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1. INTRODUCTION AND MOTIVATION
Let

x = Fx + Gu x

(1.1)

y Bx Yo = Hx

be a continuous time or discrete time linear dynamical system of state space
dimension n, with m inputs and with p outputs. (So that x E'Rn, u E'Rm, y € RP).

Here the matrices F,G,H are supposed to be independant of time. We use Lm n,p =
3 r
- Eﬁm+np+n2 to denote the space of all such systems, and we let
cr co,cr
L8° (resp. L , resp. L 72

) denote the open and dense subspaces of all
m)n)p m’n,p m’n’p

completely observable (resp. completely reachable, resp. completely observable
and completely reachable) systems. Base change in state space induces an actioun

of GL_, the group of real invertible n x n matrices on L , viz.
n m,n,p
1

(F,G,H)S = (SFS~ ,SG,HS-l), and two systems in Lm n,p which are related in this

9 Ed
way are indistinguisable from the point of view of their input-cutput behaviour.

Inversely, if (F,G,H), (f,é,ﬁ) are two systems in L S with the same input-
9ty

output behaviour and at least one of them is cr and co then they are

GLn-equivalen: (i.e. there is an $ € GLn such that <f,6,ﬁ) = (F.G,H)D). This

. co,cr co,cr
makes the space of orbits M’ =1

L /GL _ important in identification of
m,n,p T,0,p o

systems theory, essentially because the input~ocutput data of a given black box
give zero information concerning a basis for state space. More precisely suppose

we have given a black-box which is to be modeiled by means of a linear dynanical
co,cr

system. Then the input-output data give us (hopefully) a point of Mm np
’ 3

(for some more remarks concerning this cf. below in 1.10). As more and more

. . . . . co,cr .
input-output data come in we find a sequence of points in Mm ; b representing

sty
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better-and better n-dimensional linear dynamical system approximations of the
given black box. If this sequence approaches a limit we have found the best
linear dynamical system model (of dimension n) of our black box. We have then
“identified" the black box. The same picture is relevant if we are dealing
with a slowly time varying linear dynamical system. (In prantice of course it
is often desirable to have a concrete representation in terms of triples of

matrices of our sequence of systems; this is where the matter of continuous

. . co .
canonical forms comes in). Unfortunately the space Mm ;cr is never compact;
H]
. . . r : .
i.e. a sequence of points in M;o;cp may fail to converge. There are holes in
3ty
;o;c;‘ To illustrate what kinds of holes there are we offer the following
sty

three 2-dimensional, 1 input-l output examples.

1.2. Example.

g, = (:), F.o= (é :), h = (a,0). The result of starting

in x, = 0 at time t = 0 with the input function u(t) is then

t t-T
(1.3) y(t) = J (1+t-T)ae  u(T)dT
o
Taking e.g. u(t) =1 for 0 < t < T and u(t) = 0 for t > T we see that the
family of systems (Fa’ga’ha)a does not have any reasonable limiting input-output
behaviour as a + ., Such a family can hardly represent a sequence of better and

better approximations to any (physical or economical) black box.

1.4, Example.

1 1 . =1 .
a 0 ]), B (a ,0), 0 < a€R. In this

example the result of imput u(t), starting in X, = 0 at t = 0, 1is the output

p (e-0F, © et © ool e
(1.5) y(t) = /7 hae gau(r)dT = e ‘u(t)dt +. a e (t-T)u{r)dT
. o o o

We see that the limiting input/cutput behaviour of this family of systems as

a + © is the same as that of the l-dimensional system g = |, F =1, n = I. This
kind of hole is of course expected. Obviously a family of systems (ga,Fa,ha)
may "suddenly'" have zero-pole cancellation as a -+ «. The example also
illustrates that the family of systems itself (ga,Fa,ha)a may not converge to
anything as a + «, while the family of input-output operators

t (t~1)F

(1.6) U u()e g (8) = o h_e % u(0)dt

does converge as a > ® (In the pointwise, i.e. weak topology, semse that



403
lim Ua(u(t)) exists for each sufficiently nice u(t)). This type of phenomenon
a-»m

'is of course expected if one takes quotients with respect to the action of a

noncompact group.

