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ON THE NON£XISTENCE OF CONTINUOUS CANONICAL FORMS 
FOR LINEAR DYNAMICAL SYSTEMS 

M!OHIEL HAZEWINKEL 

(.Recewed 5 March 1976) 

.Abstract. A real linear dyna.micial. system ii; = F:i:+ Gu, y = Hro is thought of as being represented 
by the triple of matrices (F, G, H). A base change in state space cha.nges the triple to (SFS-1, SG, HS-1) 
for a certs.in. Se GL,.(.R). In this paper we disciuss existence and nonexistence of canonical forms for this 
action of GL,.(.R). 

1. Introduction and statenient of results. A real linear, constant, finite 
dimensional dynamical syatem is thought of as being represented by a triple of real matrices 
(F, G, H) where Fis an nxn matrix, Gan nxm matrix and Han pxn matrix; i.e., there 
a.re m inputs, p outputs and the state space dimension is n. The dynamical syatem itself 
is then 

x=Fx+Gu, y=Hx (1.1) 

in the continuous case, or 

x(t+l) = Fx(t)+Gu(t), y(t) = Hx(t) {1.2) 

in the discrete ea.Se. A change of coordinates in state spa.oe changes the triple of matrices. 
(F, G, H) into the triple (SFS-'-1, SG, HS-1). We are interested in continuous ca.nonica.I 
forms for this action of GL,.(R), the group of real invertible nxn matrices. Cf. 3.3 below 
for a precise definition of what a canonical form is. 

The triple (F, G, H) is completely reachable if the matrix 

R(F, G) = (GFG ... FnG) (1.3) 

consisting of a.ll the columns of the matrices FiG, i = 0, ... , n has rank n. The triple 
(F, G, H) is completely observable if the ma.trix 

Q(F, H) = (HTF'.l'HP ... (FP)n.HT) 

where the upper T denotes transposes, has rank n. Cf. (Ka.Iman 1969) for these notations. 

Let a .9. Jt(R) denote the space of all triples of matrices (F, G, H), 9 .9. .)t(R}cr 
the subspace of all completely reachable triples and 9 .9. .)t (R)cr, co the subspaqe of all 
triples which a.re completely observable and completely reachable. 

In (Hazewinkel and Kalman 1975a, b) we studied pairs of completely reachable 
matrices (F, G) e 9 .9.cr (over arbitrary fields) by algebraic geon;tetric methods and proved 
that there are no algebraic continuous canonical fol'm.s on 3 .9.cr if m ;;> 2. We can embed 
3 .9.cr into 3 .9. ..Her by means of the GL,. invariant map. 

(F, G) -i. (F, G, 0) (1.4) 
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So thi8 result implieil the nonexistenco of algehtaic continuou8 canonical forms on .!J .!J,Jl.cr 
(and 9 .!}, Jt(CJcr) but gives at first sight no information on the existence of canonicalfornis 
on 9 Si. Jt (R)cr, co· Firstly, because tho reHults of (Hazewinkol and Kalman l 975a, b) as 
stated there do not rulo out the existence of nonalgebraic continuous canonical forms on 
9 .!J, (Rcr) m1cl 9 Si. (Ccr), and secondly beca.use there seems to bo no GLn(R) invariant 
embedding 9 .!J, (R )er ~ 9 S. Jt (R )cr,co. 

So that t,ho results of Hazewink:el ancl Kalman (1975a, b) leave it open whether 
9 .!J, Jt(R)cr, co admits a canonical form or not. In fact, this had better bo the ea.so because 
there does 0xist an (algebraic) continuous canonical fotm on 9 Si. Jt(R)cr, co if p = 1. 

We have:. 

1.5. THEOHEM- There does not exits li continuous canonical forrn on 9 .!}, Jt(R)cr, ea 
if and only if m;): 2 cmd p > 2. A fortiori there are no cont·in1uous canonical forms an 
.!J .fl, J{ (R), 9 Si. J{(R)cr, 9 S. J{(R)co if m > 2 and p ;): 2. 

