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Three research announcements on formal A-modules

A. Cartier-Dieudinné theory for formal A-modules

B. Twisted Lubin-Tate formal groups laws, ramified Witt
vectors and Artin-~-Hasse exponential mappings

C. "Tapis de Cartier" for formal A-modules.

Full proofs for the finite dimensional and Witt vector like
cases will appear in my forthcoming book 'Formal groups gnd
applications'j for the infinite dimensional complications cf,
M. Hazewinkel, Infinite dimensional "universal’ formal groups

laws and formal A-modules (in prevparation).



Cartier-Dieudonné theory for formal A-modules

In this note we present a classification theory for formal
A-modules which generalizes Cartier's classification theory for

formal groups (cf. [1],[2]).

1. Formal A-modules, Let A be a discrete valuation ring with

finite residue field k of q élements, char (k) = p, q = pr. Choose

a fixed uniformizing element I of A and let K be the quotient

field of A. Both characteristic O and p for K are permitted. Let

B € élgA.'the category of commutative A-algebras. A formal A-module
over B is a formal group law F over B (possibly of infinite dimension)
together with a ring homomorphism A —> EndB(F) such that OF(a) z axX
mod (degrée 2) for all a € A.

If B is A-torsion free there exists a unique vector of power series
‘f(X) wi;h coefficients in K@AB such that f(X) 2 X mod (degree 2),
F(XY) = £ (E@+£(D), o () (X) = £ (af(X). We shall call £(X) the

A-logarithm of F.

AT ,
2. The functor Wn and the formal A-module W . Consider the
n n-1

. I .q q n . . .
. - n L +1 f ts
polynomials “ﬁ,n(ZO""’Zn) ZO + Zl Fuoot Zn with coefficients

1
in A for n = 0,!,.... Then there is a unique functor W : é;gA—~m+ é;aA.
T
such that as a set-valued functor we have W (B) = {(bo‘bl"")lbi € B},

wn(w)(bo,bl....) = (w(bo)ﬂp(bl),...) for 0 € élgA, and such that the



wg,n define functorial A-algebra homomorphisms Wn(B) —— B, Moreover
Wn(-) has a functorial A-algebra endomorphism rn and an additive
endqmorphism v such that Tng = Tl. If B is of characteristic p>0 then
rn(bo,bl....) = (bq,bq,...). The "addition polynomials' of Wn define
a formal A-module (of infinite dimension) which we shall denote ﬁn,
More generally one has such a functor WF and formal A-module ﬁF
associated to any twisted Lubin-Tate formal group law of dimension

1 over A. cf. [6]. The functor Wn(-) has also been described in [3].

3. The operator £ and g-typification. Let Egg be the category

n

of formal A-modules over B. Let C(-;B) be the functor which assigns
- A, . .
to every F € EQB its topological group of curves. The homomorphisms

p_, make C(-;B) a topological A-module valued functor. There now exists

F
two functor endomorphisms Eq and gﬂ of C(-;B) for all B with the
following properties

i ) sq and £ commute with base change;

i1 ) e e =¢ and € £ = f € ;

(i) qq q q=N  =NM"q’

(iii) if B is A-torsion free and f(X) is the A-logarithm of

F(X,Y) then
F(Y(E)) = Ex.t> = £(e v(t)) = 5 x tqi F(Ev(t)) = T.Mx "
Y i 'qy i=0"q1" ° =nvit n=1 “qn

We shall use Cq(-;B) to denote the image functor of aq. The subfunctor
Cq(~;B) is stable under the operators Xq oy (t) — y(th),<e> ¢ y(t)

——> y(ct), ¢ € B and the operators [al, a € A which describe the

A-module structure of C(-;B). As operators on C (-;B) the relations
q
amoung all these operators are



<b> Xq = Xq <bq>, ’t;ﬂ <b> = <bds £n, =f=n¥q = 1]

(3.1 {a] commutes with f_, V , <b>,

n* =q
(1] = id, [a+b] = [a]+[b], [ab] = [a][b],

<b>+<c> = ¥ !n <r (b,c)>§n; {a] = § V <q_(a)>£"
n=0 n =n n=0 ~4 T =M

where the rn(b.c) are the polynomials with coefficients in A determined
n n n . n—i

inductively by z9 +23 = ¥ n'r,(z ,2)% , and the o _(a) € A are
1 2 5=0 i 172 n

determined by wg n(Qo(a),,...Qn(a)) = a.