“

1 - - 2 . h
1.7. Example. g, = (l)’ Fa = ( 8 _2), ha = (a“,0), a2 € R. In this case
the limit
ola(e-1), 23
(1.8) 1im ya(t) = lim J e (a“=a” (t-1))u(t)dr

a—ro a—»>» o

does exist for all reasonable input functions u(t). (E.g. continuously
differentiable input functions). The limit operator is in fact the differentiation

operator D: u(t)«r y{t) = é%éil. But this operator is not the input-output

operator of any system of the form (l.1). E.g. because D is unbounded, while

the input-output operators of systems of the form 1.l are necessarily bounded.

1.9. The Example 1.7 also shows that an obvious first thing to try:
"just add in some nice way the lower dimensional systems" will not be sufficient
at least for continuous time systems. However, even for discrete time systems,
where as we shall see, the phenomenon of example 1.7 cannot occur, "adding in
the lower dimensional systems'" is of doubtful utility. To see this we turn

our attention to a second bit of motivation for studying possible

co,cr co,cr

. m,N,p @, n,p
which approximates, in some to be specified sense, a given set of input-cutput

compactifications of . This has to do with finding a point in M

data, a point which was skipped over somewhat lightly in the first paragraph

of this introduction. Incidentally it is reasonable to try to limit one's

attention to co and cr systems because only the co and cr part of a system

is deducible from ics input-output behaviour. Also the quotient Lm n /GLn
;T;f;/GLn is a nice smooth manifold (cf. flj). so that

the abstract mathematics and the more navsical interpretation agree rather well.

is not Hausdorff, while L

1.10. On finding best ~ n-dinensional linear syscem approximaticns to

given input—output data. To avoid a aumber of far from trivial extra

difficulties which adhere to the continuous time case we here concentrate on
discrete time systems. Suppose therefore that we have input-output data relating -
inputs uw(t), t = 0,1, ..., T-1 to outputs y{(t), = =1, ..., T and that, for
various reasons, e.g. economy of data storage, we wish to model this

relationship by means of a discrece time system (1.1). Here n is supposed to be
small comparent to T. One straightforward way to approach this in the | input-

1 output case is as follows. Every cr triple (F,3g,h) € L1 is GLnequivalenc

>0, 1
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to one of the form

0 1 0.0
0 0o 0 .k

a.amn g=f1]| Fe|: P A NTTR S
: 0 - .. 01
1 Fag ot Ta

This results in the following ARMA relationship between inputs and outputs

(12 Ve * o170 201 * 80YN T Pa et ot Y Pt T POy
for all N > 0, N < T-n. And, inversely, an ARMA model like (1.12) implies that
the input-output relationship can be thought of as generated by an underlying
discrete dynamical system (l.1) which is GLn-equivalent to one with its matrices
as in (1.11).

OQur input-output data give a collection of vectors d = (zn,...,z H

o
vn_l,...,vo) €'m2n*] and it remains to find that hyperplane defined by an
equation of the form Z_+ a__.Z + ...+azZ =b .V + ...+ bV +DbV
n n-1"n~1 oo n=1 n-1 11 oo
+1. . . . N
in]Rzn ! which passes best through the collection of data points {d}. This seems

straightforward enough and moreover an essentially linear procedure. There is
only a small hint of trouble in that the hyperplane through zero such that c.g.
the sums of the squares of the distances of the data points d to this hyperplane
is minimal,may very well make only a very small angle with the hyperplane