In this paper we show how one can u,~e i'o.snlts on the J1onoxistence of canonical fornu! 
on 9 Si (R)cr to dednce rmmlts on the n0110xistence of canonica.l forms on d ,9, Jt(R)cr,co 
for suitable p. W c arc tlms able to prove theorem 1.5 for the case m > 2, 1> > 2n and we 
indicate a similar proof for t}ie _cases p > 2, m > 2n a,nd p, m > n. Fol' the general case 
cf. (Hazewinkel). Tho basic idea of the pr'oof prefiented hero is very simple. The Gramm­
Schmidt orthonormalization process ilh.ows that there exists a continuous GLn(R) canonical 
form on 9 B(R)cr (resp. 9 Si. fi(R) 0r,ca) if and only if them exists an On(R) canonical 
form on 9 B(R)g;thD (tesp. 9 Si. fi(R)g:~~:n where the superscript "ortho" means that we 
consider only those pairs (rcsp. triples) such that R(F, G) has orthonormal row vectorB, 
and where On(R) is tlu' gronp of orthogonal n x n matrices. 

This trick is u;.;efol hocaul:le there <loe;; oxi;;t an On(R) invariant ombt,>{ldiug 
9 Si. (R)~;iho ~ 9 Si. J{ (R)g~'.''c"o for suitable p, viz. 

(F, G) ~ (F, G, R(Ji', G)T) 

where if(F, G) is tho matrix 

R(F, G) = (G FG ... Fn-1(G) 

and tho upper T indicatofi transposes. 

(1.6) 

(1.7) 

However, Gramm-Schmidt orthonormalization is essentially nonalgebraic >vhich 
is one more reason why we cannot use the results of Ha,zewinkel and Kalman (1975a, b) as 
they stand, but have to extend them to prove no1iexi,<itence of continnous (possibly non­
algebraic) canonical forms on .!J 9, (R)cr· This is done in section 2 below. The methods 
are the same as those of (Hazowinkol and Kalman, 1975a, b) : the quotient d .51, (R)cr/GLn(R) 
is shown to exiHt and to admit a universal family of completely reach.able pairs over it. Then 
we need a now proof that the under'lying bundle of the universal family iH nontrivial if 
-m;): 2, because a priori ther·e is no reason why the bundle of R-points E(R) ~ B(R) of a 
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nonttivial algebraic bundle E ~ B should 1}() nontrivial. The rost of the nonexistence proof 
is then as in (Haze1'rinkel and Kalman, 1975b), 6.1., Section 3 contains the otthonormaliza­
tion trick alluded to a1Jove and in section 4 theorem 1.5 is proved for suitable m, n, p. 

2. A fine moduli space for continuous families of real linear dynamical 
system.s. In this section we consicler completely reachable pair's of teal matrices 
(F, G) of size n X n and m X n. respectively. .As usual R(F, G) is the matrix ( G FG F 2G ... FnG) 
with columns Fig1, j = 1, ... , m; i = 0, ... , n where g1 is the j-th column of G. We number 
the columns of R(F, G-) by means of the pairs (i, j) ordered lexicographica1ly. Let J be this 
set of indices. 

2.1. Nice Selections and Sucessor Indices. A nice selection is a subset a of J 
with the property that ( i, j) e .x ~ ('i', j) ea, for all i' ~ i. A successor index k = ( i, j) of 
a nice selection a, i-i an element (i, j) e J such that ( i', j) ea, for all ·i' ~ i. Note that 
there i'l precisely one successor index of tlw form (1'.,j) for rx for e-very .? = 1, ... , m. This 
Ruccessor index is denoted s(a:, j). 

