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1 . INTRODUCTION.

Let A be a commutative ring with unit element. We denote with

EEA the category of finite dimensional commutative formal groups
over A. To A one associates a certain (in general) noncommutative
ring Cart{A) and one then has the curve functor: G - L(G), which
associates to a finite dimensional formal group G the left Cart(A)
module of curves in G. According to theorems 2 and 3 of [3], this
functor induces an equivalence of categories of the category of
formal groups over A with a certain full subcategory of Cart(A)-
modules. Proofs of theorems 2 and 3 can be found in [6], [7];

a different proof of theorem 3 is contained in [1], c.f. also [2].
It is the purpose of the present note to give still another proof
of this theorem 3, based on the functional equation techniques
which were developped in the earlier parts of this series of papers
[4]; at the same time we give the connection between the involved
function pair techniques of Ditters [1], [2] and our own functional
equation techniques, cf. 2.6 and 2.7 below.

The local case, where A is a ZZ(p)—algebra and where one replaces

Cart(A) with Cartp(A), was dealt with in [4] part 1V, cf also 2.14

below.

2. THE MODULE OF CURVES OF A FORMAL GROUP.

From now on formal group means finite dimensional commutative formal
group over A. We take the naive or power series point of view, i.e.
an n-dimensional commutative formal group G is an n-tupel of power

series G(X,Y) in 2n-variables X,, ..., X ;3 ¥,, ..., Y such that
1 n 1 > "n



G(X,0) = X, G(0,Y) = Y and such that G(X,G(Y,Z)) = G(G(X,Y),Z) ,
G(X,Y) = G(Y,X).

2.1. Curves.

A curve in a formal group G is an n—tupel of power series y(T)

(YI(T), cees yn(T)) in one variable T such that 71(0) =0, 1=1,
i.e. the constant terms are zero.

Two curves can be added by means of the formula (y+G6)(T) = G(y(T), &(T))
= y(T) +G6(T). This turnsthe set of curves in G into an abelian group

which is denoted €(G).

2.2. The Operators [a], F LV .

In addition to the group structure on €(G) one has a number of

operators on C(G) which are compatible with the group structure. Viz.:
for every a € A, ([al y)(T) = v(aT)
for every n € N, (Vny)(T) = y(Th

The definition of the third kind of operator, the frobenius's F

needs a bit more care; formally one has

1/n n.1/n

£ =
for every n € NN, Fny(T) y(ch ) +G e +Gy(§nT )

where . is a primitive n-th root of unity. For a more precise
definition cf. [4] part IV, or [7].

There are various (obvious) relations among these operators;

cf. [3], [6], [7]; cf also 2.11 and 2.12 below.

The operators [a], Fn,Vn are all elements of a certain ring Cart(4).

The elements of Cart(A) are expressions ZVh[an m]Fm which are multiplied
b
and added according to certain rules. Cf. [6].

2.3. A V-basis for T(G).

Let yi(T) denote the curve (0,...,0,T7,0,...,0) in G, where the T is the
i-th spot. Then it is immediately clear that every curve in G can be
uniquely written as a sum

n

§= ¢ ¢ VI[a. ]v.
i=1 k=1 < K1



It follows that we know the Cart(A) module structure of (G) if we

know the expressions

Foyg = 2V lelp,r,j, )]y
i,r

for all prime numbers p. (Because FnFm = an for all n,m € N, F, = id).

1
The elements c(p,r,j,1) € A cannot be chosen arbitrarily. They have

to satisfy certain relations.