*

. . ATt

4, Representation theorem. Let Yﬂ(t) be the curve in cq(w :B)
whose first component is the power series t and whose other components
are all zero. Then for every y(t) € Cq(F;B), F € EE%-

, ATt
unigue homomorphism of formal A-modules aY: W —— F such that

there exists a

aY(Yn(t)) = y(t). This theorem permits us to write every functor-
endomorphism of Cq(-;B) as a set-valued functor, as a unique infinite

sum X¥2<bn m>£§ with for every n € EU{O} only finitely many m with

»

bn o # 0. We shall denote this A-algebra of operators with Cartn(B).

Relations (3.1) are the calculation rules for Cart_(B).

5. The equivalence of categories. Let E(T,B) be the category of

all Cart_(B) modules C such that V is injective, C = lim C/VnC, c/v C
is a free B-module. (The operators <b> induce a B~module structure on
C/!qC)‘ Then F +— Cq(F;B) is an equivalence of categories between

E(,B) and the category of formal A-modules over B.



6. Height and dimension. Let % be a perfect extension field

of k, let F € ggi be finite dimensional and let C = Cq(F;z). Then
¢/ {Nlc is a vector space over %. We define h(F) = dimz(c/[ﬁ}C).

I1f h<= then h = dim(F) + diml(ClgnC). If A is the ring of integers
of a finite extension K of g?. n = [K: gp} and H is the height of

F as a formal group then H = nh,

7. Description of Cartn(B). The subset of all elements of the

formx¥:<bn>£; of Cart,(B) is a sub-A-algebra which can be identified
with Wn(B), and Cartn(B) then consists of all expressions
i i, n . .

X, +Z¥qxi+yi£n with XiaYs € W (B) and iiﬂ v, 0. If B is a perfect
field then w”(B) is a complete discrete valuation ring with residue
field B and uniformizing element Tl. In this case the calculation rules

n . i .
are £ﬂx T (x)én, xlq th (x) and £ﬂ¥q m Xq £ﬂ' (1If B is an
algebraic extension of k (and A is complete) then Wn(B) is the completion

of the ring of integers of the unramified extension of K with residue

field B).

8. Classification up to isogeny. 1f 2 is an algebraically closed

field extension of k then Cartn(l) " Localized with respect to Xq" is
a2 ring over which the classification up to isomorphisms of torsion
mcdules can be carried out as usual (cf. e.g. [7] ch. 2). It results

that every formal A-module over § is isogenous to a direct sum of

m Gn - with nm€ N, (n,m) = | whose curve

formal A-modules Gn G »
n,m° n,

1,0°
modules over Cartn(ﬁ) are the quotients of Cartn(z) by the left ideals



generated respectively by £n~l, 53-22, 53. This decomposition is

. . n . .
unique (up to isogeny); Gl o 1s the formal A-module of A-height 1,
?

G: n has dimension n and A-height n+m and is simple (as a formal
1]

. . ' . . . : o]
A-module!) and G: « 1s the obvious n-dimensional quotient of W .
*

9. The proofs of all of the above rely heavily on the
construction of universal formal A-modules as in [4] part VIII and the
functional equation techniques developped in [4] , cf. also [5],

and certain infinite dimensional analogues.
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Twisted Lubin-Tate formal group laws, ramified Witt vectors

and Artin-Hasse exponential mappings.

For any ring R let A(R) denote the multiplicative group of

power series of the form l+a t+... with coefficients in R. The

1
Artin-Hasse exponential mappings are homomorphisms wpm(k) —_— A(pr(k))
which satisfy certain additional properties. In this note we present

a generalization with me(k) replaced by rings of Witt vectors

associated to a (global) twisted Lubin-Tate formal group law and A

feplaced by the curve functor of that global formal group law.