2.2 Construction of the Differentiable Manifold Mm, n(R). For each nice 
selection ·a, let U,,=Rmn. For xeU" with components xk, k=l, ... ,mn, let x(i), 
i = 1, ... , rn denote the columnvectol' with entr\eR x(i)1 = X(i-lln+i' j = 1, ... , m. (I.e. we 
write x as an nxm array). For l\i1Ch xe U'Z = Rnmthere ii' a unique pair of real matiice.'! 
(F, G) e FG(R)cr such that 

R(F, G)" =In (2.2.1) 

where R(F, G)" is the matrix consisting of the colnmnH of R(F, G) with indices in a (in their 
orig_inal order), and B.uch that 

R(F, G)s(a, j) = x(j), j = l, ... , m (2.2.2) 

whero R(F, G)s(a> fl is the column of R(F, G) ·with index s(.x, j), the j-th successor index of a:. 
For a proof cf. (Hazewinlrnl and Kalman 1975h) sections 3.4, 3.5. This pair of matrices 
iH denoted lf ,,_(x). 

For each orderecl pair of nice selections a and (:J wo cfofine 

U,p = {x e U" j (Rfrx(x))p is nonsingular'} 

and _we identify Ucr.fJ n.ncl Upcr. by means of the correspondmrne 

(2.2.3) 

(2.2.4) 

The,qe identifications define a differentiable manifold denoted ..4tmn(R) which ia covered by 
the coordinate patches U" = Rmn, a a nice seloc:tion. 

There is a natural map 

(2.2.5) 
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which is defined as follows. For ea.oh (F, G) e 3 .9. (R)cr there is a nice selection Q: suoh 
tha.t R(F, G)« is nonsingula.r (Hazewinkel and Kalman 1975a, lemma 2.4.1). We now map 
(F, G) to the point xe U« C ..dtm,nCR) determined by 

1T(F, G) = x e U 11. C .Atm, n(R) ~ ifr ,,.(:c) = R(F, G)«-1 R(F, G) (2.2.6) 

This is independent of the choice of Q: beoause of the identifications (2.2.4). The map 1T is 
Slll'jeotive because mfr« (x) = x fot x e U«, and we have for x e Ua 

1T-1(x) = {(SFS-1, SGI Se GLn(R)} if (F, G) = fh:). (2.2.7) 

In other words .A'tm,n(R) is the quotient of 3 .9. (R)cr under the a.otion of GLn(R). Cf. 
(Ha.zewinkel and Kalman (1975a), 3.3 and (Hazewinkel and Kahnan 1975b), 3.5-3.7 for 
proofs. 

2.3. Continuous Families of Completely Reachable Pairs. Let X be a 
topological space. A oontinuous family of pairs over X is an n-dimensional real veotor 
bundle E over X together with a vectorbundle endomorphism F: E ~ E and m sections 
g1, ... ,gm: X ~E. For ea.oh x e X we have an endomorphism F(x) : E(x) =Rn~ E(x) 
and m vectors g1(:c), ... , 9'm(x) e E(x) =Rn. After a choice of basis in E(x) these veotors 
a.nd this endomorphism define a pair of matrices, i.e., an element of d B(R). Note tha.t 
the element so defined is welldefined up to the aotion of GLn(R) ( = change of basis). The 
fa..m.ily (E, F, g1, ... ,gm) is said to be completely reachable if all thes.e elements of dB (R) 
are in fa.et in .$ .9. (R)cr. 

Two continuous families over X, (E, F, g1, ..• ,gm),, (E', F', g'1 , ... , g'm) are said to be 
isomorphic if there is a vectorbundle isomorphism rp : E ~ E' such that 

<ftF = F'</> 

i = 1, ... ,m. 

(2.3.1) 

(2.3.2) 

For every space X let A(X) be the set of isomorphism classes of continuous families of com­
pletely reachable pairs over X. By means of the pullback construction which associates 
to a continuous map f: Y ~ X a.nd a family (E, F, g1, .•• ,gm) over X, the family 

(/E,j1gl> ... ,/gm) over Y, we can tum A into a contra.variant functor from the category 
of topological spaces to the category of sets. Of. (Husemoller 1966) for background material 
on veotorbundles and pullback. 

