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1. Introduction

In parts I and II, cf. [S], [6] and also [7], of this series of papers we constructed a
universal p-typical one dimensional commutative formal group and a universal one
dimensional commutative formal group. The extraordinary cohomology theories
BP (Brown-Peterson cohomology) and MU (complex cobordism cohomology) are
complex oriented and hence define one dimensional formal groups over BP,(pt)
and MU, (pt) respectively. Cf. [1]. These formal groups are respectively p-typically
universal and universal. Cf. [1], [3], [4] and [18]. Let wgr and umy denote these
formal groups. The logarithms of the formal groups weser and wmu are known, cf.
[17], and have a very simple expression in terms of the cobordism classes of the
complex projective spaces. Using the formulas for the logarithms of the universal
formal groups of [5] and [6] one then obtains a free polynomial basis for BP,(pt)
and MU ,(pt) in terms of the classes of the complex projective spaces. This is the
subject matter of Sections 2, 3 below.

In [5] we also constructed a universal isomorphism between p-typical formal
groups. The associated map Z[V,, V,,...] = Z[ V), V3, ...; Ty, T, ... ] (when local-
ized at p) can be identified with the right unit map ux:BP,(pt)—>BP(BP) of the
Hopf algebra BP,(BP).

In Sections 4, 5 below, we use the universal isomorphism of [5] to obtain a
recursive description of the homomorphism nr. This description is useful in the
calculation of various BP cohomology operations, cf. Sections 6, 7 below. To obtain
this recursive description of nr we need an isomorphism formula (Section 5 below)
which is also useful in the theory of formal groups itself, cf. part III of [8].
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2 M. Hazewinkel | Constructing formal groups 111

Finally in Section 8, we use the universal isomorphism and the functional
equation lemma of [5] to derive the main theorem of [20]. All formal groups in this
paper will be commutative and one dimensional. Some of the results of this paper
were announced in [7], [11].

Acknowledgements. Luilevicius [16] was the first to write down a formula similar to
(3.1.3) and to prove that it gives generators for BP,(pt) in the case p = 2.

Once one has the various universal p-typical formal groups (which are more or
less canonical) they can be fitted together in various ways (all noncanonical). One
way to do this is described in part II of [8] and gives the generators for MU ,(pt)
described in [8, part II] and [7]. Subsequently Kozma [14] wrote down a different
set of polynomial generators for MU, (pt), which satisfy more elegant recursion
formulas. These generators correspond to a different way of fitting the various
universal p-typical formal groups together, which, however, does not generalize to
more dimensional formal groups, but does generalize if one restricts attention to
more dimensional curvilinear formal groups. Cf. the introduction of [6] and [12] for
more details.

2. The formal groups of complex cobordism and Brown-Peterson cohomology

2.1. Complex oriented cohomology theories. Let h* be a complex oriented
cohomology theory (defined on finite CW complexes); and let e"(L) denote the
Euler class in h *(X) of a complex line bundle L over X. Cf. [3, part I, §5], [1, part
I1, §2], or [19] for a definition of “complex oriented”.

For complex line bundles L;, L, one has

(211)  e"(Li®L:) = 2 ae"(L)e"(L.y

with a; € h ,(pt), and by naturality the coefficients a; do not depend on L, and L..
So we have a well-defined formal power series

(2.12) F(X Y)=> aX'Y’

which in fact defines a (one dimensional commutative) formal group over h ,(pt) by
commutativity and associativity of tensor products and naturality of Euler classes.

2.2. The formal groups of MU and BP. Choose a prime number p. Let MU stand
for the complex cobordism spectrum and BP for the Brown-Peterson spectrum
associated to the prime number p. These theories are complex oriented. Let pmu
and wse be the associated formal groups. Cf. [1], [3], [19]. Let logmu and logse be
their logarithmic series, i.e.

(2.2.1) wamu (X, Y) = logau (logmu (X) + logmu (Y)),
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(222)  pee(X, Y)=logsh(10ger(X) + l0gar (Y)).

One then has (Mis€enko’s theorem, cf. [17])

(223)  logmu(X) =2 m.X",
n=0

(22.4)  loges(X) =D m X"
n=0
with my =1 and m, = (n + 1)"'[CP"],where [CP" ]is the cobordism class of complex
projective space of (complex) dimension n. Cf. [1], [3], [17], [18].
The formal group umy is universal by a theorem of Quillen [18] and it follows
immediately that wge is p-typically universal. Cf. also [3].

3.1. Generators for BP,(pt). Choose a prime number p. Let fv (X) be the power
series defined by formula (2.2.1) in [5] (cf. also [7]) and let Fu(X,Y)=
V(v (X)+ fv (Y)). According to Theorems 2.3 and 2.8 of [5] Fv(X,Y) is a
p-typically universal formal group over Z[V]=Z[V,, V,, V;,...]. Write

(3.1.1) fv(X)=2)a,~(V)X‘", a(V)=1

then we have according to formula (4.3.1) of [5]:
(3.1.2)  pa.(V)= a..(V)VE "+ .. . +a(V)Vi_+ V.

