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ABSTRACT

We construct an abstract isomorphism of p-typical formal groups which is universal
for isomorphisms of p-typical formal groups over Zp)-algebras or characteristic
zero rings. Associated to this universal isomorphism is a homomorphism of rings
Z[V1, Vs, ...] > Z[V1, Vg, ...;T1, T2, ...] which (after localization at p) can be
identified with the right unit homomorphism nr: BP,(pt) - BP,(BP) of the Hopf-
algebra BP,(BP) of Brown-Peterson (co)homology. We calculate nr modulo the
ideal (T, T, ...)2. These results are then used to obtain information on some of
the operations of Brown-Peterson cohomology.

1. INTRODUCTION

Choose a prime number p and let Q denote the rational numbers. Let
a(V), a(V, T) in

Q[V]=0[V1, Vs, ...] and Q[V;T1=0[V1, Vg, ...; T1, T3, ...]

be the polynomials defined by the equations

(L) paV)= 3 ar(MVE™, o) =1
(1.2) (7, T)—_—kizo ax(V)TZx, ao(V, T)=1.

Now define the power series

(1.3) @)= 3 eV, fralX)= 3 anlV, X"

n=0 n
(1.4) Fy(X, Y)=f7'(fr(X)+fr(Y)), Fro(X, Y)=frr(fr,o(X)+fr,o(Y))

(1.5) oy, (X)) = frx(fv(X))
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where f7*(X) and f71(X) are the inverse power series to fy(X) and fr,z(X)
respectively, i.e. 7 (fr(X))=X and f7i(fr,r(X))=2X. One then has (cf.
[3], [4] and [5] part I).

1.6. THEOREM.

The power series Fy(X, Y), Fy o(X, Y), ar,o(X) have their coefficients
in Z[V), Z[V;T], Z[V; T].

The power series Fy(X, Y) and Fy (X, Y) therefore define p-typical
(one dimensional commutative) formal groups over Z[V] and Z[V; T]
respectively, which are strictly isomorphic via oy, r(X). In addition one
has (cf. [4] and [5] part I).

1.7. THEOREM.

The triple (Fy(X, Y), ar,z(X), Fr,o(X, Y)) over Z[V; T] is universal
for triples (F(X, Y), «(X), F(X, Y)) consisting of two p-typical formal
groups and a strict isomorphism between them defined over a ring 4
which is a Z)-algebra or a characteristic zero ring.

Ie. for every such triple (¥F(X, ¥), x(X), 4(X, Y)) there is a unique
homomorphism ¢: Z[V; Tl - 4 such that F(X, Y)=Fy(X, Y), «(X)=
=oc%'T(X), G(X: Y)zF%.T(X’ Y)'

If we restrict attention to Z)-algebras A theorem 1.7 implies that
Z [V ; T] represents the functor S : 4 1— set of all triples (F(X, Y),
o(X), G(X, Y)). Now BP(BP)=Z«y[V; T, cf. [1] part I, theorem 16.1,
or [2], so that . is also represented by BP,(BP) where BP is the Brown-
Peterson spectrum. This fact has been used to derive all the structure
maps of the Hopf algebra BP,(BP), cf. [7]. Fy(X,Y) is a p-typically
universal p-typical formal group and Fy (X, Y) is a p-typical formal
group. It follows that there are unique polynomials V, € Z[V; T'] such
that Fy(X,Y)=Fy (X, Y). It follows that we have for the polynomials ¥,

(1.8) pan(V, T)=ki ani(V, T)VE ",
=1

The assignment V, |- V, defines a homomorphism Z[V]— Z[V, T].
Now BP,(pt)=Zy[v1, v, ...] where the v; are defined by

(1-9) Pln=ln—1’vzl’"~1+ +l1?7£—1+'0n

where I, =p~?[CP?"-1]e BP, (pt) ® Q C M U, (pt) @ Q. Now identify Z [ V]
with BP,(pt) by means of V;i— v and Z)[V; T] with BP,(BP) by
means of V;1— v, T¢i1—t; where the #; are the elements of BP,(BP)
described in theorem 16.1 of part II of [1]. The homomorphism Z[V] —
—Z[V;T] (when localized at p) then becomes the right unit map
nr: BPy(pt) - BP,(BP).
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Below we give a recursion formula for V,. On the one hand this formula
can be used to give a noncohomological proof of the Lubin-Tate formal
moduli theorem and a new proof of Lazard’s classification theorem for
one dimensional formal groups over an algebraically closed field. On the
other hand the formula gives information about ng, and thus gives infor-
mation about the BP-cohomology operations. Cf. section 3 below.

2. SOME FORMULAS CONCERNING V.,

Let By =p"a,(V) where a,(V) is as in (1.1) above. Let J denote the
ideal (11, T, ...)%2 in Z[V;T] and let I be the ideal generated by the
elements pT;, i=1,2, ... and the elements 77Ty, ¢,5=1, 2, .... Then we
have

2.1. THEOREM.

n—1

Taz 3 a0 =P+ 3 (1 —p )
k=1 e
(2.1.1) k)
+ 3 (VI =Ty7)+ Vat 0T
iti=n
=1

Modulo the ideal J we have (in Z[V; T).