2.4. The Canonical Map Associated to a Completely Reachable Family. 
Let ~ = (E, F, g1, ... ,gm) be a family of completely reachable pairs over X. For ea.eh 
x e X we then have a completely rea.ohable pa.ii• Jl'(x), G(x) over x (of. 2.3 above) which 
is determined up to a ch,oice of basis in E(x). This means that 1T(F(x}, g(x)) is welldefined. 
(Of. (2.~.5), (2.2.6) above for the definitioi1 of 1T). ~t\..<isociated to Z: we have thus defined a. 
continuous map f(~) : X ~ ....l!m,n(R). Note that isomorphic families give rise to the same 
maps X ~ .A!mm(R). 
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2.5. Definition of the Universal Fru:nily. For each nice selection a let Erx = U11. 

x Rn be the trivial vectorbundle over U". We define the bundle endomorphism 

Fa: Ea.-+ E" and the sections g1", ... , gm11.: U"-+ Ea. as follows. For x e U" write 

ifrrx(x) = (Fa.(x), Gr.r,(a;)) (2.5.l) 
We then define 

F"'(x, v) = (x, Fa.(x)v) 

gia.(x) = (x, G11.(X)t) i = I, .. ., m 

where G11.(X)1. is the i-th column of G"(x). 

(2.5.2) 

(2.5.3) 

We now construct a family z;u = (E", Fu, g1u, ... , gmu) over .Atm, n(R) by patching 

together the partial families (Ea., F", g1rt., ••• , gmr.r.). This is done as follows. Let 

E~;/3 = {(x, v) 6 E" I x e UafJ} and let r/>11.11 : uflrx -+ Uflrx be the diffeomorphism defined in 
(2.2.4) above. We now define the isomorphism. 

(2.5.4) 

by the formula 

(2.5.5) 

It is easy to check that these isomorphisms are compatible with the endomorphisms F"' FfJ 
and the sections g1.11., ga.11 , i = 1, ... , m, so that these identifications yield a family I;u such 

that the restriction of su to Urx is isomorphic to the family (E., Fa, ffia., .. ., gm"') for all nice 

selections a. 

It follows that 

f(z,u) = identity on J(.m, ,.(R) (2.5.6) 

(Cf. 2.4 and (2.2.7)). 

2.6. THEOREM J(.m, .. (R) is a fine moauli space for the punctor A. 

This means the following. Let Top(X, Y) be the set of continuous maps from the 
topological space X to the topological space Y. Then theorem 2.6 says that the map 

~-+ J(z;) of section 2.4 above induces. a bijection from A(X) to Top (X, Jtm, n(R)) for all 
topological spaces X. More precisely theorem 2.6 says that: (i) For every f e Top(X, .Alm, n(R)) 

there is. a family 2:.1 such that f(~f) =f. (N.B. The family J' _L;u ,is suc11 a family), and 

(ii) for every family of completely reachable pairs ~ over a space X there is a unique 

map f: X -+ J(.m, n(R) such that /~u is isomorphic to ~- This map is of course 

f(Z) : X-+ ..4(11., n(R) and what is left to prove is that f(~) 1 ~u and 2; are isomorphic families. 
This is done exactly as in (Hazewinkel and Kalman 1975a), 3.6. 

2.7. An Embedding 8 1 -+ Jtm, n(R). The next thing we want to do is to show 

that the bundle Eu underlying the universal family 2:" over .Alm, n(R) is not the trivial 

bundle if m ;> 2. (If m = I there is only one nice selection m1cl it follows that the bundle is 
trivial in that case) .. To this end we first construct an explicit embedding efi : S1 = P1(R)~ 
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vf!m,n(R) for m, n ;> 2 where S 1 is the circle and P 1(R) is one-dimensional real projective 

space. ThiR iR <lone as followf\. D0finc a continuous map 

<j1 : R -* d !l (R)cr, t-* (F(t, 1), G(t, 1)) 

where F(t, 1) is equal to the matrix consisting of the eohunnvectors 

F(t, 1)1 = e1 , F(t, 1)2 = e1+e2, F(t, l)t = ei+1 for i = 3, ... , n-1 

F(t, 1),, = 2e3 if n ;> 3, 

(2.7.1) 

(2.7.2) 

where e1 is the j-th unit columnvector. The matrix G(t, 1) consists of the columnvectors. 

and 

G(t, 1)1 = te1 , G(t, 1)2 = e1+e2 , G(t, 1), = 0 if i ;> 3 

if n = 2, 

G(t, 1)1 = te1+e3 , G(t, 1)2 = e1 +e2 , G(t, l)i = 0 if i > 3 

if n > 3. 