Because Fyv (X, Y) over Z,)[ V] and uge(X, Y) over BP,(pt) are both p-typically
universal formal groups (for p-typical formal groups over Z-algebras) there exist
(cf. [5, Definition 2.4]) mutually inverse isomorphims ¢ :Zg)[V]— BP,(pt),
¢ :BP.(pt)— Zy[ V] such that ¢ applied to the coefficients of fy (X) gives the
coefficients of wsr(X). Applying ¢ to (3.1.2) and writing v; for ¢ (V) we therefore
find elements vy, v, v;,... of BP,(pt) which constitute a free polynomial basis for
BP,(pt) and which are related to the m, = (n + 1)"'[CP"] of (2.2.4) above by the
relations

(B.13)  pl= Lot T+ Lot T A Lot o,

where we have written I, for m ;.

3.2. Generators for MU, (pt). Let fu (X) be the power series defined by formulas
(2.2.1) and (2.2.4) of [6], and let Fu(X,Y)= fo'(fu(X)+ fu (Y)). According to

Theorems 2.3 and 2.4 of (6] Fu (X, Y) is a universal formal group over Z[U] =
Z[Uz, U3, U4, e ] Write

(3.2.1) fU(X)=§: b(UNX"  bi=1.

Then if we specify the coefficients n(iy, ..., i) occurring in the definition of fy (X)
according to [6, Section 7] we have the following recursion formula:
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622 vmbW)=U.+ 3 %ﬁ boa(UYU?

d#1,n
where the integers v(n) and w(n, d) are defined as follows:

v(n)=1if n is not a power of a prime number
(3.2.3)

v(p")=p for all prime numbers p and rEN={1,2,3,...},

(B24)  p(nd)= H c(p, d)

pln
where the product is defined over all prime numbers p dividing n and the ¢(p, d)
are integers which can be chosen arbitrarily subject to

c(p,d)=1 ifv(d)=1,p,

(3.2.5) 1 modp
C(p,d)E{ if v(d)=q#p.

0 modg

More precisely: first one chooses c(p, d) € Z for all prime numbers p and d EN
such that (3.2.5) holds: then one constructs f; (X) and Fy (X, Y) according to the
formulas (7.1.2), (7.1.3), (2.2.1), (2.2.4) and (2.2.7) of [6]; the result is then a
universal formal group Fy (X, Y) over Z[U] with logarithm fy (X)) satisfying (3.2.2)
with v(n) and u(n, d) given by (3.2.3) and (3.2.4). Different choices for the ¢(p, d)
result in different universal formal groups Fy, (X, Y). Because Fy (X, Y) over Z[U]
and umu (X, Y) over MU ,(pt) are both universal formal groups there are mutually
inverse isomorphisms ¢ : Z[U]— MU, (pt), ¢ : MU, (pt)— Z[U] such that ¢ ap-
plied to the coefficients of fi, (X)) gives the coefficients of wmu(X). Applying ¢ to
(3.2.2) and writing w;, i = 1,2,... for ¢ (U:) we find elements u,, us, ... in MU ,(pt)
which constitute a free polynomial basis for MU, (pt) and which are related to the
m, = (n + 1)7'[CP"] by the formula

(3.2.6) V(n)m,.—-l = Un + d§|: E'(—n%d)ME) m(n/d)_lu:/d.

d#1,n
These are the same generators as those written down by Kozma [14]. Note that the
factor v(d)'u(n,d)v(n) is always an integer.
If one uses instead of the universal formal group Fy (X, Y) of [6], the universal
formal group Hy (X, Y) over Z[ U] of [6] then, reasoning in exactly the same way,
one finds generators i; in MU ,(pt) which are related to the m, by the formula

w [d
627)  vmmea=a+ 3 (-1 e d)e) pagag,.aths
where 2% is the sum over all sequences(d, d;, di-, - - ., di) such that d, d,...,d, EN,

d, #1,n;d; > 1 and not a power of a prime number forj =2,...,i and dd....d, =
n. These are the generators given in [7] and [8, part II].
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3.3. Remark. BP is a direct suinmand of MUZ,,,. If we identify u,: with v; formula
(3.2.6) (or formula (3.2.7) for that maiter) reduces to formula (3.1.3) if n is a power
of p. It follows that the v are integral, i.e. they live in MU (pt), not just in
MUZ,).(pt). This is also proved in [2].

4. Isomorphisms of p-typical formal groups and 7 : BP . (pt)— BP(BP)

4.1. Universal strict isomorphisms of p-typical formal groups. In [5] we also
constructed a universal strict isomorphism

@.1.1)  avr(X):F (X, Y)—=Fur (X, Y)

for p-typical formal groups over characteristic zero rings or Z,algebras. Here
Fv.+(X,Y) is a p-typical formal group over Z[V; T]|=Z[V\, Va,...; Ti, Ts,...]
and the logarithm fv,r(X) of Fy, (X, Y) satisfies

e

(4.12)  fur(X)=2 a(V,T)X",

i=0

4.13)  a(V,T)=a(V)+a (V)T +.. .+ a(V)T%,+ T,

cf. formula (4.3.2) of [5].

