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1. INTRODUCTION.
In this paper we give an explicit construction for the logarithms of
more dimensional universal formal groups of various kinds. This has
already been done (rather hurriedly) in [2]. There are several reasons
to take this up again: (i) the treatment in [2] is rather too sketchy
(ii) several new results have turned up, and the third reason (and

maybe the most important one) is the following:

Given the construction of a suitable candidate for a universal formal

group (e.g. the constructions of [2]), it turns out that one can prove
universality directly by a straightforward more dimensional extension
of the method which Buh8taber and Novikov have used in [1] to prove
the universality of the formal group of complex cobordism and which
we have already used twice in [3] and [4]. In particular one avoids
Lazard's truly tough (and computational) comparison lemme between more
dimensional formal groups. (This lemma can be found in [T]). This
lemma now appears as a corollary.

Thus, starting from nothing, one obtains in 10 pages or so (i) a
proof of the existence of a universal n-dimensional formal group, (ii)
the structure of the underlying ring and (iii) an explicit description
of the logarithm of this formal group, and, if one wishes, the same
things for p-typical formal groups.

All formal groups will be commutative. All rings will be commutative
with unit element. Z stands for the integers, Zﬂ(p) for the integers
localized at p and I for the rational numbers; IN denotes the natural
numbers, N = {1, 2, 3,,,,}. If F(X,Y) is a formal group over a ring

A and ¢ : A > B a ring homomorphism then F¢(X,Y) denotes the formal
group obtained from F(X,Y) by applying ¢ to its coefficients.

2. CONSTRUCTIONS AND STATEMENT OF MAIN THEOREMS.

2.1. A multiindex p = (nj,...,nm) is an m-tuple . of integers. > 0.

Let ||a|| = n, + ny, + ... +n . We shall only consider multiindices p

1
with ||n|| > 1. We use g(i), i = 1, ..., m to denote the multiindex
.(Qsl-kso,f;03.3¢50) with 1 in the i-th place. If p is a multiindex

and i €N then i n is the multiindex ip = (in1,...,inm). We use [
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to denote the set of all multiindices n with ||n|| > 1 and

n # prg(i) for all r = 1,2,...;1i =1, ..., m and prime numbers p € N

2.2. If g(X) is a power series over A[U1,U2, ...] and n €N then g(n)(x)
denotes the power series obtained from g(X) by replacing each U; with
Ui, i=1,2, ...

2.3. Constructions.

Choose m € N. Let Z [V]be short for Z [Vi(j,k); i=1,2, ...;
j;k =1, ..., m]. We write V. for the matrix Vi(j,k), X for the column
vector (X1, ...,Xm) and X°, n €N for (X?, ...,XE). Choose a prime
number p. With these notations we define the m-tuple of power series

fV(X) with coefficients in R[V] by
(2.3.1) fV(X) =X+ I
and we define

(2.3.2) FV(X,Y) = 1(fV(X) + fV(Y))

Ty

where h—1(X) is the inverse m-tuple of power series to h(X); i.e.
-1 -1
h (h(X)) = X = h(h™ (X)).

Let Z [V3;T] be short for ﬂ;[vi(j,k), Ti(j,K); i=1,2, ...3 j,k=1, ... ,m].
We define

O e S M
(2.3.3) fV’T(X) =X + -E T XY+ .f —EfV’T (x¥ )

1=1 1=1
and

-1

(2.3.4) FV’T(X,Y) = fV,T(fV,T(X) + fV,T(Y))

For each sequence (q1, cees qt) of powers of prime numbers, q; a power
of P;» choose an integer n(q1,...,qt) such that the following congruences

are satisfied

r .
1 mod P, if Py = Py F ... F P, # Pr+]

n(q1a"'sqt)
(2.3.5)

"

r-1 .
n(q1,...,qt) Omod p, if py # P, = ... = P, # Py



Let Z [U] be short for Z [U(i,n); n a multiindex with ||n]| > 2,
i=1, ..., m]. We also define U(i,g(j) = 0 if i # j and U(i,e(i)) = 1.
If q is a power of a prime number in I, we use Uq to denote the matrix

(U(i,qe(3)),; ;ond if d is a multiindex we use U; to denote the column
s =

n n n
. = _ 1 m . .
vector (U(Tﬁg), ceen U(m,d)). Finally X’ =X, ... X = and if a is

a vector aX= = (a1X=, ey amx=). We now define the column m-vectors

a, for all multiindices p with [|g|| > 1 as

n(q,se.-5at) n{as,...5q,) n(q, )
(2.3.6) a_ = % 1 % 1%
by P2 Pt

- (Q.-la'-'sqtsd)

v ouleyd U(q1‘..qt'1)U;q1.'.qt)
% % £

where the sum is over all sequences (q1, ""qt’g) such that
q1....qtg =n, d €D, q; a power of a prime number p; - NB t =0 is allowed.

