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CONSTRUCTING FORMAL GROUPS V 

Michiel Hazewinkel 

I. INTRODUCTION 

Let Fv(X,Y) be the p-typically universal formal group over Zl [V] = Zl [V1,v2 , .... ] 

constructed in [2] cf. also [3] . In [2] we also constructed a universal 

strict isomorphism aV T(X) between formal groups: 
' 

aV,T: FV + FV,T" Now FV,T(X,Y) over 7l [V;T] = Zl [V1 ,v2, •.. ;T 1,T2 , ... ] 1s a 

p-typical formal group. Hence there exist polynomials V.(in T1 , ••• ,T.;V1 , ••• V.) 
1 1 1 

such that FV,T(X,Y) = FV(X,Y). The map Vii-+ Vi can also be interpreted 

as the map nR: BP*(pt) + BP*(BP) of Brown-Peterson cohomology. Cf. [l], 

[6], [7]. In [4] we gave a recursive procedure for calculating the 

polynomials V. and in [5] we used this result to give a formula for V. 
12 1 

mod (TI , T 2 , ... ) • 

In this note we use these two results to give (i) a noncohomological 

proof for the Lubin-Tate formal moduli theorem for one dimensional formal 

groups over complete, separated, local rings an (ii) a proof of Lazard's 

classification theorem for one dimensional formal groups over an 

algebraically closed field. 

The phrase "formal group 11 will be used as an abbreviation of "one 

dimensional commutative formal group (law)". 

-
2. THE RECURSION PROCEDURE AND THE FORMULA FOR V .. 

1 

2.1. The Recursion Procedure. 

U , Y , W 0 are the polynomials with integer coefficients in the 
r r r,,, 

variables v1,v2, ... ; T1 ,T2 , ••• ; s 1 ,s 2 , ..• defined as follows 

r-1 
ul =VI, Ur= L v w + y + v 

k=l k r-k,k r r 

(2.1.1) w r, 

r-1 

Yr= (VlT~-1-Tr-ls~ ) + ••• + 

.Q, 

where u<P ) is the polynomial obtained from U by replacing each 
s 9., s 

T., v., s., i = 1,2, ... with their p -th powers. 
1 1 1 
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- -
Let Ur' Yr' W be the polynomials obtained from U , Y , W n by s,£ r r s,~ 

substituting Vi for Si' i = 1,2, •..• Then one has v1 = v1 + pT1 and given 

V1 , ••• , Vn-l the polynomial Vn is given by 

(2.1.2) v 
n 

n-1 

r vkw -k k + Y + v + pT 
k=l n , n n n 

For a proof of these assertions cf. [4]. 

2.2. A Formula for V . -------n 
Using (2.1.1) and (2.1 .2) we deduced in [5] the following congruence 

-for V 
n 

(2.2.1) 

n-1 v v - (T vP + + T vP ) 
n - n 1 n-1 • • • n-1 1 

n-2 
••• + Tn-2v~ ) + 

where the congruence is modulo the ideal in 7l [V,T] generated by the 

elements pT., i = 1,2, .•. and the elements T.T., i,j = 1,2, .•.. 
i i J 

3. THE LUBIN-TATE FORMAL MODULI THEOREM 

Let A be a local ring with maximal ideal Tf1.. complete and separated 

in the 111. -adic topology. Let k = A/m be the residue field and let 

~(X,Y) be a formal group over k of height h. We assume that k has 

characteristic p > O. A formal group F(X,Y) over A is a lift of 

~(X,Y) if FTI(X,Y) = ~(X,Y) where TI : A~ k is the natural projection. 

We are interested in the lifts of ~ modulo (strict) isomorphisms which 

reduce to the identity isomorphism mod '1Tt • 

3.1. Proposition. 

Let F(X,Y), G(X,Y) be two p-typical formal groups over A such that 

FTI(X,Y) = GTI(X,Y). Let v 1,v2 , ... EA be such that F(X,Y) = Fv(X,Y), let 

h be the height of F(X,Y) and G(X,Y). Then there are w1, .•• , wh EA, and 

~(X) E A[[X]] such that 



" I ' \ ,;:,! I\') x :1od ;'.X 'I 

' i ) . .\ (X) ;\ ~1n-::i -m. 'D 

( l . ; ' ..• 1. - cG(X,'n =-F . ., '.cbX,dJY) where w l.'~ 1 , ••• w1-,.vh 1 ,v,_, .. ,..,' + ,_.•t, 