Let I :Z,,Alg— Sets be the functor which associates to every Z,,-algebra A the
set of all triples (F(X,Y),a(X),G(X,Y)) where F(X,Y) and G(X,Y) are
p-typical formal groups over A and a(X) is a strict isomorphism form F(X, Y) to
G(X,Y). If we restrict attention to Z,,-algebras theorem 2.12 of [5] says

4.2. .Theorem. The Zalgebra Z)V, T] represents the functor I.

The isomorphism Z,yrAlg (Z,)[V,T],A)—I (A) looks as follows. Let
¢ :Z,[V,T]— A be a Z,yalgebra homomorphism. Let v = ¢(Vi), t. = ¢(T:),
i =1,2,... then the triple associated to ¢ is (F,(X, Y), a...(X), F,.(X, Y)).

4.3. The homomorphism V;~ V. F, (X, Y) is a p-typical formal group over
Z[V; T]. By the universality of Fyv(X,Y) there are therefore unique polynomials
V. €Z[V; T] such that Fyr(X,Y)=Fy(X,Y). Note that the V; have their
coefficients in Z not just in Z,.

We have just defined a homomorphism

4.3.1) ve: Z[V]—Z[V; T], Vie V.

A more functorial way of looking at this homomorphism is as follows. Let
F :Z,-Alg— Sets be the functor which associates to a Z,)-algebra A the set of all
p-typical formal groups over A. Then F is represented by Z,,[V], (by the
universality of Fy (X, Y)). There are two natural functor morphims I — F, viz.
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(432) I(A)>F(A), (F(X,Y), a(X), G(X, Y)» F(X,Y),
433)  I(A)—>F(A), (F(X Y), a(X), G(X, Y))» G(X,Y)

and because Z,)|V; T] represents I and Z,[V] represents F we obtain two
Z,)-algebra homomorphisms Z,[ V]— Z,,[ V, T|. The homomorphism induced by
(4.3.2) is the natural inclusion Z,[ V] — Z,[ V, T] and the homomorphism induced
by (4.3.3) is the localization in p of (4.3.1).

4.4. The Hopf-algebra BP,(BP). By Theorem 16.1 of [1, part II] we know that
BP,(BP)=BP.(pt)[ti,t2,...] = Z¢[v1, 02, .. .5 i, b, ... ). It follows that BP,(BP)
represents the functor I This fact can be used to account for the Hopf-algebra
structure of BP,(BP) by using various functor morphisms like (4.3.2) and (4.3.3)
above. This was done in [15]. The structure of BP,(BP) as a left module over
BP,(pt)is then given by the natural inclusion BP,(pt)— BP (pt)[#, &5, . . . ] and the
structure of BP(BP) as a right module over BP,(pt) is given by a homomorphism
Mr : BP,(pt)— BP,(BP) which is the localization in p of vg in (4.3.1) above if we
identify BP,(pt) with Z,[ V] and BP,(BP) with Z,,[V; T] by means of v; « V,
; « T,, where the v, are the generators defined in 3.1 above. Alternatively we can
appeal again to Theorem 16.1 of [1, part II] where it is shown that nr ® Q is given
by

@4.4.1)  Le Y LE,
i=0

where again [, = m,~_,. Because Fy, (X, Y)= Fy (X, Y) and because of formula
(4.1.3) this also shows that 1 = VR @ Z(,). (If ¢ : Z,)[ V]— BP.(pt) is the isomor-
phism V; » v, then ¢(a:(V)) = I by (3.1.2) and (3.1.3), hence the right hand side of
(4.1.3) becomes the right hand side of (4.4.1) under ¢ : Z)[V; T];BP*(BP),
Viebv, ikt i=1,2,... )

5. The isomorphism formula

The next thing we want to do is to give a recursion formula for the polynomials
V., and hence also a recursive description of 7s : BP,(pt)— BP,(BP). To do so we
first need a formula relating the Vi and the V; which is also useful in its own right,
especially when discussing reductions and liftings of formal groups and isomor-
phisms of formal groups. Cf [8, parts III and V].

5.1. Let a; = a;(V) be defined by (3.1.2) and write & for a;(V, T), cf. (4.1.3). Then
we have fv (X) =2 aX" and fv,r(X)=2aX"" and because fv,r (X) = fo (X), the
a; are given by the same formula (3.1.2) with bars over all the symbols occurring.
ILe.

(5.1.1)  pa,=a,. V¥ '+...+a Vi, + V.,
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In addition we define
(512)  ZP=(vrTyT- TV,
5.2. Proposition.