Note that R(ef;1(t))~ is nonsingular for all t for the nice selection 

a = {(O, 1), ... , (n-3, 1), (0, 2), (1, 2)} 

We also define a rontinuorn; map 

with 

and with 

ef;2 : R ~ d B(R)m s ~ (F(s, 2), 0(8, 2) 

F(s, 2)1 = e1, F(s, 2h = se1+e2, F(s, 2)1 = e1+1 for 1~ = 3, ... , n-l 

F(8, 2),, = 2e3 if n ;> 3, 

G(s, 2)i = ev G(s, 2)2 = se1+e2 , G(8, 2)t = 0 for i ;> 3 

if n = 2, and 

G(s, 2)i = e1 +e3 , G(s, 2)2 = se1 +e2, G(s, 2), = 0 for i ;> 3 

if n > 3. 

Note that R(efJ2(s))fJ if\ nonsi:ngnlar for alls for the nice selection 

(2.7.3) 

(2.7.4) 

(2.7.5) 

(2.7.fi) 

(2.7.7) 

(2.7.8) 

(2.7.9) 

/3 = {(O, 1), ... , (n-2, 1), (0, 2)} (2.7.10) 

Tho pairs of matrices ef;i(t) and ef;2(s) are equivalent pairs if t =fa 0, s 0 and ts = 1. The 

matrix transforming the pair ef;1(t) into <j2(s) is then equal to 
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This moans that the composed maps 

and 

7rcp2 : R~ .9- S(R)cr ~ ..4tm, n(R) 

eombino to define a uontinuou:; map 

<ft : S1 = P1(R) ~Mm, n(R) 

Let (t : s) bo honwgeneous coordinatoll for PI(R). Then 

cp(t : s) e urr. if 8 =F 0 

rp(t:s)eU8 ift=f=.O 

whore a, ltnd /3 are the nice l:lelectiuns given by (2.i.5) and (2.i.10) auo\"(~. It 

oonstruet au embodding p 1(R) ~ ..41.m, n(R) in the case 11 = 1. Thi!:' i::, dOlle 

\Ve define 

91 : R ~ 3 S(R)cr, t ~ (F(t, 1), li(t, 1)) 

where G(t, 1)1 = t, G(t, lh = 1, G(t, l)t = 0 i ); 3 and F(t, 1) = O tttl([ 

<fi2 : R ~ 3 S(R)cr, s ~ (l?(s, 2), G(s, 2)) 

where G(s, 2)1 = 1, G(s, 2)2 = s, G(s, 2)1 = 0, i > 3 and F(s, 2) = o. 

As above these two application::; combine to define a continuous map 

(2.i.11) 

(2.i.12) 

romaiu,,; to 

a:::; follow::>. 

2.8. Proposition. The ·underlying vector bundle of the unfrer.sal family ;:u ot'er 

...4Cm, n(R) is nontrivial iff rn > 2. 

l?roof. The only if part is trivial as there i:; only one nice :;election if m = 1. 

There are several ways to prove the if part. One is hy algdm•ic geometry as follows : 

...4Cm, .,(C) embeds naturally into the Grassmann variety of compfox n-planes in compfoxt> 

(n+I)m spa:ic which in turn is a closed 8ubvariety of projectin1 sp<•ce of (complex) dimension 

N ·th N 1 l · ffi . ( (n+I)rn) Of (H . k 1 l K ·1 
Wl + eqila to the bmomial coe e1ent n . . azewm ·e am a man 