Zn = 0. The problem of finding the best hyperplane is linear in the sense of
projective geometry rather then affine geometry. A related difficulty is

reflected by the fact that the natural limit of e.g. the family of ARMA schemes

. + =

(1.13) Inez e T AN T e Y Yy

as a + = is the relation YN = Uare But there is no discrete time 'inear
dynamical system which can generate this relation, and it is also not true

that the family of discrete time systems given by

C(1.14) =, r=2h, n-a,a

converges in input—output behaviour as a - «. There is finally a hint of

more possible trouble in the more inputs-more outputs case because in the one
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input-one output case the matrices of the form (1.11) induce a global continuous

co,cr

canonical form on M
l1,n,1l

but in the case of m > 1 and p > | such global

continuous canonical forms do not exist (and cannot exist) on all of M;r;c;, [1-4]s
9=t
As it turns out the linearization carried out by (1.11) and (1.12) is -
rather more suspect that would be suggestéd by the remarks above, To see this
we describe the situation as follows. There are natural bases of the space of
all input functions and the space of all output functions, viz. the functions
Ei, i=0, ..., T-1, ei(c) =0 1f t # i, ei(i) = 1 and N, i=1, ..., T,
ni(t) =0 if t # i, ni(i) =1,

Incidentally, in the discrete time, finite horizon case a different choice
of basis does not essentially affect the picture to be described below. In the
continuous time case, or in the discrete time case with infinite horizon the
choice of bases in input- and output function space is much more consequential.

The space of all possible linear input-dutput relations (causal or not) is
the space of all matrices

Arr,00 0 0 0 Ay o

(The causal input-output relations form a linear subspace). The space of
input-output relations generated by a linear discrete time system of dimension

< n is an open dense subspace of the space of all matrices of Hankel form

Pro1 oo Bore

which moreover satisfy the condition rank HQA) < n. This is a highly nonlinear
subspace, as is illistrated by the picture befow which shows the closure of the
subspace of input-output operators genmerated by a system of dimension < 1 as

a subspace of AO, Al’ A2 — space. The subspace is the cone with top in O
through the hyperbola A= X’AOAZ = 1. The origin in the picture is the zero
system and the points Ao = 0, Al =0, A2 # 0 are the points in the surface which

are not realizable as < ]| dimensional systems.
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The nonlinearity of the picture is such as tc suggest that it may will be

impossible to linearize this surface without losing all a priori guarantees

concerning the quality of our identification in terms of the noise in our data.
This is indeed the case and to see this we calculate the sensitivity coefflicients
of the outputs y(1), y(2), y(3), .. with respect to the ARMA model parameters

ao, P an—l’ bo’ ey bn_)
and bo = h. We then have of course

. For simplicity we take n = 1. We write 3, = ~-£
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y(1Y = hu(o), y(2) = hu(0) + hu(l), y(3) = heZu(0) + hfu(l) + hu(2)

So that if, e.g., u(1) = u(2) = 0 and u(0) = 1, then the sensitivity
coefficients of y(1), y(2), y(3) with respect to the ARMA model parameters are
respectively .

—2—%= (,£,£9, g—% = (0,h,2hf)
which do not remain bounded independent of h and f. These sensitivity
coefficients are especially had if both f and h are large. This fits with the
remark made just above (1.13) above, because this corresponds to a hyperplane
of best fit which is very close toc the hyperplane Zn = 0. On the other hand
it is possible to divide the surface into a number of pieces and find local
linearizations on each of these pieces such that the sensitivity coefficients
calculated everywhere with respect to the appropriate local linearization do
remain bounded. Indeed with respect to the coordinates Ao’Al we have

-1 PP . .
A2 = Ao Al so that the sensitivity coefficients become

_ _a"2,2y By -1
FA—' = (1’0’ AO A]); BAI = (O’I’ZAO A])

and these are bounded by 2 in absolute value if |A°[ Z_IAII. On the other hand
1,2

with respect to the coordinates Ays A, we have A = A; Al'so that the

sensitivity coefficients become.