2.4. On the Relations between the Structure Constants c(p,r,j,1i).

To find out what the relations between the c(p,r,j,1) are suppose
for the moment that A is a characteristic zero ring, i.e. that
A~ A QX is injective. Then the formal group G has a logarithm
g(x) = (g,(X), ..., g (1) i.e. C(X,Y) =g (20 + g(M).
Suppose that

g; (v, (D) = rgl a5 . t

By the definition of FP, cf. 2.2 above,.we then have
1/p po1/p
. = . ‘e . T
B(F (v; (D) = glyy (e TP + o+ gy, (DT 7))

And the &-th component of this is therefore equal to

SxPop pa . T

(2.4.1) 0,i,r%p

I Mo

[ee]
L a
=]

s=1 r

On the other hand we have that

g%V Le(p,r, 5,1y, (M) = I glr;(elp,r,j,)17)
NERS

and the %-th component of this is equal to

. .\S.rs
(2.4.2) by a, . SC(P,r,J,l) T
j,r,s s s

Comparing c oefficients in (2.4.1) and (2.4.2) we see that

. . .\S
(2.4.3) P al,i,pm = 3 B .al,j’sc(p,r,J,l)
rs=m, j .



Let a(m) denote the n x n matrix a(m). . = a. .
1,] 1,3,m

be the n x n matrix c(p,r)ii = c(p,r,i,j). We use c(p,r)(k) to
denote the matrix with (i,j)-th element (c(p,r)ij)k. Then (2.4.3)

says

, and let c(p,r)

(2.4.4) palpm) = 2 a C(p,r)(m/r)
rlm m/r
and writing b(m) = ma(m) we obtain
(2.4.5) b(pm) = I rbm/r)elp,r) ™) | 1) = 1)

rm

Now let A be a ring, which is not necessarily of characteristic zero.
Then there is a formal group G' over a characteristic zero ring A'
and a homomorphism m: A' - A such that ¢'" = G, and hence also
m(c'(p,r,j,si)) = c(p,r,j,1). Because ma'(m) € A' we obtain also

in the case of a non characteristic zero ring A, that there exists

a function b with values in the n x n matrices with coefficients

in A such that (2.4.5) holds.

2.5. Involved Function Pairs.

Let M(n,A) denote the set of n x n matrices with coefficients in A,

and let P denote the set of prime numbers. An involved function pair

is a couple of functions (b,c), b : W > M(n,A) c: P x N + Wi (n,A)

such that (2.4.5) holds for every p € P and m € N. We have just shown

that an formal group G gives rise to a pair of involved functions (b,c).

Inversely we shall show that every pair of involved functions (b,c)

comes from a formal group.

Let C(p,m)ij and B(r)ij be indeterminates for i,j =1, ..., n;

r=2,3,...;m=1,2,....;, p€P.

Let L' =zZ [..., C(P’m)i,j""; ""B(r)ij""] and let 61 be the ideal

of L' generated by the relations

B(pm) = I B(m/r)C(p,r)™ T
r|m

Let L = L'/ev . Then there is an obvious one-one correspondence between

pairs of involved functions and homomorphisms L + A.



2.6. The Universal Curvilinear n-dimensional Formal Group.

For each i, = 1,2,...,n; r = 2,3,... let Rr(i,j) be an indeterminate.
We write Z [R] for Z [...,Rr(i,j),...]. Then there is defined over

Z [R] a curvilinear formal group HR(X,Y) which is universal for
n-dimensional commutative curvilinear formal groups, cf. [5] and

also 3.2 below.

According to 2.4 and 2.5 above this formal group gives rise to

homomorphism
(2.6.1) ¢ L - zZ[R]

2.7. Theorem.

Every pair of involved functions comes from a formal group. More
precisely the homomorphism ¥ is an isomorphism and if ¢: L - A
defines a pair of involved functions, then Fg ](X,Y) is a formal
group over A which gives rise to the pair of involved functions

determined by ¢: L - A.

The proof of this theorem will be given in section 3 below. The
notion of an involved pair of functions is due to Ditters [1], [2]
and another proof (via the dual category)(of the first part) of

this theorem can be found in [1], [2].
2.8. Addendum.

If n = 1 and A is a characteristic zero ring, then the b(r) determine
the logarithm of the corresponding formal group and we get a 1 -1
correspondence between one dimensional formal groups and one
dimensional pairs of involved functions. This is still true for
arbitrary A.