1975a) for details. The underlying bundle Eu of ~u is the rei:itriction to ..4tm, ,.(C) of the 

canonical bundle over the Grassmann variety. The n-th exterior product of thioi lnmdfo is 

the restriction of the canonical line bundle \,\ over PN(C) whieh ifl wn-y ample. Now the 

map <fi defined above is defined by polynomials and defines an <tlgebn>ic geometric embedding 
if. • . I 

P 1(C) ~ ..4Crn, n(C) ~ Gra:;ismann ..!+ PN(C). It follows that (joioif>f f1 i:; Very ample and 

its real restriction to Pl(C) is then also nontrivial. I.e., tlw n-th c>xterior product of <fi!E" 

is nontrivial which proves that E11 is nontrivial. 
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Alternatively one simply calculates the bundle Aif}Eu explicitly. This line bundle 
over IP1(R) i1' trivial over the pieces {(t : s) j s =J. O} C P1(R) and {(t, s) t =J. O} C P1(R) 
by (2.7 .12) And if n > 2 thes.e trivial piece.s are id~ntified on the intersection {(t, s) l t =J. 0, 
s =J. O} by means of multiplication with the number 

det ( 
t-ls O ) 

: 0 

-~ ..... ~ ... ).......... = t-lg 

0 : ln-2 

Similarly if n = 1 these pieces are also identified by multiplication with the number t-1s. 

This defines a nontrivial bundle over Pn(R), which proves that the bundle E"' was 
also nontrivial. 

3. The Gramm-Schmidt ortbonormalization process and canonical forms. 
In this section we discuss the eqttivalence given by the Gramm-Schmidt orthonormalization 
process between the existence of GLn(R) canonical forms for all pairs and triples of matrice.'! 
and the existence of On(R) canonical forms for orthonormal pairs and triples of matrices. 

3.1. The Space Cl S(R)g;tho, 9 .!l. ...N(R)cr, co and 99. ...N(R)gg~g. 

We define Cl .!l. (R)g:tho as the space of all pairs of matrices (F, G) such that the rows 
of R(F, G) are a set of orthonormal vectors (in R'n+llm). 

Note that if .!l. (R)g;tho C 9 .!l. (R)cr· 

We define Cl !l Jt(R) as the space of all triples of real matrices F, G, H of sizes 
n X n, n X m, p x n, and Cl .!l. ...N (R)cr, co is the s.ubspace of all completely observable and 
completely reachable triples. I.e. (F, G, H) e 9 .g ...N(R)cr, co iff the matrices R(F, G) 
= (G FG ... FnG) and Q(F, H) = (HTFTHT ... (FT)nHT) are both of rank n. Here HT, FT 
are the transposes of H, F. Cf. (Kalman 1969) for more details about these notions. Finally 
we define Cl .!l. ...N(R)grc~o as the subspace of 9 .!l. ...N(R)cr. co consisting of the triples of 
matrices in Cl .!J, ...N(R)m co inwh. that moreover the rows of R(F, G) are orthnormal. 

3.2. LEMMA. Let A, B be two nxr matrioes of rank n, where r )> n. Then we have 

(i) If the rows of A are orthonormal and U e 0,..(R) is an orthogonal nxn matrix, 
then the rows of U A are orthonormal, 

(ii) If the rows of A and the rows of B are both orthonormal and if the r.fJwS of A and the 
rows of B span the same subspace of Rr, then there is an orthonormal n X n rnatrix 
U e O,..(R) suoh that B = UA. 

Proof. Easy. 

3.3. Canonical Form.s. The group GLn(R) acts on .7 .9. (R)cr and Cl .fi_ ...N(R)cr, co 
respectively as follows : 

(F, G)s = (SFS-1, SG), (F, G, H)S = (SFs-1, SG, HS-1), Se GLn(R) (3.3.1) 
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Two pairs (resp. triples) of matrices (F, G) and (F', G') (resp. (F, G, H) and (F', G', H')) are 
equivalent under GLn(R) if there is an S e GL.,,(R) such that (F, G)S = (F', G') (re"P· 
(F, G, H)S = (F', G', H')). We now define a canonical form for the actfon of GLn(R) on 
d ..9. (R)cr ag a continuous map 