- 3 -2 2
%{—! - (2a,47' 1,0, 5{—2 = (-a,%47,0,1)

and these are bounded by 2 in absolute vaiue in the region where !Az} > !AI!‘

Now the surface has the equation A0A2 = A;, so that for every point on the

surface we must have %Ao{ 2,‘A,‘ or :Azl 2_!AI§ (or both). So we see that for

this example two pieces suffice to find a piecewise linearization with

uniformly bounded sensitivity coefficients. The picture incidentally cuggests that
to avoid trouble where both AO and A2 are smal% it would be good to introduce

a third neighbourhiood with coordinates A and E(Ao’Az) in the intersection of

the surface with, say, the solid cylinder Ao + A: < 1. The original

coordinates h,f also work well in this region. It is perhaps also worth

remarking that while the sensitivity coefficients 2%%21, é%éﬂl get very

rapidly worse if £ > 1 and n - = this is much less so the case for the

dy(n) dy(n) and 3y(n) 3y(n)

£ ~ £
aAo GAI oAl 3A2

sensitivity coefficients

in their appropriate
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. . . -n+1l -
regions. Indeed in Ao’ A] coordinates one has An =,Aon A? and in AI’AZ
coordinates A= A;n+2Ag-l and the remark follows.

In the continuous time case we find instead of 1.12 a model

(1.15) DPy(e) + b _ D" ly(e) + ...+ b y(e) =

1

=a D) 4 ...+ abu(e) + au(t)

n-1
where D is again the differential operator. This model is already a priori
more suspect than its discrete cbunterpart (1.12), simply because D is not

a bounded operator.

1.16. The example suggests that it may be possible to construct the
following sort of set up for identification procedures (discrete time case).
There is a large open neighbourhood U of ﬁ;,n,p' the closure in Fhe space
of all linear input-output relations of the space of those input-output
matrices which are realizable by means of < n dimensional linear systems.
This neighbourhood U comes equipped with a finite covering U, and coordinate

n+np

maps (bi: Ui +]Rq, q = mp'l’2 such that ¢i(ui n § ) cr™ < RY (canonical

embedding) and such that the Jacobian of ¢i ismézaided on all of Ui for all i.
The identification procedure would then roughly work as follows. Our input-
output data give as a point in RY the space of all linear input=—output relations.
If x ¢ U, this input—output relation cannot be well approximated by a linear
dynamical system of dimension < n (and there should be an explicit number
stating how badly the best approximation would still be). If x € U, find an i
such that x € Ui' Apply ¢i to x and find the point y € R ¢ RY closest

to ¢i(x) (linear projection). Then take ¢;l(y) and this will be a good linear
dynamical system approximation of the input-output operator x. The boundedness
of the Jacobian of the ¢i guarantees that this procedure will have bounded
sensitivity coefficients. In all this one can of course assume that x is
already of Hankel form (if not first project on to the linear subspace of all
input~output operators of Hankel form), so that the essential problem really

-
is how curved Mm n lies in the space of all Hankel type matrices.
, .

y
1.17. When can we expect that such a procedure can be constructed.

Obviously this will be the case if we can find a suitable smooth Riemannian

‘s : co,cr cos . .

compactificatibn of M ; . Of course not every smooth compactification will do.
? »

The associated metric wmust fit with the topology on the space of the input-

output operators belonging to the points of M52 CT | The relevant topology on
’ ’

the space of operators appears to be the weak or pointwise-convergence

topology. This is suggested by the results to be discussed below and also fits
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in well with (infinite dimensional) realization theory (Schwartz kernel
theorem).
For instance the space of all cr systems of dimension n with one input

. 2n . : . ces . .
and one output isR" and a nice smooth Riemannian compactification is the 2n~

2n P . . . ses -
sphere 857, giving us also a nice smooth Ricmannian compactification of