(52.1)  pa, = Z GV Y a, L Z8 4 T

iLj=li+j<sn
Proof. Using (4.1.3), (3.1.2) and (5.1.1) we have

pa. = pa, + 2, pa,.T?""
i=1

n=l n—i

n=1
= Z} an-ivf"—“l‘ V,, -+ 2 Z an_i_in’"“‘lT?n—i_i_an

i=1j=1

-

n—1 n—1 n—i
=2 & V" =2 > an TV Y,
i=1 i=1j=1
n—1 n—i
+ 2 S e VT 4 pT,
i=1 j=1

= Z é"_ivipn—i + 2 a"_i_i(vlpn—t—iT{:,n—i_ T;’"_'_ivfn_‘)‘l' an

i=1 Lj=1,i+j<n
- n—i i
= an—ivf + 2 an-i-jZEj" ! ,)+an-
i=1 Lj=1,i+j<n

(Note that Z; + Z; = (ViT? = T.V?) + (V,T? = T,V?) and similarly for Z{.)

5.3. Proposition.

n-=1
Vo= V.+pT. + D, Gur {(Vz"‘*— VETY+ > (vEerTtTe = T;’"‘“V,?"“)}
k=1 i+j=k
iL,j=1
(5.3.1) o
+ > (VTY =T,V
':jl;x"
Proof. This follows directly by substituting in (5.2.1) and (5.1.1) a.-; =
2@ TP where To= 1.

5.4. Remark. Formula (5.3.1) can be used to give an inductive proof that the V,
are polynomials with integral coefficients in the V,,..., V,; T,..., T.. Indeed, we
know that, cf. [5],

n—k
(54.1)  Guk = 2, pT'Via®io
I=1

and assuming that V.~, i=1,...,n—1is integral we also have that for all s EN
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(5.42) V= (V¢ modp'.
Finally p‘a; is a polynomial with integral coefficients so that we have in Q[ V; T]

Vo= Vo4 pT, + 2 (VT =T,V

i+j=n
i,j==1
n—1
n—k « rpn—k n—k n—=k n—k v 5 n—i
+k§:‘, a,_k{(Vi - Ve )+‘_ﬁ2=k(vs’ T -T2 Ve )}
ij=1

1

3
i
3
|

k
%a(np—')k—l{(vﬁn‘k— Vin—k) + Z (Vipn-kT;,n—i_ T}‘.,n—k"}?n—l)}
i+j=k
ij=1

=
i

1

0

E
|
|

n-l-1

<

b
]

=1 1

a(:_'),_k {( Vﬁ’)pn_l_k— (Vip,))pn—’-k‘l"

3 ((Vf'>P""‘“(T;”)P"""’~(T;")P""’*(\7%"">"""”‘)}
iti=k
ij=1

n-1
+ IZl %{V‘:’.”,— Veh+ 3 (ve(TrY - T;"(\‘/%P‘))"’)}
= i+j=n-I
n—1 V'I .
= (- 7"p EO
2 5 (=PT1)

where all congruences are modulo 1 in Q[ V; T]. (Two polynomials in Q[ V; T] are

= mod 1 if their difference is in Z[V; T].) This proves the integrality of the V,,
n=1273,....

6. A generalization of the main lemma of Johnson and Wilson [13]

6.1. BP cohomology operations. The stable cohomology operations of BP
cohomology can be described as BP,(pt)-homomorphisms BP (BP)— BP,(pt),
where BP,(BP) is seen as a left module over BP,(pt). Cf. [1] and also 4.3 and 4.4
above. To find out what a cohomology operation r does with elements of BP (pt),
compose r with the right unit map nx:BP,(pt)— BP,(BP). Let E = (e, €5,...) be
a sequence of =0 integers of which only finitely many are nonzero. The
cohomology operation rg is defined as: coefficient of t* in x €BP,(BP)=
BP,(pt)[t, t2, . .. ]. Thus re (v.) = coeflicient of t% in 7, where o, is obtained from
V. by replacing V; with v; and T; with , i =1,..., n.

Assign to an exponent sequence E = (ej,e,...) the weight [E|=
e, (p—1)+esx(p>—1)+... and to v, the weight p’ —1. We then have

6.1.1) e =8.= D re(v)tE

lIEl=p"-1

where rg (v.) is homogeneous of weight p” —1—| E|.
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In [13] Johnson and Wilson calculate re (v,) modulo (p, vy,...,v-,) for |E|=
p" —p', ([13, Lemma 1.7] (sometimes known as the Budweiser lemma)).

As a first application of the recursion formula (5.3.1) we shall calculate in this
section rg (v.) modulo (p**', v,..., v, for all E with |[E||=p"—p'

6.2. Extension of the main lemma. Write A; for the exponent sequence
0,0,...,0,1,0,...) with the 1 in the i-th place. We also write 4,=(0,0,...) and
[|4,]l = 0. Scalar multiplication and addition of exponent sequences are defined
component-wise. The result now is