.1 2 = 3 (—1)Bs, V325" )(Bsy Vioailsy) - (Bs, V”-sl-..._s,x—ﬂw‘)

S (= 1)(Byy VB2 ) (Bsy Vizite) --r (Bs, Visole...—a)@Ti)+ Vi

where the first sum is over all sequences (si, ..., S: %,J) such that

Sk, 5,5 €N, s14...+8+1+j=n, te NU {0}, and the second sum is over

all sequences (s1, ..., S¢, t) such that sg, e N, s1+... +8e+i=m,t € N u {0}.
And, finally modulo the ideal I we have in Z[V; T

( Vo3 (—1)t p-07T10 . 40"t Vﬁs—lfll g_‘q_ (=T VF )
2.1.3)

S Va—TiVE i —TsVioa— .. =Tyt VI

where the sum is over all sequences (si, ..., 8¢, %, j) such that sx, 4,4, teN
and s1+...+8t+i+j=mn.

2.2. These formula’s can be used to give a noncohomological proof of
the Lubin-Tate formal moduli theorem ([9]) and Lazard’s classification
theorem for one dimensional formal groups over an algebraically closed
field, ([8]). Cf. [5] part V. Warning: formula (2.2.1) in [5] part V is not
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correct and should be replaced with (2.1.8) above. The proofs in [5] part
V remain mutatis mutandi the same.

3. APPLICATIONS TO BROWN-PETERSON COHOMOLOGY OPERATIONS

A stable BP cohomology operation can be described as a BP(pt)-
linear homomorphism BP,(BP)— BP,(pt), where BP,(BP) is seen as a
left BP, (pt) module. To find out what such an operation does to elements
of BP.(pt) one composes with nr: BP4(pt) - BP,(BP). Cf. [1] part II,
section 16 for all this. Let F=(ey, €, ...) be a sequence of integers >0
which are almost all zero.

Write BP,(BP)=BP,(pt) [t1, s, ...] where the #; are as in [1] part II,
section 16. The cohomology operation 7z is defined as: = coefficient of ¢Z.
One assigns to the exponent sequence B the weight

1Bl =(p—1)er+ (p*—1)ez+ ...

Let 4; denote the exponent sequence 4;=(0,...,0,1,0,...) with the 1
in the i-th place, let do=(0, 0, ...). Scalar multiplication with an element
of N and addition of exponent sequences are defined component wise.

A first application of (2.1.1) is then the following slight generalization
of lemma 1.9 of [6] (sometimes known as the Budweiser lemma).

3.1. Lemma.
(i) For >3 and 2<l<n—1 we have that
r5(va) = 0 mod (p?*, vy, ..., v1-1)
if p7—pi1>||E||>p?—p? except in the cases
E=pAy, E=M+(p—1)Apa+p'An1.

In these two cases 7g(vn) is respectively congruent to v; and
—pPy; mod (pP*L, vy, ..., v11).

(i) For n>3 (and {=1) we have that rg(v,) = 0 mod (p?+!) if p»—1>
>||E]| =p*—p except in the cases

B =pdy-1, E=4,+ (p—1)Ap1+pdn-s.

In these two cases rg(v,) is respectively congruent to vi(1—p#-1)
and — pPv; mod (pr+l).

(iii) For n >3 (and I=0) we have that rg(v,) = 0 mod (p?+2) if ||B||>p"—1
except in the cases E=4,, E=4;+pA,1. In these two cases rg(vy)
is respectively congruent to p and —p? mod (p»+2).

(There are slightly different formulae for the cases n=1, 2).

A second application is the calculation of the rs,(vs). Let b, € BPy(pt)
stand for the element p#l,. Then we have immediately from (2.1.2).
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3.2. THEOREM.
For 0<i<n we have

ra@n)= 3 (= 1) (BatBorl) oo - (BB o) (— BB may=i)

(3.2.1)
8 8 4

-l_p z (-— l)t(bslv?‘:‘i ) feee ® (bsﬂ)’zl’l-‘-_all—- —3t) _vg__i

where the first sum is over all sequences (sy, ..., ;) with s;+...+st<n—1,

sk, t €N and the second sum is over all sequences (si,...,8:) Wwith
S1+ ... +8t=n—1, g, t € N. Modulo p we have for 0<i<n.

i —1)—1f1 St
"'Ai(’vn) = 8 i+ z (_ 1);,0(10 V7 . +p =0
(3.2.2)
S1_ 5t i
'Ug—sll LR ‘vz—sll-—...—at(—v? )

where the sum is over all sequences (si, ..., 8;,j) such that s, t,j €N,
S1+ ... FStt+j=n—1.

3.3. COROLLARY.

For 0<i<n we have rq,(vs) = — 8 ;s mod (p, v1). More generally: let
r= min (n—i—1, p), then we have mod (p, ¥ *?)

r

(3.3.1 74,(0n) = Bt (— Dtk (vye1 ... Uyt 158 ;.
¢ t=1
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