If n > 1, then there is more than one formal group giving rise to

the same pair of involved functions, but there is a unique curvilinear

formal group corresponding to each pair of involved functionms.

2.9. Reduced Cart(A)-modules.

If ©(G) is the module of curves of a formal group G, then, cf.

also above, it is clear that C(G) has the following properties:



1° There are subgroups Cn’ closed under the operators [a], Vm'
(Cn is the subgroup of all curves y(T) = (YJT), cees Yn(T)) such

that yl(T) = 0 mod T® for all i)

2° The subgroups Cn define a topology on C(G); €(G) is complete
for this topology and Cn is the smallest closed subgroup of L(G)
such that th(G) c Cn for all m > n.

3° There are elements Yis eees Yp € T(G) such that every element y

in (G) can be uniquely written as a convergent sum

o n
y= ¢ I V.([a ly.
r=1 j=1 £ rj J
Such a set of elements is called a V-basis for T(G).

4° The operators F » V. al are all continuous.

In general we shall call a Cart(A)-module which enjoys the four
properties listed above a reduced Cart(A)-module. Thus we have seen

that formal groups give rise to reduced Cart(A)-modules.

2.10. Reduced Cart(A)-modules and Involved Pairs of Functioms.

Let C be a reduced Cart(A)-module. Let Yis Yos +ees Y be a V-basis
for C. Then for every m € N we have an expression.
© 1

£ 2V I[le(m,r,j,i)]y.
. T ]
r=1 j=1

(2.10.1) F oY,

Now define

[l

(2.10.2) c(p,r)ij c(p,r,i,j) ,p€P; r €N; i,j =1, ..., n

(2.10.3) b(m)ij c(m,1,i,j) , m €N; i,j =1, ..., n

Then we claim that the pair of functions c(p,r), b(m) defined by
(2.10.1) - (2.10.3) is an involved pair of functions. To prove this

we need a lemma.
2.11. Lemma.

Let C be a reduced Cart(A)-module and fix m € N. Then we have that

FmVry = 0 mod C2 unless rlm and then FmVrY-E [r]bm/ry mod CZ'



Proof. We shall use the following relations which hold in Cart(A).

FV, = V.F if (r;m) = 1,V = F, = id [1]

r 1 Cart (A) =

FmFr = FrFm = Frm, var = Ver = Vrm for all r, m €N (2.11.1)
V = 1 1 . = 3
Fm n=- D ldCart(A)’ i.e Fmvmy Y+ ... + v (m times)
[ee]
[a] + [b] = % Vnsn(a,b)Fn, where the sn(a,b) are certain polynomials
n=1

\
in a and b and s](a,b) =a+b

Now let d = (r,m) and suppose that d < r. Then we have

FVeY = Fm/dFdVdvr/dY - dFm/dvr/dY - dVr/dFm/dY = 0 mod Cy

because r/d > 1.

Now let r|m, then we have

FveY = FoyefeVey = w8y = [r]Fm/rY med €,

2.12. Proof that (2.10.1)-(2.10.3) define an Involved Pair of Functions.

We shall need two more of the relations that hold in Cart(A); viz.

[al[b] = [ab]

(2.12.1)

Fm[c] [cm]Fm

Now if C is a reduced Cart(A) module then it follows from the third

property listed in 2.9 above that C/C2 is a free A-module of rank n

with as basis the classes mod C2 of the V-basis Yys eees Y- And by
(2.10.3) we know that the b(m) are determined by the Fin mod CZ'
We have