?roo::. Let v).,v:?.···. f A be such t:•.at G(X,"O = Fv,(X,Y). ((''-" ., \1~ "'-XJ"t 

1-.eca.use FV(X,Y) is a '?-typically i..mi·1E>rsal formal gr0·1p, . !: [2]). l"''t 

~V.T(X): FV(X,Y) + FV,T(X,Y) = F~(X,Y) be the univers~l strict 

;_s~Il'.Or?hism be'::ween p~typical formal groups. l)ecau-:, --;-"!1(X.Y) = G11 (:X,'!'.) 

we ha.VP ·~hat 

(3.1.1) v. - v'. moc! 'Tit 
1 ~-

We are now goi.ng to ·ynstruct inductively sequencPs of el r:>ments 

v(n) = (v 1(n),72 (n), .•. ). n = I,2, ... and power series ijin(X) E A~[X]] 

sue[. that 

(3.1.2) 

(3.1.3) 

(3. 1.4) 

~ (X)~ F ( )(X.Y) + F ( +l)(X) is a strict isomorphism 
n vn vn 

1jJ (X) ~ X mod (X2), w (X) 
n n 

X mod Tn.n 

v. (n) 
1. 

n v. mod m. , :. = h+l, h+2, ... 
c. 

First assume that h > 1, where his the height of F(X,Y) and G(X,Y). 

Take vi(l) = v;. Assume we have already found vi(n). Define ti(n) 

inductively by the formula. 

i i-1 

(3.1.5) ti(n) = vh(n)-p (vi+h(n)-vi+h-t1(n)vi+h-l(n)P- ••• -ti-l(n)vh+l (n)p ) 

This is well defined because the height of F ( )(X,Y) is h, hence 
* v n 

vh(n) EA , the units of A. It follows easily by induction that ti(n) E ln.n. 

Let 

(3.1.6) ~ (X) =a () t( )(X), v.(n+l) = V.(v(n), t(n)) 
n v n. , n i. 1 

where t(n) = (t 1(n),t2(n), ... ). Because v1, .. ., vh-l €111.it follows 

from 3.1.5 and (2.2.1) that v.(n+l) = v! mod Tl'\.n+l, and because 
1 l. 

n 
a (X) = X mod(T 1,T2, ... ) we have w (X) = X mod l1t. The rest of (3.1 .2) -

V,T . n 
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- (3.1.4) is automatic. Because of (3.1.3) and (3.1.4) one has that 

the composed strict isomorphisms 

converge to an isomorphism 

~(X): F ,(X,Y) + F (X,Y) v w 

where because of (3.1.4) w. = v. for i = h+l, h+2, .... This proves 
l. l. 

the proposition for the case h > 1. The case h = 1 is handled in the 

same way except that the formula for ti(n) now becomes 

i i-1 
t. (n) 

l. 
v 1(n)-p (v. 1(n)-v. 1-t1(n)v.(n)P- ... -t. 1(n)v2 (n)p ) 

i+ . 1+ l. 1-

(3.1.7) 

This proves the proposition. 

Two formal groups F(X,Y),G(X,Y) over A will be said to be *-isomorphic if 

there is a power series ~(X) such that ~(X) = X mod rrt and ~F(X,Y) = G(~X,~Y). 
If in addition ~(X) = X mod(X2 ) then F(X,Y) and G(X,Y) are said to be 

strict *-isomorphic. 

3.2. Lennna. 

Let v = (v1,v2 , •.• ), v' = 
such that v., v ! E m , i = 

l. 1 

that v. = v! for i = h+l, 
l. 1 

(vj,vz•···) be two sequences of elements of A 

I, ... , h-1, vh E A*, the units of A, and such 

h+2, ••.. Then F (X,Y) and F ,(X,Y) are strict v v 
*-isomorphic iff v. = v!, i = 1, •.. ,h. 

1 l. 

Proof. If also v. = v!, i = 
1 l. 