We now define

n
230 im0 = £ ety By = B (g (X4 (1))
nj|>1 =
and
(2.3.8) By(%) = Hy(x), By(x,Y) = H(x,1)

where ¢: %Z [U] » Z [U] is the homomorphism which takes U(i,qe(j)) into

itself for i,j = 1, ..., m and prime powers g, and which sends U(i,g)

2
to zero for all p € E, i =1, ..., m, where E =D ~ {e(i)]i=1,...,m}

2.4. Integrality Theorem.

The formal power series FV(X,Y), FV,T(X’Y)’ HU(X,Y) and HU(X,Y) have
their coefficients respectively in Z [V], Z [V;T], Z [U] and Z [U].

2.5. Theorem (Universality 9£~§UKX’Y))'

HU(X,Y) is a universal m-dimensional formal group.
I.e. for every m-dimensional commutative formal group F(X,Y) over a
ring A there is unique homomorphism ¢ : Z [U] -+ A such that

Hg(X,Y) = F(X,Y).



2.6. Theorem.

HU(X,Y) and EU(X,Y) are strictly isomorphic over Z [U].
2.7. Curves.

Let F(X,Y) be an m-dimensional formal group over a ring A. A curve in
F(X,Y) is an m-tuple of power series y(Z) in one indeterminate Z with
coefficients in A and zero constant terms. Two curves can be added
by means of F(X,Y) as follows y(Z) o §(z) = F(y(z2), 6(2)). Let n € W.
One now defines a Frobenius operator gn in exactly the same way as

for one dimensional formal groups. I.e. formally we have that

(2.7.1) (@) = v(g, 2" wp v (2P e (PR

where [ is a primitive n-th root of unity. For a more precise

definition, cf, [3].

2.8. More Dimensional p-typical Formal Groups.

Choose a prime number p. Let F(X,Y) be a formal group over a ring A.

A curve y(Z) is said to be p-typical in F if (gzj)(Z) = 0 for all

prime numbers q # p. We shall say that the fogmal group F(X,Y) is p-typical
if all curves of the form y(Z) = (z® 1,...,Zp oy, rs €EW U {0} are
p-typical.

If A is a characteristic zero ring, i.e. A » A QZFQ is injective, and

f(X) is a logarithm for F(X,Y) and f(X) is of the form

© @, i
(2.8.1) F(X) =X+ I ~§xp
i=1 p

for certain matrices c; with coefficients in A, then F(X,Y) is a
p-typical formal group, as is easily seen. The converse is also true;

this follows from theorem 2.9 below.
2.9. Theoren.
FV(X,Y) is a p-typical universal formal group (of dimension m).

I.e. for every p-typical formal group G(X.7Y) over a ring A there is a
unique homomorphism ¢: Z [V] + A such that F$(X,Y) = G(X,Y)



Let k: Z [V] - Z [U] be the injective homomorphism defined by
<(T,(5,%)) = U(j,p'e(k)), and A : Z[U] + Z (p)[U] be the localization

homomorphism.
2.10. Theorem.

K

The formal groups F\}; (X,Y) and HS(X,Y) are strictly isomorphic
over 7 ul).

( (p)[ 1)

2.11. Corollary.

Every formal group over a Z (p)-—algebra is isomorphic to a p-typical
formal group.

2.12. Theoren.

The formal groups FV(X,Y) and F, T(X,Y) are strictly isomorphic over
3
Z [V;T] and this isomorphism is universal for strict isomorphisms between

p-typical formal groups over 7 (p)—algebras or characteristic zero rings.

2.13. Curvilinear Formal Groups.

If k,2 are multiindices of length m we define kg = (k15L1 y e kmlm).

Let Q be the multiindex Q = (0,...,0). In [7] Lazard defines a formal

group F(X,Y) over a ring A to be curvilinear (curviligne) if

(2.13.1)  ||gll,llell > 1, k&= (i) =0 for all i =1, ...,

b

o
4
=

=

where F(X,Y) = (F(1)(X,Y), ..., F(m)(X,Y) and F(i)(X,Y) =

Xi + Yi + Za}E,&(lyX}éY-& S I

2.14. Let ZZER]_be short for Z [Ri(j,k); 1=2,3, ., =1, «c., m,
k=1, ..., m]. Let g : Z [U] - Z [R] be the projectiong (U(i,g)) =0
is of the form de(j) for some d €W, 4 > 2, j € {1,...,m}, and
(3)) = Ry(1,3).

unless

d
L (U(d,ae

Let 1: Z [R] > Z [U] be the injection defined by 1(Rd(i,j)) = U(i,de(J)).