n
(2.12.2) FmeYi = Fmle = I b(mp)k,-\(k



On the other hand

[ee]
FF vy, = Fm( I )
r=1 j
o n
. FmVr[c(p,r,j,i)]Yj
r=1 J:l

h~Mpg

Jvr[c<p,r;j,i)1yj>

n

I [r]Fm/rIC(p,r,j,i)]Yj
rim j=1

n

n

= I g [re(p,r,j,
rim j=1

i)m/r]Fm/rYj

m/r

it

n n

£ T [re(p,r,j,i) 12 bm/r), v
rlm j=1 k=1 klk
n n

Dz I lrepni, 0™ @/, LDy
- .C . k,j k
k=1 r|m 1=1

i

where all congruences are modulo CZ' A comparison of the result of
this calculation with (2.12.2) now gives that the c(p,r) and b(m)

do indeed constitute a pair of involved functiomns.,

2.13. Theorem (Cartier's Third Theorem).

For every reduced Cart(A)-module C there is a formal group G

over A such that B(G) = C (as Cart(A)-modules).
This follows from theorem 2.7 and the results above 2.9 - 2.12.

2.14, The Local Case.

In this subsection A is a Zi(p)—algebra. In this case one defines
a much smaller ring Cartp(A) of which the elements are expressions
z V;[ars]Fg . A curve y € €(G) in a formal group G is called p-typical

if qu = 0 for all prime numbers q # p. These curves form a subgroup

of €(G) which is denoted tp(G) and tp(G) is a Cartp(A) module.

A reduced CartP(A)—module is described by a set of n-relations

(where n is the number of elements in a V-basis)



© n
Fy.= I £V [c(r,j,i)ly:
Pl j=1 % ]
and one can choose the c(r,j,1i) arbitrarily. Given a set of c(r,j,i),
it is easy to write down a p-typical n-dimensional formal group such
that its module of p-typical curves is described by (2.14.1). This
is done in [4] part IV.

3. PROOF OF THEOREM 2.7

The basic idea of the proof is to use relations (2.4.5) to write
a(m) := mﬂlb(m) in such a way that the series Za(m)Xm, where X©
is short for the columnvector (Xm, ey XE), is seen to satisfy
the functional equation of [5], section 3.1. This of course makes
sense only when the c(p,1) and b(m) have their coefficients in a

characteristic zero ring.

3.1. Solutions of the Involved Function Equations in Characteristic

Zero.

Let A be a characteristic zero ring; i.e. A >~ A & Q is injective.

Let ¢: L + A be a homomorphism and let b(m)ij and c(p,r)ij be the .
images of B(m)ij’ C(p,r)ij € L. Define the matrix a(m) as a(m) = m b(m).
Choose a prime number p and choose an ordening of the prime numbers

Pys> Pys Pgs - -- such that p = P Choose m € N, m > 1 and write

r r .
T t .
m=7p, ... P, with Tys eees Toy > 0 and T, > 1. Then we have
(e(l,s,))
1 1
c(pl,d(l,l))(e(l’ Do c(py,d(1,s))
a(m) = ¢ . o aae
1
(3.1.1) P,
(e(t,s.))
e(p,a(e, 1) e ates,)
St
Pe

where the sum is over all sequences
(Py>d(1,1)), «ovs (py5d(T,89))5 wvn s (p,d(e,1)), «ovs (pd(t,s))

such that
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o
1 pld(l,l) e . pld(l,sl) coeee opd(E,1) Ll ptd(t,st) =m
o
2 Sps sees Se > 0, S, > 1
3°  d(i,j) involves only prime numbers Pis «++» Piy
and the exponents e(i,j) are given by the formula
40

e(i,j) = pld(l,l). oo . p]d(l,sl) e . pid(i,l). cee . pid(i,j—l).

where a product pld(k,l). cee pld(k,sk) is to be interpreted as 1
if S = 0. (Asimilar convention holds in the formula for a(m)).