"/ : Q ..9. (R)cr ~ .Q B(R) (3.3.2) 

such that for every two pairs (F, G), (F', G') e <r ..9. (R)cr we have 

(F, G) is equivalent under GLn(R) to y(F, G) (3.3.3) 

(F, G), (F', G') are equivalent under GL.,,(R) iff y(F, G) = y(F', G'). (3.3.4) 

A canonical form on d .9. ..N(R)cr, co under GLn(R) is denned l.:iimilarly. The group On(R) 
of real orthogonal n X n matrices acts on d 9. (R)g;tno and a: Si. .}t(R)g~"c~ as follows 

(F, G)U = (UFU-1, UG), (F, G, H)U = (UFU-1, UG, HU-1), (3.3.5) 

This follows from lemma 3.2(i). We now define a ca.11onical form on d .9. ..N(R):,:~~g under 
On(R) as a continuous map 

y: d .9. Ja!'(R)g~'."g, ~ d .9. ..N(R) 

such that for evety two triples (F, G, H), (F', G', H') we have 

y(F, G, H) is oquivalent under On(R) to (F, G, H) 
a.nd 

(3.3.6) 

(3.3.7) 

(F, G, H) and (F', G', H') are equivalellt under 0 11(R} iff y(F, G, E) = y(F', G', H'). 

A canonical form 011 Q .9. (R)g:'.'110 under On(R) is defined similarly. 
(3.3.8) 

3.4. Gramm-Schmidt Orthonormalization. :{.et (F, G) e Q .9. (R)cr· · The 
matrix R(F, G) is then of rank n. Applying the Gramm-Schmidt Orthonormalization to 
the rows of R(F, G) we find an nx(n+I)m matrix R' with orthonormal rows, whor:-:erows 
spa.n the sa.Jie subspace of R<n+l>m as the rows of R(F, G). It follows that R' = SR(F, G) . 
for a certain unique Se GLn(R). It; follows that R1 = R(SFS-1, SG). Orthoncirmalization -
is also continuous. It follows that ortho11ormalization defines continuous (well defined) maps 

µ : ~ .9. (R)cr ~ d JJ,(R)~ho 

v : .a- ..9. ..N(R)c:r, co~ d JJ, ..N(R)~,.',~g 

(8.4.1) 

(3.4.~) 

Note that µ(F, G) a.ud (F, G) and v(F, G, H) and (F, G, H), are equivalent under GLn(R). 
The maps µ, v take GLn(R) equivalent elements iuto O.,,(R) equivalent elements. More 
precisely we have 

3.5. Lemma. Two pairs (F, G), (F', G') in Q .9. (R)cr (re.sp. two triples (F, G, H), 
(Ji", G', H')) in d ..9. ..N((R)cr, co) are equivalent under GLn(R) ifj the :pairs µ(F, G),µ(F', G') 

(resp. the triple.s v(F, G, H), {(F', G', H')) are equivalent under On(R). 

Proof. This follows from lemma 3.2. 
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3.6. Proposition. (i) There exists aoanonical form on .!F .!l (ll)cr under GL,,(ll) ifr 
there exists a canonical form on d!l (R)g;zho under O;,(R), 

(ii) There exists a canonical form on d !], Jt(R)cr, co under GLn(R) iff there exists· 
a canonical jorrn on d Si Jt(R)g~;~~ under On(R). 

Proof. Let r : 8- Si (R)cr -7 d !l(R) be a GLn(R) canonical form. Then 
' "I µ. 

d !]. (R)g;lllo -?:d !l (R)cr -7 d !l(R)cr -7 d !l (RXW"0 • · 

whetii i is theinclwsion, is an On(R) canonical form on .g. .9. (R)~~tho. (Noto that two elements. 
of d !], (R)g;ino are On(R) equivalent iff they are GLn(R) equ.ivalent; this follows from 
lenim.a 3.2). Invel'soly if y : 8 S(R)~~tho -? d !], (R) is an 0 n(R) canonical form then Yo µ 
is a GLn(R) canonl.eal form on 8 .[}. (R)cr· Part (ii) of the lemma is proved in the same way. 