I, ... , h, then F (X,Y) = F ,(X,Y). Inversely v v 
suppose that there is a strict *-isomorphism from F (X,Y) to F ,(X,Y). v v 
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Because of the universality of a.V T(X), cf [2], this isomorphism is of the 
' form a.v,t(X) for certain t 1,t2 , ... EA. It follows, cf. [2], that ti Em, 

because av t(X) is a *-isomorphism. Suppose that av t(X) f X. Let 
' r r+l r+l ' n,r E JN be such that t E '1Tt -.....'It£ , t. E 7l'L for i < n, and n i 

ti E 111.r, i ~ n. It then follows from (2.2.1) that v~+h = Vn+h(v,t) f vn+h 
contradicting the assumptions. 

q.e.d. 

3.3. The Lubin-Tate Formal Moduli Theorem (Cf. [9]). 

Let ~(X,Y) be a formal group over k of height h EJN. We are interested 

in the lifts of ~(X,Y) over A modulo (strict) *-isomorphism. Because 

every formal group over k is (strictly) isomorphic to a p-typical one, 

we can as well assume that ~(X,Y) is p-typical; i.e. that IP(X,Y) = F *(X,Y) 
* * v for certain v 1,v.2 , ... Ek. Because IP(X,Y) has height h we have 

* * * v 1 = ... = vh-l = 0. Choose vi EA, i = 1,2, .•. such that rr(vi) = vi. 

Theorem. 

(i) Every strict *-equivalence class of lifts of ~(X,Y) contains precisely 

one element of the form F (X,Y), with w. = v. + s., s. E 'lT'f., w l. l. l. l. 

l. = 1 ' • . • ' h; w. = v.' j = h+ 1 ' h+2' .. . • 
J J 

(ii) Every *-equivalence class of lifts of IP(X,Y) contains precisely 

one element of the form F (X,Y), with w. = v. + s., s. E 1l1., w 1 1 1 l. 

i = 1 , .•• , h-1 ; w . = v . , j = h, h+ 1 , h+ 2 , ... 
J J 

I.e. there are h formal moduli for strict *-isomorphism classes and (h-1) 

formal moduli for *-isomorphism classes. 

Proof. Let F(X,Y) be a lift of IP(X,Y). There is a universal way of making 

formal groups p-typical which is the identity on p-typical groups. Cf. [2]. 

Applying this to F(X,Y) we find a strict *-isomorphic p-typical formal 

group F'(X,Y) which also is a lift of ~(X,Y) (Because ~(X,Y) is already 

p-typical). Now apply proposition 3.1 and lemma 3.2 to obtain the first 

part of the theorem. To prove the second part we need the analogues of 

3.1 and 3.2 above for the case of *-isomorphisms instead of strict 

*-isomorphisms. Now every *-isomorphism is composed of a strict *-isomorphism 

followed by an isomorphism of the form ~(X) = (l+t )X for a certain 
0 

t €Tit. Now an isomorphism ~(X) = (l+t )X applied to F (X,Y) changes this 
0 0 1_1 v 

formal group into F ,(X,Y), with v! = (l+t )p v .. So that the 'universal' 
v 1 0 1 

formula replacing (2.2.J) for the case of *-isomorphisms becomes 



(3.3.1) 

n-1 
~n = {I+to(pn-l)}vn - (tlv~-1+ ••• +tn-lv} ) 

n-1 p-1 p 
+ vlvn-l(t vn-2+ •.. +tn-2vl ) + 

6 

where now the congruence is mod (pt.,i = 1,2, ••• ; t.t., i 1 j = 0,1,2, ••• ). 
l. l. J 

Using this instead of (2.2.1) it is an easy exercise to prove the 

necessary analog~es of proposition 3.1 and lemma 3.2. (In proving the 

analo~n of 3.1 the first t.(n) to be defined is (of course) t (n), 
h -1 -I 1 0 

t 0 (n) = (p -I) vh(n) (vh-vh(n)); the other ti(n) are defined as before 

except that a term - t (p 1-~v. (n) is added; the proof of the analogon 
0 l. 

of lemma 3 .2 is as before except that now n E JN U { O} instead of 

n EJN). This concludes the proof of the theorem. 

4. LAZARD'S CLASSIFICATION THEOREM FOR ONE 

DIMENSIONAL FORMAL GROUPS OVER AN 

ALGEBRAICALLY CLOSED FIELD. 

Let k be an algebraically closed field. The case char(k) = 0 is not 

interesting because every formal group over k is then isomorphic to the 

additive one. We assume therefore that char(k) = p > O. It is the aim 

of this section to give a new proof of Lazard's theorem that the 

one dimensional formal groups over k are classified by their heights. 