1. Twisted Lubin-Tate formal group laws. Let A be a discrete

valuation ring with residue field k of characteristic p>0 and
quotient field K. Let t: K —— K be an automorphism of K such that

1(a) = a%

mod WA for all a € A for a certain power q of p. Choose a
uniformizing element W €A and let £(X) € A[[X]] be a power series over

A such that £(X) = X mod (degree 2) and £(X)-n 't £(x3) € Al[x]],

where 1, means "apply T to the coefficients". Let F(X,Y) = f-l(f(X)+f(Y)),
‘then F(X,Y) has its coefficients in A and hence is a formal group law
over A (cf. [4] part VIII (= report 7507).We shall call these formal
group laws twisted Lubin-Tate formal group laws. If 1 = id and k is
finite with q elements they correspond bijectively with the group

laws of [6]. Cf. [2] and [5], Ch. I, §8. Two such twisted formal group
laws with logarithms f(X)-n—lT*f(Xq) € A[[x]] and f(x)—ﬂ"lf*f(xq) € allx]]
are isomorphic over A if and only 1f there is a unit u € A such that

-lA

n n= uulT(u).



2. The A-algebra functor Cq(F;-). Let B E’élgﬁthe category of
commutative A-algebras, and let F be as above and C(F;B) be the
module of curves of in F with coefficients in B (cf£.{1]). There
exists a unique functorial additive functor endomorphism eq of
C(F;-) such that for A-torsion free B we have for all v(t) € C(F:B)

FG(e) = £ oxtt o= £(e v(e) = § x

j=p 1 q . i
One has rq;q = rq and we shall denote the image functor of eq with
Cq(F;—) and call its elements g—typical curves. (In case g=p this
coincides with [1]).

There now exists a unique functorial A-algebra structure on
Cq(F;—) and a2 unique semilinear A-algebra endomorphism £;w of

Cq(F;—) such that for A-torsion free B we have : if Y(t),68(t) € Cq(F:B)

1 1
and £(Y(t)) = intq , £(8(t)) = Zyit:q , then £(Y(t),08(t)) =
. i . i
Zrem, LT Mgy et fHakve) = I @x e, £y ) -
qt

i . . tw . g .
IT (n)xi+lt . The ring endomorphism £n is semilinear in the sense

that £§w({a}v(t)) = {r(a)}gti(t). One also has £;w¥q = {n} where

V  is the operator qu(t) = v(th).

=q

3. The functor Wz .- Let £(X) = ZaiX1 and write e, = a .,
»
_ q
i=0,1,2,... Consider the polynomials wz(z) = () ... l(rr)
n
(Zn+elzg_l+...+enzg ). There exists a unique A-algebra valued functor

F . . ¥

W L0 Alg, which as a set valued functor is Wq'gﬁ) = {(bo,bl,...)[bi €B
F

wq'm (¢0(b0,b‘,...) = (m(bo), w(b]),...) for ¢ € QASA and such that

3 . . .y .
the wn(Z) define functorial semilinear A-algebra homomorphisms

F . . cqe
Wq m(B)~-~—~~—> B with twist 1" for all n=0,1,2,....The semilinear



F

functorially
n+1

A-algebra endomorphisms £;W satisfies wz(ggw) = w
and is characterized thereby. The functors C (F:-) and WF m(~) are

’
isomorphic, the isomorphism is given by (bo’bl”") el (ZFbitql).
In case A is the ring of integers of a finite extension K of Sp’
7T = id, k has q elements and f(X) = X+n—lxq+n—2xq2+.,. this functor

has also been described in [3].

4. Ramified Witt vectors. Now suppose that A is complete and

let B be the ring of integers of a finite unramified extension L of

K and let t: L --——> L be the automorphism of L such that T|K = 1

and T(b) = bY mod wB. Let F(X,Y) and f(X) be as before. Then we can
also regard F(X,Y) as a twisted Lubin-Tate formal group law over B
(with T instead of 1) and we have B-algebra homomorphisms

B — Cq(F;B) — Cq(F;l) where £ is the residue field of L. This
composed map is an isomorphism of B-algebras under which T corresponds

tw
to £ .
=q

5. Artin-Hasse exponentials (local case). There exists a unique

A-algebra functor morphism AF: WF =) ~—> WF (wF (-)) such that
Qs> g™ gq,®
w: o AF = (£§w)n for all n=0,1,2,... . This morphism AF has the
additional property that also WF w(wi) o AF = (£tw)n.