4. On the nonex.istence of canonical forms. ',Vo have now enough material 
to prove the nonexistence of GL.,.(R) canonical forms 011 .g..[}. Jt(R)m co for those dimensions 
(m, n,p) for which p ;> 2n, m ;> 2. Tllo first step is the following theorem. 

4.1. THEOREM. There exists a GLn(R) canonical form on 8 .!l (R)cr iff the under­
lying' ounclle Eu of the universal family l;U is trivial. 

Proof. This is pr'oved exactly as tho glgobrui...; goumetric case in (Hazewi:nke1 and 
Ka~ma.n 1975b), 6.1. 

4.2. COROLLARY. Thero does not oxist a GL,.(R) canonical form on .a- .!l (R)cr if 
m ;> 2; this follows from 4.1 togethei· with 2.8. 

4.3. An O,,(R)-invariant embedding 

For each (F, G) e 9 .!l (R)cr let R(F, G) be the matrix 

R(F, G) = G FG ... F -10) 

For all m, n we can now define an On(R) invariant embedding 

p : 3 .9.(R)g;t710 ~ d .!l ..fl(R)~;'.~g 
as follows 

(F, G) ~ (F, G, R(F, G)T). 

(4.3.1) 

(4.3.2) 

This is O,,,(R) inva.:riant because UT = u-1 for u e O,,,(R) and R((F, G)U) = UR(F, G). 

The triple (F, G, R(F, G)T) is completely observable because R(F, G)T ha.El rank n. . 

4.4. THEOREM. There does not exist a continuous canonical form under GL,,(R) for 
completely rectclbable and completely observable linear dynamical systems of dimen8ion n with m 
im:pact8 and :p outputs in the cases 

(i) m ;> 2, p ;> 2n 

(ii) :p > 2, m > 2n 

(iii) p, m > n. 
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Proof. (i) We have O,.(R) i.nva,riant embeddings 

a ,g2 (R)ortho 4- ,g g_ J{.. (R)ortAo 4- d ~ u (R)nrtho 
, n er 2, n, Sn er, co ...::1.- VJ.m, 11., P er, oo (4.4.1) 

where the first embedding is the one defined in 4.3 above and the second one consists of adding 

some zero columns to G (if m > 2) and somo zero rows to H (if p > 2n). Now suppose 

there existed a GLn(R) canonical form for d .9, ..Nm,,.,p(R)cr, co then there would be an On(R) 

canonical form on d .!l. ..ltm,n,p(R)f;;1~g by 3.6 and by the On(R) invariant inclusions (4.4.1) 

above an On(R) canonical form on .7 .!l.2in(R)~tho which in turn would imply the existence 

of an GLn(R) canonical form on d .!1.2, n(R)cr (again by 3.6), which contradicts 4.2. 

Pa.rt (ii) of the theorem i.H proved by dualizing thiH wl10le paper. I.e., instead of 

completely reachable pairs (F, G) one studieH completely observable pail's (F, H) etc. etc. 

Part (iii) of the theorem uses : 1°) the nonex:isoence of a GLn(R) canonical form on 

fin,m , the space of all n X m matrices of rank n under the action As = SA, if m > n, and 

2°) the On(R)-invariaut embedding 

A ~ (0, A, AT). 

4.5. As was already stated in the introduction theorem 4:.4 holdl'I in greater genera­

lity : there exists a continuous GLn(R) canonical form for completely observable and com­

pletely reachable linear dynamical sy.'ltems of dimension n with in inputs and p outputs if 

a.nd only if m = 1 or p = I. Cf. H.i.zewinkel. 

Of course the nonexisfonco of a. GLn(R) canonical form on d .!l. ...Nmrn,p(R)cr, co 

implies a fortiori the nonex:istence of Slich a. form on the larger spaces 9 .!l. JI,., m• 21(R), 

d JJ, ..lt(R)cr and 9 .!l. ..ft(R)co· 
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