M Of course the same lower dimensional systems occur several times in

i,n,1° 2n

the boundary of Ml a1 in 87; this, however, is not particularly bad for our
? ’

purposes, and is a small price to pay for smoothness (and also appears to be

unavoidable if one wants a smooth compactification). Much worse is that the

2n

one point compactification $°° of m?“ brings systems very close together

(in the Riemannian metric) which are very far from each other in input-output
behaviour.
All this then is a second bit of motivation for studying (partial)

co,cr

compactifications of M which are system theoretically meaningful and

s b
for studying the degeneration possibilities of families of systems. Possibly,
as is suggested by the results below, it is too much to hope for a total

smooth Riemannian compactification. In that case one would try to find a

smooth Riemannian partial compactification Mm n,p which is system theoretically
» b -~
meaningful in the sense that a family of points in M n,p converges to a point
-~ m’ ’
in Mm a,p if the associated family of input-output operators
> 3

converges in the weak topology (to some linear operator) and which has moreaver
~

the property that Mm n,p is flat enough everywhere where it is not closed.
’ ?
This is precisely the situation cne obtains if in the example above one adds

to\MToicf the origin and the nonsystem points Ao =0, A, =0, A, # 0 and then
b ’ -

1
resolves the singularity at the origin.

The remzinder of this paper (sections 2-4) discusses some partial
compactification results, these sections are essentially a scmewhat revised

version of the corresponding sectioms of [ 2 1.

co,Ccr

2. DIFFERENTIAL OPZRATORS OF ORDER ¢ n-1 AS LIMITS OF Li,n 1-

In this and the following section we consider continuous time systems
only.

2.1. Definition. A differential operator of order n - 1 is (for the
purposes of this paper) an input~output map of the torm

(2.2) y(t) = aou(t) + alDu(L) + ... +a Dn_lu(t)

n—1

where the ags ---» 2, are real constants and a # 0. The zero operator

u(t) 0 is, by definition, the unique differential operator of order -!. In

this and the following section we shall always suppose that u(t) is as often
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continuously differentiable as is necessary.

2.3. Theorem. Let L be a differential operator of order < n-l. Then there
exists a family of (continuous time) linear dynamical systems

co,cr
(Fa’ga’ha)a L

such that (F_,g ,h ) converges in input-output behaviour
1,n,l1 a’®a’a

. -

to L as a + ». Here this last phrase means that for every smooth input function
u(t) of compact support

t (t-'t)_Fa
(2.4) lim S h e g u(r)dr = Lu(t)

as® o
uniformly in t on every bounded t-interval in [0,).

2.5. To prove theorem 2.3 we do first some preliminary exercises concerning
differentiation, partial integration and determinants. The determinant exercise

is the following. Let k =2 U {01} and let n € N. Let B(n,k) be the nx n
i+j+k

matrix with the binomial coefficient entrle? B(n’k)i,j = (i+l+k

), i,j =1, ..., n.

Then det(B(n,k)) = 1 for all n,k. The combined differentiation/partial integration

exercise says that
t —a(t-1) n n n n i+1 n-i i-1, (i=1-m) -
(2.6) S e a (t-t) u(t)dt = (-1) m! L (-1 a ( o Ju (£) + 0(a ')
<] i=m+]

‘ . j .
where u(J)(t) is short for ii—-J‘f—(t) = DJu(t).
dt

2.7. Proof of theorem 2.3. Let | < m < n and consider the following family of

n-dimensional ! input-! output linear dynamical systems.

- TN .
© - - -0 -a
a

where the b], Ceey bm are still to be determined real numbers independant of the

(2.8)

-
o]
')
i

» b= (0,...,0,bm,...,b1)

____
=)

l

O v 0o OMW
Y

o

.