»

6. Artin-Hasse exponentials (global case). Now let A be the

ring of integers of a global field K, and let F(X,Y) be a formal group

law over A such that for each finite valuation v F(X,Y) is a twisted



Lubin-Tate formal group law over Av. the completion of A with respect
to v (for some qv and-rv). Such formal group laws exist; in fact one
can up to strict isomorphism arbitrarily perscribe the "local" formal
group laws FV(X,Y) over Av and this then determines F(X,Y) uniquely

up to isomorphism; cf. [4] report 7201 or part VII. Now W= Cq(F;-)

Qs>

which is a subfunctor of C(F;-). So combining 4 and 5 above we find

for all finite valuations v A-module homomorphisms Av-w~—+ C(F;Av)
£

such that the composed map A - C(F;A ) — = C(F:k ) -9, C (F;k_)
v v v q v

is an isomorphism.
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"Tapis de Cartier' pour les A-modules formels

Resumé. On donne une généralisation pour le cas des A-modules formels
de la théorie de relévement des groupes formels commutatifs, dit
"Tapis de Cartier". Les enoncés et les preuves sont des généralisations
directes de ceux esquiss€s par Cartier dans son séminaire & 1'IHES 1972,
étant donnée la théorie de type Cartier-Dieudonné pour les A-modules
formels, resumée en (7). '

Soit A l'anneau des entiers d'un corps K de valuation discréte
de corps résiduel k & un nombre fini d'él€ments g = p', p = car(k).
Soit T une uniformisante de K., Le corps K peut 8tre soit de caractéristique
zero soit de p > 0. Soit B un A-alg&bre. Dans une note précédente on
a présenté une théorie de Cartier-Dieudonné des A-modules formels et les
notions divers associées: g-typification; module de courbes g-typiques

Cq(F;B); opérateur de Frobenius £, et exponentielle de Artin-Hasse.

1. A-modules formels de Lubin-Tate g€nfralisés. Soit B un A~algébre

local, sans A-torsion, d'id€al maximal TB, tel qu'il existe un
endomorphisme o: B > B tel que o(b) = pd mod B pour tout b € B. Soit
M un B-module libre de type fini et soit n : M -+ M un endomorphisme
o-semilineaire de M (i.e. n(bm) = n(b)n(m)). Choississons une base
€5 -+, & de M et soit D(n) la matrice de n par rapport & la base

€15 cees Ey On pose

= =1 q = !
(1) gy(X) = X + 1 D(n)g,gy(x™), G(X,Y) = g (g, (X) + g, (¥))
ol gM(X) est un h-tuple de séries formelles en X1, ey Xh d coefficients
dans B @) K; x% = (X?,..., X%) et 0, f(X) est la série formelle obtenue

de f(X) par 1'application de 0 & tous les coefficients de f(X). Alors
(d'aprés le lemme d'equation fonctionelle (2)) GM(X,Y) est un A-module
formel sur B de A-logarithme gM(X). Soit ¢ : (M,n) = (M',n') un
homomorphisme, i.e. ¢ : M > M' est un homomorphisme de B-modules et

én = n'¢. Alors g&](EgM(X)) est un homomorphisme de A-modules formels
Gy > GM" ol E est la matrice de ¢ par rapport aux bases choisises

{e1,...,eh} de M et {e',...,eﬂ} de M'.



Supposons maintenant que O soit un automorphisme et soit M 1e
. s -1
B-module modifi€ b*m = ¢~ (b)m. Alors n : (M,n] > (M,n) est un

homomorphisme et on trouve un morphisme y(M): 0xGy > Gy de A=modules

formels qui se réduit mod m™B a morphisme de "Verschiebung"

@%} F&Q) > FM’ ol PM est la réduction mod 7B de GM. On obtient ainsi

une &@quivalence de catégories entre la catégories des pairs (M,n) et
celle des pairs (G, Vi 0,G > G) ol G est un A-module formel sur B et ¥

un homomorphisme de A-modules formels qui se réduit en.@%.modulo TB.