Lemma. (i) For n=3 and 2<l<n -1 we have
(@) re (v.)=0mod(p**', vy,...,0-) if p"—p' '>|E||=p" —p' and E not
equal to p'A.-, or A+ (p —1)A._,+ p'A,._i_y,
(d) e (v2)=v, mod(p”*', v1,...,v-1) if E=p'A._y,
(€) re(v.)= —pPo, mod(p®,vy,..., - ifE=A,+(p — 1)Ani + p'Ancicn.
(i) For n=3 (and 1 =0) we have
(@) r=(v.)=0mod(p**?)if |E||=p" — 1 and E notequal to A, or A, + pA,_,,
(b) r=(va)=p if E=A,
(©) re(v.)= —p® mod(p®*?) if E = pA._,+ A,.
(iii) For n=3 (and I =1) we have
(@) re (v.)=0mod(p®™ ) ifp" —1>||E|=p" — p and E not equal to pA,_, or
A+ (p— 1A, + p4.,
(b) re(v)=v:(1-p*7)mod(p™™") if E = pA.-y,
(©) re(v.)= —pfo.mod(p”™") if E=A,+ (p — 1)A.- + pAl._..
(iv) For n =1 we have
rs,(vy) = p.
(v) For n =2 we have
(@) re(v2)=0if |E||l=p*—p and E not equal 1o 4,, pA,, (p +1)4,,
(b) r=(v)=p if E = 4,
(€) re(v2)= —p" if E=(p+1)4,
(d) re (v2)=(1—p"'—p°)v. if E = pA;.

The proof of this lemma goes in several steps.

6.3. Proof of Lemma 6.2. (iv) and (v). We have

(6.3.1) 01 = v+ pt,

(6.3.2) B,= —p (v, + pt) (v + pt.) + pTlovi+ v+ v+ pt.
Parts (iv) and (v) of Lemma 6.2 follow immediately from this.

6.4, Proof of Lemma 6.2. (ii). We prove by induction that for n =2

(6.4.1) By = v, + pt, — pPHti-  mod(p®*? vy, .. ., Vo).
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Formula (6.3.2) takes care of the case n =2. Now suppose that n = 3. Because
an—x =0mod(vy,...,v.—) for k =1,...,n—1 we see from (5.3.1) that

n-1
5;. = Un +ptn - 2 tjljﬁ’-/.
i=1

Now by induction we can assume that D, ; =pt.; — p"tith_;_
mod(p®™? vy, ..., v.-1) for j=1,...,n—2 and &, = pt, mod(p”*?, vy,. .., U.—y). For-
mula (6.4.1) now follows directly.

Part (ii) of Lemma 6.2 follows from (6.4.1) because of (6.1.1).

6.5. Proof of Lemma 6.2 (i) and (iii). Now let n=3 and1</=<n -1 andlet E be
an exponent sequence such that ||[E||= p" — p’. If Q is any polynomial in vy, v,,...;
ti,ta ... we let ce (Q) denote the coefficient of t* in Q; cg(Q) is then a
polynomial in v, vs,.... We have

(6.51) e (v.) = ce (Tn)

and cg (9,) is homogeneous of weight p" ~ 1 —||E | <p' -1, where v; has weight
p' — 1. In particular this means that cg (&,) cannot involve any v, with i > [ and that
the only terms of cg (9.) involving v, are of the form dv, with d € Z. Now

n—k
(6.52) Qe =2 plva®l.
s=1

Substituting this in (5.3.1) and using the remarks just made we obtain, because
Qn-k- =0 mod(v, vg,...) if n >k + [ that

ce (Bn) =k (pt,. + p"‘u,{(vﬁ'., -5 )+ ;+,2,.-1 (Ol t;"ﬁf'“)})
ij=1
(6.5.3) el
+ Cce <7Jltf.'_l - z l‘,ﬁﬁt,)
j=1
where the congruence is mod(v,, ..., v,-;). Now by (6.4.1)
57" =0mod(v,,...,v,p"™?) ifl=1,i=1,
(6.54)  ©2L,=0mod(vi,...,v., p*™) if =2,
5‘:.-15 pptz_l mOd(Ul, ooy Op—yy pp+2).
It follows from (6.5.3), (6.5.4) and the fact that cg (v.) is homogeneous of weight
<p'—1 that
n—1
655)  ce(D)=cs (,m o Dt = S t,.az’_,) it1=1
=1

where the congruence is mod(p®*) (and ||E||= p" — p), and

n=1
(6.5.6)  ce(Dn)=ce (pt,. + ot - > zjﬁf;’_,) if2<i<n-1
j=1
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where the congruence is mod(p**', vi,..., v-y) (and ||[E[|=p" — p'). It remains to
calculate cg (495%)) for j = 1,..., n — 1. We distinguish three cases: A) j>n — I; B)
Jj=n—-01;C)j>n-1.

6.6. Case A. Calculation of ¢z (40%-)) for j > n — L In this case we have n —j <1
and hence by (6.4.1) that .-; = pt,_; — pPtit.-; mod(v,, ..., 01, p°*?) and as [ <
n—1, j>n -1 it follows that

(6.6.1)  ce (455 )=0mod(p”*', v1,...,0-y) Hj>n—1L

6.7. Case B. Calculation of ce (t._5¢" ). In this case we have by (6.4.1) that
% =uv, + pti — p°tit?-, mod(vy,..., 0, pP*?). Because |E||=p” - p' and v has
weight p' — 1 it follows that

Ce (baeid®" ) = Ce (tums(pti — pPHLEL )" )

67.1) + e (ta-tp" 0 (pti — Pptxlfq)l’"-,‘!)-

And we see that
(6.72)  ce (@ )=0mod(p?, v, ..., 0-) fn—-1=2
And for [ = n—1 we have

ce (6:05-)=p? mod(p?™, v1,..., Vu2) if E=A4,+pA.,
6.7.3)

ce (10%-)) =0 mod(p®*, v1,..., Va2) if E# A+ pA._..