:

W Oeee O

parameter a. Now sFa is the sum of the diagonal matrix - sal’._l and the matrix
7
with superdiagonal elements sa and zero's elsewhere. These matrices commute
a7
making it easy to write down e 2 explicitly and using this and (2.6) one finds

without difficulty that

t (t-T)F m—1

— y m .‘ - v ] - -
(2.9 fhe B umdr = L (D™ Az, @ ED L gaTh
° a a 2‘=° i‘l 1 1
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Using the determinant result of 2.5 above it follews that we can choose

b], . bm in such a way that

t (t-0F - -
(2.10) I he 2g u(at = ™D (o) + 0™
o .
where b is any pregiven real number. Now let L be any differential operator
of order < n-1, say L = b° + b]D+ st bn_]Dn-l. For each i = 0, ..., n-1 let
(Fa(i),ga(i),ha(i)) be a family of dynamical systems such that (2.10) holds with

m=-1=1and b = bi' Now let (F;,g;,h;) be the nz—dimensional system which is

the direct sum of the n n-dimensional systems (Fa(i), ga(i), ha(i))' I.e.

83(0) Fa(o) 0
L . - v . LI -
(2.11) g = | , P! . s Bl = (0(0), ..., b (n=1))
ga(n-l) 0 Fa(n-l)
. n-1 -1
3 [ [ ] : — . _ . .
The transfer function of (Fa,ga,ha) is then Ta(s) = I ha(1)(s Fa(l)) ga(l)

and because Fa(i) is the same matrix for all i it foilgws that the degree of
the denominator of Ta(s) can be taken to be < n. By realization theory or
decomposition theory, cf. [5], [6], it follows that there exists for all a € R
an n—-dimensional system (F:,g;,h;) with transfer function Ta(s), and the same

input-output behaviour as (F;,g;,h;).

Finally because LS9t ig open and dense in L | we can find for all a €ER
>

1,n,1 1,n
a cr and co system (Fa’ga’ha) such that

(t-1T)F" (e=T)F

Ih;e ag; - he agal f_eait-T[e

|t-t]m
a
where Ma is 1 plus the maximum of the absolute values of the entries of F;.

-aM
. = a 11 "o oyn ~x
Taking e.g. e = e we see that the families (Fa,ga,ha) and (Fa’ga’ha) have

the same limiting input-output behaviour. This concludes the proof of rtheorem 2.3

3. LIMITS OF TRANSFER FUNCTIONSE

co,cr
1,n,1
is a rational function of the form

Let (F,g,h) €.L . Its transfer function is T(s) = h(s>F)_1g, which

b sn_l+...+b s+b
1 o

(3.1) T(s) = ——

s +a s +...%a s+ao

n-1 1
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such that numerator and denominator have no factors in common. The system
(F,g,h) is up to GLn equivalence uniquely determined by T(s) so that we can and.

co,cr
1,n,1
There is an obvious smooth compactification of this space of all rational

shall identify M with the space of all such rational functions (3.1).

: . 2n . . . . . . e -
functions, viz. P", real projective space of dimension 2n, which consists of

all ratios (xoz...:xzn), x5 € R, such that at least one x5 is nonzero. We

co,cr .a
1,n,1 n-1"%0
the bi and a, are the transfer coefficients as in (3.1). The image of this

embed M in PZn by mapping (F,g,h) to (bo:...:b ,...,an_l:!), where

mapping ¥ is clearly open and dense.

Now let ﬁl ol be the subspace of Pzn consisting of those points
’ ’

(xo:”‘:x2n) € P20 for which at least one of the X s eees Xoo is non-zero. To

each x € ﬁl n.1 Ve associate a (generalized) transfer function
H] i)
X __]sn']+...+x,s+x K1
(3.2) T (s) = =2 @ e 5Tl 4 L. tc +
b n k-1 o
X, § t...tX
2n
b kel
+ n—k-1 o
n—k

where k = 2n - m if m is the index of the last coordinate of x which is nonzero.

. _ k-1 r
We write Lx(s) =c + Cys + ... 4 Cm1$ and Tx(s) = Tx(s) - Lx(s).