We define

(2.14.1) hp(X) = (X, H(X,¥) = BJ(X,Y)

2.15. Theorem.

H,R(X,Y) is a curvilinear m-dimensional formal group over Z[R] and

it is universal for curvilinear m-dimensional formal groups. The formal



groups H;(X,Y) and HU(X,Y) are strictly isomorphic over Z [U].

2.16. Corollary.

Every formal group over a ring A is strictly isomorphic to a curvilinear

formal group over A.

2.17. The formal group HR(X,Y) is the multidimensional analogue of the
one dimensional universal formal group denoted HU(X,Y) in [4]. There is
also a multidimensional curvilinear analogue of the universal one

dimensional formal group F. (X,Y) of [L4L]. To obtain it choose c(p,i),

u
p & prime number, i €W~ {1} as in [4] and determine n(i1, cees is)
for all sequences (i1, ey is), ij EW N~ {1} as in [L4]. Let d(i1,...,is) =
. . . . . .oy=1 .1 . y—1
n(l1,A...,ls)n(ln,...,ls) - n(1s)v(11) V(lg) cen v(1s) . Now
define the matrices b;(R) as
(i1) (i1"'is-1)
(2.17.1) b.(R) = I d(i,,...,1 )R. R. ... R.
1 . . 1 s’71. 71 1
(11,...,13) 1 72 s
1=2, 3, ...
where Rk is the matrix (Rk(j,z))jz and the sum is over all sequences
(i1,...,is), ij €N ~ {1}, s > 1, such that iys oees is = 1.
We put
(2.17.2) £a(X) = 3 bi(R)Xl, b.(R) = I_, the m x m identity matrix
i=1
I
(2.17.3) FR(X,Y) = £ (£ (X) + £(Y))

2.18. Theorem.

FR(X,Y) is an m-dimensional curvilinear formal group over Z [R] and

it is universal for m-dimensional curvilinear formal groups. F_(X,Y)

R
is strictly isomorphic to HR(X,Y) over Z [R].

2.19. Because the d4(i ..,is) in (2.17.1) have been chosen as in [4]

1°°
we find exactly as in [4] the following formula between the Ri and

the bi(R).



(2.19.1) v(a)o (R) =B+ E ol (RIS

d|n
d#1,n

3. PROOF OF THE INTEGRALITY THEOREMS 2.k.

3.1. Let g1(X) and ge(X) be m-tuples of power series over ZS(P)[V;W]
where W 1s short for an additional set of indeterminates and V is as
in 2.3.

Suppose that gj(X) =X+ ... 3d = 1, 2, has its coefficients in Zi(p)[V;W];
(3.1.1) £.(X) = g.(X) + ¢ —=£:2 /(xP)

(i) F(X,Y) = f; (f1(x) + f1(Y)) has its coefficients in %Z (p)[v;w]

(ii) There is a h (x) with coefficients in z;(p)[v,w] such that
£(ny(x)) = f (X)

(iii) If hE(X) is of the form h,(X) = X + ... Then f1(h2(X)) satisfies
a functional equation of the form 3.1.1.
The proofs of these facts are completely analogous to the proofs of the

corresponding lemmas in [3].

3.2. Choose numbers n(qT, ey qt) for all sequences of powers of prime

numbers (q1, ...,qt) such that (2.3.5) is satisfied. Let

n(aqs--+5q,)  nlag,...,q.) n(qt)_
Py ) Py T py

(3.2.1) d(q1, cees @) =

where q; is a power of the prime number pi.

Lemma (i) If P, = ... =D, #p r+q TRED p1 q1, ..,qt) € Z
(ii) d(ql,...,qt) - p1 d(qg,...,qt) € Zﬂ(p1)
Proof. We prove (i) by induction. The cas= t = 1 is trivial. If r = 1,

s-1
let Py = Py = ... T Dy # Poyq Then p, d(qz,...,qt) € Z and
- s-1
n(q1,...,qt) = 0 mod Py - Therefore p1 ql, ..,qt

r-1
n(q1,...,qt)d(q2,...,qt) € 7 . Now let r> 1, then p1 d(q2,...,qt) € Z .



r
Hence p1d(q1,...,qt) = qi, ..,qt)p d(q2""’qt) € Z.
To prove (ii) we distinguish two cases. If r = 1 then d(q ,...,qt) € Z
2 (p,)
by (i) and hence d(q1,...,qt) - p1 q2,... qt
P, h(q1,...,qt)~1)d(q2,...,qt) € Zi(p1), because n(q1,q2,...,qt) = 1 mod p,
if P, # Ppe If Py =p, = ... =D, # Py with r > 1.
r-1 . -1
Then p d(qg,...,qt) €Z by (i) and hence d(ql,...,qt) - P, d(qe,...,qt) =

p;1(n(q1,---,qt)—ﬂd(qg,-..,qt) € Z (p

in this case.