6.8. Case C. Calculation of ce (5. for 1 <j < n — L To deal with these terms we
use induction. We have

(6.8.1) Ce (tjﬁﬁi—j) = CE—Ai(l_’e-j—i)-
Write

(682) By = 2 re(va-th

IFl<p"™i-1

We then have

. i
(6.8.3) oil= 2 (s ? s ) [N I S () Ll
1«<«+9m

where F,, ..., F,, is the set of all exponent sequences of weight < p"~' =1 and the
sum is over all (sy,..., S») such that s, +...+ s, = p’, s, ENU{0}. The only terms
of (6.8.3) which can contribute to ce-s,(55-)) are those with [|s.Fi+ ...+ s.Fu || =
|E — 4;|=p" —p'—p’ +1. This means that there must be at least one F, with
|F||>p~7 —p', for which 5#0. Indeed if all F; with 5;#0 were of weight
<p"’ —p' then we would have [[s;Fi+...+ s.Fn[<p’'(p"” -pY=p -p'i<
p"—p'—p'+1 because =1, j=1. We can therefore assume that | |l =
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p"—p'+1. By induction (with respect to n) we have that re(v,-;)=
0 mod(p**', v,..., v-) except in the following cases:

Case Ci: n—j=3, Fi=4,_,

Case C: n—j=3, Fi=pA, ;. + A4,

Case C: n—j=2, Fi=4,,

Case Ci: n—j=2, Fi=(p+1)A,.
In cases C, and Cs we have rg(v.-;)=0mod p®. And it follows that #%.,=
0 mod(p®™') in these cases because either s,>1 or s, =1 and then the binomial
coefficient is divisible by p.

So we are left with the cases C, and C; where F, = A,_;. Suppose that there is an
i=2with||F||>p"7 - p’, s #0, F# A,_,, then by the previous reasoning we find a
contribution =0mod(p®™, v,,...,v;). The only terms

i
(6.8.4) ( p ) 15 (ni) - Te (Vnmy )
S1...8m

which can contribute something # 0 mod(p®*', v,,..., v.-,) are therefore of the
form

(685 F,=A4,, |Elsp/—p' ifi=2and s#0.
We then have

(6.8.6) [siFit.. . +s.F.ll<si(p" 1)+ -s)@"" —p")
and we must have

(6-8-7) “31F1+...+S,,,Fm”2p"-—p'—pf-i-l.

If j=2 then p'*' =p'"'+p'+p’—p for all [=1 and it follows that (6.8.6) and
(6.8.7) can simultaneously hold only if s, = p + 1. But then 75 (v.-;)* =0 mod p**' so
that we find no contributions # 0 mod(p®*’, vy, ..., vi-y) of the form (6.8.4) if j = 2.

Now suppose that j =1, i.e. F; = 4,.,. Then we find from (6.8.6) and (6.8.7) that
we.must have s; =p — 1. If s, = p + 1 then we again find something =0 mod(p®*"),
so we are left with two subcases of C; and C; viz.

Case D: j=1, Fi=4,.,, s;=p,

Case E: j=1, F;=4,_,, si=p-—-1

In case D we have s;+...+ s, =p’, s, =p, hence s;=...=s, =0 and (6.8.4)
gives a contribution

(6.8.8) Tan_(Vn-1)" = p*

to CE—Al(55—1)~
- Now suppose we are in case E. Then (6.8.4) reduces to

(6.8.9)  pra, (Va-1)""'rr (Va=1) = p°re (Va-1)

for a certain exponent sequence F with | F||< p"~' — p'. On the other hand we must
have |(p —1)A.-,+ F||=p" —p' — p + 1. It follows that we must have
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(6.8.10) ||F||=p""'=p"

But then by induction we know that re (v.-,) =0 mod(p®*', vy, ..., v—,) except in the
following cases:

re (Un-1) = v, mod(p”*, vy, ..., 0-) I F=p'A._,, n=4,

(6.8.11)  re(va-1) = — pPuy mod(p®*, v1,. .., Vi-1)
fF=A4+(p-1)A,2+p'Asay, n=4,

re(v2)=(1—=pFf'=pP)v, if n=3, F=pA, (and, necessarily, [ = 1).

It follows that the only contribution # 0 mod(p*®*', vs,..., v;-1) of the form (6.8.9) is
congruent to p°v, mod(p®*', vy,..., vi-1). We have now proved that

6.9. Lemma. Let n=3, I<lsn-1, |E|=p"~-p' then cs(t0%-)=0
mod(vy, . .., U1, pP*') except in the following eases:
Q) j=1,1=n—1, E=A4,+phn, e (155-)=p°,
G) j=1,1<n—1, E=A,+ pAn_i, s (t,:5%-1)=p®,
(i) j=1,1<n-1, E=A+(p—1A.1+p'A._i-y, ce(11D5-1)= p°v, where the
congruences are all mod(p®™, vy,..., vi_1).