3.3.Lemma. Let Ta(s) be a family of transfer functions (3.1) of svstems
co,cr . . . . .
(Fa’gq’ha) € Ll,n,] indexed by a parameter %. Then &lg Tu(s) exists pointwise
for infinitely many values of s iff (i) all limit points of the sequence

. .= 2n sy x
(xa)a’ X, = w<Fu’gu’ha)’ are in M, a1 cP” and (ii) if x and x' are two
‘o >

limit points of this sequence then Tx(s) = Tx,(s). Moreover if these conditions
are fulfilled then lim T_(s) =T (s) for all limit points x of fx ) .

o1 x 2 a

a-—)@
The proof is elementary. Clearly if (xa')u' is a subsequence of (x )

- ‘ a’a
which converges to x € M then lim 7T_,(s) = T_(s). Now suppose (x_,) , is

I,n,l o O ’)nx - ) R
a subsequence which converges to some point in P~ ~ M‘ a1’ then

> ’

lim T_,(s) = # = for all but finitely many s. Finally if (x ) thas all its
Q' o - a’a

limit points in ﬁl n.j and there are limit points x, x’ such that Tx(s) ¥ Tx,(s),
3 ’

then lim T,(s) canmot exist for infinitely many values of s because then we would
Qe

have two unequal rational functions which are equal for infinitely many values of

their argument.
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3.4. Theorem. Let x € ﬁ] and let (F,g,h) be any (n-k)~dimensional system

0y ]

with transfer function equal to T;(s), and such that det(s-F) = sn—k+ x;lxm_l+ e
+ x;lxzn, where m = 2n-k is the index of the last non zero coordinate of x. Then
there exists a family of systems (F_,g_,h ) < LE7¢T such that
a’"a’ a 1,n,!1
t (t-1)F, L e-D)F - -
(3.5) lim [ he g u(t)dt = L_(D)u(t) + | he gu(T)dT
a a x
ar 0 0
and such that moreover
(3.6) lim T (s) = T_(s) lim (F_,g_,h ) = x
avo 8 x 7 2o a’®a’’a
where Ta(s) is the transfer function of (Fa,ga,ha).
Proof. Let (F'!,g',h') be a family of k~dimensional systems in L whose
—_— a’®a’ a 1,k,1

input-output behaviour converges to the differential operator Lx(D)' Let (F;,g;,h;)
be the direct sum of (F;,g;,h;) and (F,g,h). As in the proof of theorem 2.3 we can
change the family (F;,g;,h;) to a family (Fa,ga,ha) of co and cr systems with the
same limit input-output behaviour. Then (3.5) holds. The first part of (3.6) follows
by taking u(t) to be smooth of bounded support. Then the integrals and Lx(D)u(t) in
(3.5) are all Laplace transformable and the first part of (3.6) follows.by the
continuity of the Laplace transform (cf. [7}, theorems 8.3.3 and 4.3.1). The second

part of (3.6) follows from the first part together with the condition on det(s-F).

3.7.Theorem. Let (Fa’ga’ha) be a family of n-dimensional systems such that

t (c—‘r)Fa
lim | hae g u(t)dT
ar»e 0 a

converges uniformly in t on bounded t intervals. Then there exists a k > 0, a

differentail operator L of degree < k-1 and au (n-k)-dimensional system (F,g,h)

such that
t (t-T)F t _
(3.8) lim [ h e agau(r)dr = Lu(t) + [ ne (€ T)Fgu(T)dT
a0 2 0

Proof. By changing the (Fa’ga’ha) slightly if necessary ( as in the proof of
co,cr
1,n,i
smooth input function of bcunded support and let Ufs) be its Laplace transiorm. The

theorem 2.3) we can assume that (Fa,ga,ha) €L for all a. Let u(t) be a given

Laplace transform of :he expresion under the limit sign in (3.8) 1is then Ta(s)U(s),
where Ta(s) is the transfer function of (Fa,gagha). The continuity of the Laplace
transform ({7],theorem 8.3.3) and lerma 3.3 above together then imply that there is

an x € M such that 1lim T (s) = T (s). Take L = L (D) and let (F,g,h) be any
1,n,l 2o a x X
(n-k)-dimensional system with transfer function Ti(s). Then the statement of the

theorem follows because the Laplace transform is injective.