To do this we need some lemmas. Let U , W .11,'y be the polynomials n n, n 
defined in (2.1) above. 

4.1. Lemma. 

Pr.oaf. By induction U 1 = V 1• Assuming the lemma for s < n, we see from 

(2.1.1) that Wn-.11,,.11,' .I/,= 1, .•• , n-1, is= 0 mod(T1, ••• ,Tn-I) and that 

Yn = 0 mod(T 1, ••• ,Tn_ 1), which proves the leIImlB. also for n. 

q.e.d. 
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4.2. Corollary. 

W : O mod(T 1, .•. ,Tn), W - 0 mod(T 1, •.. ,Tn-l'p) n,i n,i 

4.3. Lemma. 

Fix h E JN. Then for all n E lN 

(4.3.1) 

Proof. If n 2 h, this follows (by induction) directly from (2.1.1) and 

(2.1.2) • Now let n > h, and suppose the statement has been proved 

for s < n. We have modulo (V1, ••• ,vh-l'Vh+l'"""'Vn-l) 

v 
n 

n-1 -p 
Tn-lvl + V + pT 

n n 

Now use the induction hypothesis and corollary 4.2 above to conclude 

that (4.3.1) holds also for n. 

4.4. LelIDlla. 

Fix h E lN, then for all n E lN 

- V T vP n+h - n h 

Proof. We have 

n h 
+ V rP 

h n 

- -
Vn+h = L ViWn+h-i,i + yn+h + Vn+h + pTn+h 

T vP 
I n+h-1 

Now apply lemma 4.2 and lemma 4.3. 

4. 5. Lazard' s theorem (Cf. [8] ) • 

q.e.d. 

+ v h n+ 

Two formal groups over an algebraically closed field k of characteristic 

p > 0 are isomorphic if and only if they are of the same height. 

Proof. Two isomorphic formal groups are certainly of the same height. 

Let F(X,Y) be a formal group over k of height h. We are going to prove 

that F(X,Y) is isomorphic to the formal group Fe(h)(X,Y), where e(h) is 



the sequence of elements (O,O, ..• ,O,l,O, ••• ) with the 1 in the h-th 

spot. First, because every formal group is strictly isomorphic to a 

p-typical one, we can assume that F(X,Y) = 

v 1 , v 2 ,. • • E k. Then v 1 = . . . = vh- l = 0. 

We are going to construct sequences v(n) = 
strict power series ~ (X) such that 

n 

F (X,Y) for certain 
v 

(4.4.1) v.(n) = 0 for i = h+l, .•• , h+n-1 
l. 

(4.4.2) 
n 

~ (X) : X mod(Xp ) 
n 

8 

(4.4.3) ~n(X): Fv(n)(X,Y) + Fv(n+l)(X,Y) is a strict isomorphism 

Take v.(l) = v .• Suppose we have already found v.(n), i = 1,2, •••• 
l. l. l. 

We define t.(n) = O, i = 1, .•• , n-1, n+l, n+2, •••. Choose t (n) 
l. n 

such that 

(4.4.4) 
n 

vn+h(n) - tn(n)vh(n)p = 0 

This can be done because vh(n) # 0. (The height of Fv(n)(X,Y) being h). 

Now define 

(4.4.5) 

The v.(n+l) satisfy (4.4.1) because of lemma's 4.3 and 4.4; (4.4.3) 
l. 

follows from (4.4.5) and (4.4.2) holds because t.(n) = 0 for i = 1, ... , n-1. 
l. 

The composed strict isomorphisms 

converge to a strict isomorphism 

~(X): F (X,Y) + F (X,Y) 
v w 

because of (4.4.2), and· because of (4.4.1) we have that wh+l = wh+2 = = 0. 

Also w1 = ... = wh-l = 0 because the height of F (X,Y) is h. 
-1 h w 

Let $(X) =a X, where a is a (p -1)-th root of wh. Then ~(X) is an 

isomorphism 
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This concludes the proof of the theorem. 

4.5. Remark. 

We have also shown that over an algebraically closed field k every 

one dimensional formal group is strictly isomorphic to one of the 

= wh-1 = O = wh+l = wh+2 - ••· • 
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