6.10. Proof of Lemma 6.2(i). Conclusion. According to (6.5.6) we have
mod(p®*, vy, ..., vi-1)

n—1
ce (Dn) =ck (pt.. +othl — ‘ff’ﬁ’—i) .
j=1
Now let p" —p'"'>||E||= p" — p" Then because ! =2 only case (iii) of Lemma 6.9
applies and we find that cg (3.) =0 mod(p”*', vy, ..., 1) except when E = p'A,_,
or E=A,+(p—1)A..,+p'A.-.-; and in these two cases cg (7,) is respectively
congruent to v; and — p*fu.

6.11. Proof of Lemma 6.2 (iii). Conclusion. According to (6.5.5) we have mod(p*®*')

n=1
ce (Un) = CE.<Ptn - Pp—lvxtﬁ—l + ol — Z tiﬁﬁ’—i) .

j=1

Now let p" —1>||E||= p" — p. Then only case (iii) of Lemma 6.9 applies and we
find that ¢ (3.)=0mod(p®*') except when E=pA,., or E=
A+ (p —1)A.-, + pA._; and in these two cases cg (U,) is respectively congruent to
(1-p® Yo, and — p’u,.

6.12. Lemma 6.2 is now completely proved. Note that cases (i) and (ii) of Lemma
6.9 deal with exponent sequences E with ||E| =p"—1, which are therefore
covered by part (ii) of Lemma 6.2.
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7. The linear part of the Brown—Peterson cohomology operations map nx

In this section we calculate nr (v.) modulo the ideal (1, £, . .. ), or, equivalently,
we calculate V, modulo (T, T, ... )% '

7.1. We write B; for the element p'a,(V)EZ[V,, Vs,...], where a;(V) is defined
by (3.1.2). Let J denote the ideal (T, T, ...)* in Z[V; T].

Theorem. Modulo J we have

Vo= (— 1Y (B, VI (B VEEL) .- (B VESL L) (= TLVE)
(7.1.1)
+ 2 (= 1) (B VI (Ba VAL L) .- (BLVESL L) (pT) + Vi

where the first sum is over all sequences (si,...,s,1IJ) such that s,ij €N,
sit...+s+i+j=n t€ENU{0} and the second sum is over all sequences
(S15...,8,1) such that s, iEN, s;,+...+s,+i=n t ENU{0}.

7.2. Example.
‘73 = Bx V’z,—l Tl Vf" Tl Vg“ Tz V‘l’z + Bl V‘z’qu V‘l’q(pTl)
- Bz V‘l’z(pTl) - B1 Vg_l(PTz) + pT3 + V;.

The proof of Theorem 7.1 uses the recursion formula (5.3.1). First two lemmas:
7.3. Lemma.
(7.3.1) V.=V, +pT. + kzi e (VIVE T = V2™ + 21 - T,V?,
= =
where the congruence is modulo J = (T, T,, ... ).
This follows immediately from formula (5.3.1)

7.4. Lemma. Suppose that V, =V, +2 T,C, modulo J for certain C, € Z[V; T].
Then

(7.41) v

ve'+plve (2 T}C,-) mod J.

Proof. Obvious.

7.5. Proof of Theorem 7.1. Theorem 7.1 is proved by induction, the case n =1
being trivial. Given formula (7.1.1) for all k<n, we have that V,=
Vi mod(Ty, T, ...) so that we can apply Lemma 7.4. Substituting the result in
(7.3.1) then proves (7.1.1).
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7.6. Let b, € BP*(p"t) be the image of B, under Z[V,, V,,...] > BP,(pt), Vir v
where the v; are the generators of BP,(pt) determined by formula (3.1.3); i.e.
b, = p"l, = [CP""'] = p"m .. In view of 4.4 we obtain

7.7. Corollary. For 0<i<n we have

)= 2 (1) (bR (bR ) (- 0h )

S+t s<n—i

(7.7.1)
—vil+p D (=1 (bavBY) .. (BBl )

S+ ts=n—i

where the first sum is over all sequences (si,..., s ) with s, tENand s, +...+ s <
n — i and the second sum is over all sequences (si,..., ), s EN, with s, + ...+ s =
n—i.

7.8. Let I denote the ideal of Z[V; T] generated by the elements pT;, i = 1,2,...;
T.T, i,j=1,2,.... Now
(7.8.1) B.=V,V;... V" mod(p).

It follows that

7.9. Corollary. Modulo I we have

Vo=2 (— 1)y vertenreenmoypncy.Lyeil (- TV
(7.9.1)
+ V.- T\Ve, - TV, — . . =T, V"

where the sum is over all sequences (si,...,S,I,j) such that s, i, j, tEN and
sit...+s+it+j=n

This corollary can be used to give a noncohomological proof of the Lubin-Tate
formal moduli theorem. Cf. [8, part V]. Warning: the starting formula (2.2.1) in [8,
part V] is not correct and should be replaced with (7.9.1) above; the proof of the
Lubin-Tate Theorem remains mutatis mutandis the same.