For example

(py) (p,p,) ( )
1 PP
2 C(plal) C(Pz,l) C(pzal) 172 C(szpl)C(st]) 27
a(plpz) = + +
Py p2 p2
2 2
(py) (py)
. c(p;s1) clpy,py) . c(p,,elpy,p)) . c(pys>Pypy)
Py P) bs L)

where the various sequences and exponents are

(>1)s (pys1)s (), 1) I, pys> PyPy
(> 1) (pyspy) 1, py

(py5> 1) (pyspy) L py

(pysp ) (pys 1) 1, pypy
(pysPypy) 1

Formula (3.1.1) is not difficult to prove. One simply writes

-1

a(m) = a(rp,), with r = mp_~ and
a@ = o @ = o 1 db/epa T -
4T (r/a)
c(p,>d)
= 1 a(r/d)
dlr Pt

And now one uses induction on the a(r/d).

3.2. Curvilinear Formal Groups.

If k and g are multiindices of length n we define
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ko= (k2o k f0), k| = k, + ... +k,and 0 = (0,0,...,0).

An n-~dimensional formal group G(X,Y),

G/ (X,Y) = X, + ¥, + 3 ()X5¥% is said to be curvilinear

a
2], |x]>1 4
([6]) if the following holds
(3.2.1) |kl, [2] > 1 and k& = 0

= ak,ﬁ(j) =0forj=1, ..., n
If G(X,Y) is a formal group over a characteristic zero ring and
g(X) is its logarithm, then G(X,Y) is curvilinear iff g(X) is of

the form

(3.2.2) gX) =  a@X, a(1) = T
m=1

for certain matrices a(m), where X" is short for the column vector
(XT, e, xﬁ).

Every formal group over a ring A is isomorphic to a curvilinear ome,
and there exists a universal curvilinear formal group defined over
z [R] = ZZ[...,R(m)i,j,...; m=2,3,...3i,j = 1,...,n] which we
shall denote HR(X,Y).

For all these facts cf. [5].

3.3. Local Variants of L.

Choose a prime number p and choose an ordering Pys Pys Pgse-- of the
prime numbers with p = p,- For each pair (pi’d)’ such that d involves
only the primes Py> =++» Py take n2 indeterminates c(pi’d)kﬁ’
k,2 =1, ..., n. Let L(<) be the ring Z[..., C(pi’d)k,2’°"]'

There is a natural inclusion.
(3.3.1) L(<) ¢« L'
and hence a natural map

(3.3.2) L(<) »L'>L=L"/n
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For each m € N, m > 2, define the matrix A(m) with coefficients
in L(<) & Q by formula (3.1.1), replacing all small c's with the
matrices of indeterminates C(pi,d). Define in addition Q(m) as the
sum of those terms of A(m) for which s. = 0.

1
For example

o1 p) T2 (P, .0, )C( )(pzpl) ( )
Po> P,ysP C(p,,p,)C(p,,] C(p,spP,p
(3.3.3.) Q(plpg) -2 22 1 b2 22 b2 7271
Py Py 72
We set A(1) = Q(1) = In and define
(3.3.4) X = I Qmx’ g (X)) = I A@X"
m=1] — m=1

m .
where X 1is short for the column vector (Xm,...,Xi).

Then g((X) satisfies the following functional equation

' o i-1, iy i
(3.3.5) g (X) = qXx) + = C(p,g )gip ) )
- i=1 =
Let
(3.3.6) G (X,7) = g (g (X) + g_(1))

then it follows from the functional equation lemma ([5] 3.1) that
G, (X,Y) is a formal group over L(i)(p). It is a curvilinear formal

grghp by 3.2 above.

3.4. Proof of Theorem 2.7 ig_the Characteristic Zero Case.

Let A be a characteristic zero ring and c(p,d), b(m) an involved pair
of functions with coefficients in A. We define
® - -1
(3.4.1) g = Im b@X, GEKY) =g (@X +gd)
m=1
Then because of (3.1.1) G(X,Y) is obtained from GS(X,Y) by specializing
that G(X,Y) has its
the C(pi’d)kl to the C(pi’d)kl' It follows tha ( )

coefficients in A & Z . But we have a formula (3.1.1) for every

(p)
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ordering of the primes. Hence G(X,Y) is defined over A (and is a
curvilinear formal group) Further because A is of characteristic

zero the b(m) determine the c(p,r), cf. equation (2.4.5). It now
follows from the calculations of 2.4 above that the involved function
pair associated to G(X,Y) is precisely the pair we started out with.
This concludes the proof of theorem 2.7 in the case of characteristic

zero rings.

