate value of z, A(z) and A'(z) are similar; does

it follow that A(z) and A'(z) are similar as holomorphic
families?

For families of systems the corresponding questicn is: let
Z(c) and I'(u) be two families of systems and suppose that
(o) and z'(c) are isomorphic for all values of o. Does it
follow that ¥ and ZI' are isomorphic as families {globally or
locally in a neighborhood of every parameters value o).

Here there are {exactly as in the holomorphic-matrices-
under-similarity-case) positive results provided the dimension
of the stabilization subgroups (S € GLnﬂR)IZ(o)S = z(g)} s

constant as a function of o, cf. [HP].
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