7.10. Corollary. For 0 <i <n we have

rs(v.) = — v&5_, mod(p, v,).

7.11. Corollary. For 0<i <n—1 we have
ra(va) = — 052+ 0,05, 052 mod(p, v3).
More generally let r = min(n —i — 1, p), then we have
ra(ve) = — 08+ vwiTivili - v

+ (= 1)y ofosIl. . 08l vt ,mod(p, vi*Y).
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8. The functional equation lemma and multiplicative operations in BP*(BP)

As a final application of the universal isomorphism theorem 2.12 of [5] and the
functional equation lemma 7.1 of [5] we reprove the main theorem of [20].

8.1. Choose a prime number p. Let o :Z,)[V]— Z,)[ V] be the ring homomor-
phism given by Vi » V¢, fori=1,2,....If g(X)is a power series with coefficients
in Z,)[ V] or Q[ V] then g“(X) denotes the power series obtained by applying o to
the coefficients of g(X). We also write a® for o(a) if a € Q[V]. Part of the
functional equation lemma 7.1 of [5] now says

8.2. Functional equation lemma. If d(X)= X +d,X*+... is a power series with
d; € Z,)[ V] and fv (X) is the logarithm of the p-typically universal formal group
Fv (X, Y) of [5] and [7], then there are unique elements e,, e, ... € Z,)[ V] such that

®21) gX)-2pVeT (X=X + 2 eX'

i=1 i=2
where g(X)=fv(d(X)). Inversely given a power series g(X)= X+ 275, X",
¢ € Q[ V] such that (8.2.1) holds for certain e; € Z,[ V], then there exists a unique
power series d(X)= X+ d,X*+ ... with di € Z,,[ V] such that g(X) = fv (d(X)).

8.3. Corollary. If d(X) is such that g(X)=X + 271 c,"X"", i.e. . =0 if i isnot a
power of p, then e; =0 if i is not a power of p and writing s, for e,» we have

(83.1) G = D Guasi
k=0
where a, is the coefficient of X" in fv (X).

This follows immediately from (8.2.1) above because a, satisfies

n—1

(8.3.2) a,=D p 'Vl and a,= pla. V2"
k=1

k=1

Let BP,(pt) = Z,)[v1, vs,...], where the v are the free polynomial generators
defined by formula (3.1.3) above. Define the homomorphism
o :BP,.(pt)— BP.(pt) by v » vl Let I, = m,_, € BP,(pt)®Q, cf. 3.1.

8.4. Theorem (Ravenel [20]). For every sequence of elements (ri, rs,...) in BP,(pt)
there is a unique sequence of elements (si, sz, ...) in BP,(pt) such that

(8.4.1) Z Lt = Z i7"
i=0

i=0

for every n > 0. Inversely for every sequence (si, s3, ...) in BP (pt) there is a unique
sequence (ri, ra,...) such that (8.3.1) holds for all n > 0.
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Proof. Identify Z,, V] with BP,(pt) via Vi » v. The element a; in Q[V] then
corresponds with /; € BP,(pt)® Q. Take a sequence of elements (r,rs;,...) in
BP.(pt). Let ¢ :Z)[V; T]—BP,(pt) be the ring homomorphism defined by
Viev, Tiprn Wrte G(X,Y)=F%+(X,Y). Let g(X) be the logarithm of
G(X,Y), then, cf. (4.1.3)

(842) gX)=X+D X", =2 L.
n=1 i=0

The formal group G(X, Y) is strictly isomorphic to F,(X, Y)= use(X, Y) over
BP,(pt), and the isomorphism is equal to the inverse of a$,+(X). Cf. [5, Theorem
2.12] and 4.1 above. It follows that there is a power series d(X)= X +d, X*+...
with d; € BP,(pt) such that g(X)=f,(d(X)). (In fact d"'(X)= a?+(X).) Now
apply Corollary 8.3, to find s; such that (8.4.1) holds.

Inversely given elements (s, S5, ...) in BP,(pt), let g(X) be the power series

843) gX)=X+3> S hsi

n=1i=0

then g(X) satisfies a functional equation (8.2.1) and hence again by the functional
equation lemma, there exists a power series d(X)= X + d,X*+..., d. € BP,(pt)
such that g(X) = fv(d(X)). It follows that g(X) is the logarithm of a p-typical
formal group G (X, Y) which is strictly isomorphic over BP,(pt) to F,(X, Y)=
wesp(X, Y). By the universality of the triple (Fv(X, Y),av.r(X), Fv.r(X,Y))
there is therefore a unique homomorphism ¢ :Z,[V; T]— BP,(pt), such that
Y(Vi)= v and f¥ +(X) = g(X). Let . = ¢(T;) € BP,(pt). Then because of (4.1.3)

844)  gX)=X+ 3> L
n=1i=0

This concludes the proof of the theorem.
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