3.5. L has no Additive Torsion.

We are now going to show that L has no additive torsion. Let Z [R]
be the ring of the 3.2 above and HR(X,Y) the universal curvilinear
n-dimensional formal group over Z [R]. This formal group gives rise
to homomorphism ¥: L - Z [R]. Take an ordening Py>Py,-.. of the
prime numbers. The formal group G_(X,Y) over L(i)(P) is curvilinear,

hence there is a unique homomorphism ¢(p) : ZI[R](P) > L(f)(p)

¢
such that HR(p)(X,Y) = G<(X,Y), and the composition ¢(pf7is the

homomorphism L - L(< “which gives the pair of involved functions

) ()

of the formal group G_(X,Y). Finally we have the natural map induced

by the inclusion
L(x) L' > L"'"/o =1L

Consider the composed map

g ¢
(p) (p) (p)
L(i)(p) —Ee L(p) —EL ZZ[R](p) —E, L(j)(p)

By the very construction of G<(X,Y) (and the fact that L(i)(p) is
of characteristic zero) it follows that ¢(p)§kp)1(p) = 1id.

We give B(m)ij weight m - 1 and C(p,r).lj weight pr - 1. All the relations
generating 0t are then homogeneous and L becomes a graded ring. We
give R(m)ij weight m - 1. The homomorphisms & and ¢(p) are then
homogeneous of degree 0. It is not difficult to calculate ¢(p)(R(m)ij)
modulo all elements of weight < m~l. Indeed ¢(p) must take the
logarithm of Hp (X,Y) into the logarithm of G_(X,Y).

A comparision of these logarithms then gives

_ -1 -1
¢(p)(R(m)ij) =P, v(m)C(p,,P, m)ij
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r
1 rt

where m = Py ++ Py s r, > 1, and where v(m) = 1 if m is not a power

. k
of a prime and v(pi) =P It follows that the induced morphisms
r Z R
gr_(Z 1 ](p)) > grm_l(L(j)p)

are isomorphisms, and hence that ¢(p) is an isomorphism. It follows
that ﬁ%p) is surjective. This can of course be done for all ordenings
of the primes. I.e. we have that V': L » Z [R] is a homogeneous of
degree 0 such that 02p) is surjective for all prime numbers p. But

Z [R] has no torsion. An easy argument (using the abelian groups
L/(ideal generated by expressions of weight > m)) now shows that L
has no additive torsion, and that V is surjective.

Caveat: there is no homomorphism ¢: Z [R] + L of which ¢(p) is the

localization in p.

3.6. End of the Proof of Theorem 2.7.

There are now various ways to prove that ¥ is an isomorphism. One
way is to remark that because L is of characteristic zero it follows
that L & Q is generated by the B(m)ij’ cf. the relations (2.4.5).
It is then not difficult to calculate ﬂbB(m)ij modulo elements of
weight < m—1, because ﬁb(B(m)ij) = coefficient of X? in the i-th

component of hR(X), the logarithm of HR(X,Y). We find therefore
cf. [5].

-1
ﬁQB(m)ij v(m) R(m)ij

and it follows that ﬁQ

has no additive torsion.

is injective and hence o itself also, as L

Another way to prove that ¥ is an isomorphism is to apply 3.4 to

the pair of involved functions given by the classes of the C(p,d)ij

and B(m)ij in L. This gives a formal group over L which is curvilinear
and hence a homomorphism ¢: Z [R] » L because of the universality

of HR(X,Y). A little reflexion then shows that ytr= id because ¥ must
take the logarithm of HR(X,Y) into the logarithm of the formal group
over L and that last logarithm is determined by the classes of the
B(m)ij.

This concludes the proof of theorem 2.7.
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