2. Théoréme des foncteurs adjointes. Soit (M,n) comme ci-dessus

et soit H un A-module formel sur B et Cq(H;B) le w‘; w(B)[gﬂ,yq]—module
. ==
des courbes g-typiques de H. Alors il y a une correspondence bi-univoque

entre homomorphismes de A-modules formels GM + H et homomorphismes

B-lineaires o : M > Cq(H;B) tel que an= fwa. Ici la structure de B-module

sur C_(H3;B) est donnée par 1l'exponentielle A : B ~ il o(B), qui est
4 . A A n s
caracterisgé par wq n° A=0, n=20,1,2,...
2

Cette correspondence est donn€e par un morphisme canonique
[ee] . . .
o : M~ C (G ;B) defini par g (o (m)) = I 7 n'(m)ta".
o) q M M "o 1=

3. Propriété universel de Gy par rapport 8 certain extensions.
49

Supposons que 0 : B + B soit un automorphisme, que B est complet et

Hausdorff pour la topologie mB-adique, et que M est un B-module libre
de type finie avec des endomorphismes n, Z, ol n est o-semilineaire
et ¢ 0—1-semilineaire, tel que n =zZn =7 et ng c ™ pour r € IN
suffissamment grand.

. + .
Soit o R -+ H -~ H1 -+~ 0 une suite exacte de A-modules formels

~ »t c
od R est un A-module de type additif. Supposons en plus tout sous-A-
module formel de type additif de dimension un se reléve en un sous-A-
module formel additif de dimension 1 de H. Alors pour tout homomorphisme

de A-modules formels B : G~ H, i1 existe un relévement unique

M
% : GM - H, tel que Y% = R.

4. Quotients de GM par sous-A-module formel additif. Soient M, B,n,

L, comme ci-dessus en 3. Soit N un sous-module libre de type fini de M
tel que M/N soit libre et N + ™M = M. Alors on a une immersion canonique

+ . . -
N > Gy définie par Cq(N+;B) > Cq(GM;B),nF+ B(n) - ¥ B(z 1n) pour n € .

Et 11 en résulte une suite exacte de A-modules formels

Y
=q



(2)_ O-)N++GM+G->O_

Soit I sur & = B/7B la rfduction modulo 7B de . Alors le morphisme
o

composé M —2—r Cq(GM;B) > Cq(G;B) +.Cq(F;£L est un Isomorphisme de

B-modules qui identifie n avec ;ﬂ et 7 avec zq.
La suite exacte (2) est 1'extension universelle de G par un
A-module formel additif.

5. Relévements., Soit T un A-module formel de A-hsuteur finie

sur un corps parfait £ D k. On prends B = Wﬁ o), M= Cq(F;Q),
?

n=£.

2, 3, 4 ci-dessus sont satisfaites. Soit @ un A-~module formel sur B

L = Xq. Alors toutes les hypoth&ses sur B,M,n,; des no's

qui relé&ve I'. (Un tel G existe toujours parce qu'il existe pour toute
dimension donnée un A-module formel universel d€fini sur un anneau

de polyndmes A{S]a Spyeee ](3&. Alors il existe un homomorphisme

unique B : Gy > G tel que M —0 Cq(GM;B) > Cq(G;B) > Cq(T;Z) est
1'identit@. Le noyau de B est un sous-A-module formel de type additif
d'algébre de Lie N = Ker(Lie(B)) et B est surjectif. En plus M/N est libre
et N+ m = M. C'est & dire 1'extension o -+ N - GM -+ G > 0 obtenu

8 partir de I est de la type construite en 4 ci-dessus. Comme corollaire
on obtient que l'extension universelle par un A-module formel additif

d'un rel@vement G de I ne dépend pas du reldvement choisi.
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