3.9. Theorems 3.4 and 3.7 together say that M is a maximal partial

1,n,l1
compactification in the sense that if a family of systems (Fa’ga’ha) converges in
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input-output behaviour then their associated points in El converge in M

£
> " lanQ‘

aud inversely every point of ﬁ] arises as a limit of a family (xa)a which comes

s, 1
from a family of systems (Fa,ga,ha) which converges in input-output behaviour. Tt is
not true, however, that a family (Fa,ga,ha) converges in input-output behaviour iff

the sequence of associated points converges; cf. 3.10 below. .

3.10. One cannot use realization theory directly to prove theorem 2.3. For
instance the family of rational functions (s-a)—la converges to -1 as a + w
and -1 1is the Laplace transform of the operator u(t)™ y(t) = -u(t). The
transfer functions (s—a)‘la are realized by the systems F =1, g =1, h = a. But

the limit 1lim ft aet—Tu(T)dT does not exist‘for almost all u(t).
a*>® 0 .
On the other hand the following is true. Let (Fa’ga’ha) be a family of systems

with transfer functions Ta(s). Suppose that there is a ¢ € R such that Ta(s) has
no poles with real part >c for all a. Then the limit of the Ta(s) exists for
a > ® iff the family (Fa,ga,ha) converges in input~output behaviour. Half of this
was proved in theorem 3.7 above. The other half is proved by using a continuity
property of the inverse Laplace transform when applied to a converging sequence of
rational functions with the extra property just mentioned.

This can be used to give another proof of theorem 2.3 as well as its obvicus
more input - more output generalization. The other theorems above generalize

immediately to this case.

4. LIMITS CF DISCRETE TIME SYSTEMS

4.1. First let <Fa’ga’ha) be a family of co and cr contiruous time systeans
of dimension n which converges in input-output behaviour. Let Ai(a) = haF;ga.
Suppose in addition that for every 1 the Ai(a) remain bounded. Then for everv i
there is a subsequence of .’Ai(a))a which coaverges to some matrix Ai' Consider

the hiock Hankel matrices

Ao(a) M. Ar(a) AO ... Ar
ur,r(a) B \ : ) : ?tr,t N L. A
Ar(a) cen Azr(a) Ar PN AZr

By choosing the subsequences inductively we can see to it that a subsequence of

(a) converges to 7(r o Lt follows that rank(?{r r) < n for all r, which
’ k4 -

r,r
in turn (c£. [5], chapter 10) means chat, Ags A, Bgsees is realizable by a <« n
dimensional system. From this we see that the limit input-output benaviour of the

family (Fa’ga’ha) is necessarily the input-output behavicur of a < n dimensional
system. I.e. the extra boundedness assuption on the A.(a) sees to it that the

limit differential operator L occurring in (3.8) is always zero.
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4.2. Now let (Fa’ga’ha) be a family of discrete time systems. The input-
output operator of (Fa’ga’ha) is the matrix (Ao(a)z A](a)s .e. ). Now assume
that the (Fa’ga’ha) are n-dimensional and that the family converges in input-
output behaviour. Then the Ai(a) remain bounded for all i, and argueing exactly
as in 4.1 above we find that the limit input-output behaviour is that of a linear

discrete time system, possibly of lower dimension. In other words, in the discrete time

time case a maximal partial compactification of Mfoécf is the space ﬁ‘ a1
L4 ’ k] ’
consisting of all (xoz XXyt o...d x2n) € P2n such that the polynomial part of

the associated rational function, Lx(s), is zero. That is, the smooth partial
- - . ] - - . - N .
compactification M, n.1 s obtained by adding in (several times) all lower
8y

dimensional systems and nothing else.
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