_ T
1) because n(q1,...,qt) = 1 mod py

3.3. Lemma.

The formal power series hU(X) satisfies a functional equation of the

form
(3.3.1) by(X) = (0 + 1 -§—— A2 (")
i=1
with gp(X) =X+ ... ZZ(P)[U][[X]] for all prime numbers p.

This follows from (2.3.6) and lemma (3.2) (ii) above.

3.4. Proof of Theorem 2.4 (Integrality Theorems)

By lemma 3.3 and lemma 3.1 (i) we have that H (X,Y) is in Z [Ull[x,Y]]
By (p)

for all prime number p. Hence HU(X,Y) in Z [U][[X,Y]]. The m~tuple of
power series ﬁU(X,Y) is obtained by setting certain U(i,g) equal to zero
in HU(X,Y), hence also ﬁU(X,Y) in zZ [U][[X,Y]1].
The power series fV(X) and fV,T(X)
equation of type (3.1.1). Moreover the only denominators occurring in
£,(X) and fV,T(
have denominators which are powers of p. Now apply lemma 3.1 (i) again,
to conclude that FV(X,Y) and F T(X,Y) are in %Z [VI[[X,Y]] and

L]

Z [V;T][[X,Y]] respectively.

satisfy by their definition a functional

X) are powers of p. Hence FV(X,Y) and F T(X,Y) can only

4. A LITTLE BIT OF MULTIDIMENSICNAL BINOMIAL
COEFFICIENT ARITHMETIC.

L.1. Let n be a multiindex of length m. Recall that ||n|| = n¥ ...+,
n. €W U {0}. We write k < n if k. <n;, 1=1, ..., mand k < g if

k <nand ||k|| < ||a||- If k < n we define



M.1.1) (i) = (

, also define v(n) = 1 unless n is of the formn = pe(j) for some
(3

(
7
EW, j € {1,...,m}, and prime number p, then vw(p e(j)) = p. Then

4 has that
*.1.2) v(g) = g.c.d. {(%); Q < 5 < 2}
,ere Q stands for the multiindex (0,0,...,0).

1is is clear if n is of the form n=n g(j). And if n is such that at

,as8t two different n, are > 0, let i1 be the smallest number such that

. #0.Take k = n, e(i, ). Then (2) = 1.
1 1,501 k
2. Let n €N, n > 2. Choose An,1’ vees An,n—1 such that

n n oy o_ . - .
1,1(1) + ...+ An,n—1 n—1) v(n). If n is of the formn = n g(g),
jen if 9 <k <n, k= k g(j) for some 0 < k < n. We put A(g,k) = A

n,k

or all 0 < k <1 in this case. If n is not of the form n g(j), let i

» the smallest natural number such that ni # 0. For these n we take
1

k) = 0 if k # (o,...,o,ni 505...,0), 0 <k <p and AMg,k) = 1 if
1

=

= (0,0,...,O,ni ,0,...,0). Then we have of course
1

'~2.1)

o
A
1 ™
A
s

. Lemma.

T n be a multiindex, ||g|| > 2. For each 0 <k < p let %(k) be an

Neterminate and let X(k) = X(n-k). Then every X(k) can be written as

integral linear combination of the expressions

v2.2) r Ag,k)x(k)
o<k
2.3)  (E)x(xen) - EBX(2tm) k+L+m=1, kL, m> Q



10

where the A(g,g) are as above

Proof. If p is of the form n = n g(Jj), this the binomial coefficient
lemma of [4] section 4. If n is not of the form n e(j) let i be the
smallest natural number such that n: # 0. Then (4.2.2) is equal to

X(n;e(i))

For all 0 < k < n. take k = k g(l), 2 = (n.-k}e(i), m =n - k —-£. Then
X(k+g) = X(nig(i)), X(g+m) = X(k) = X(kg(i)) and (ggg) = 1, so that

we have written all X(ke(i)) with 0 < k < n; as linear combinations
of (k.2.2) and (L.2.3). Now let d

1}

(jT’ -+ss Jp) be a multiindex

with 0 < j < p and ji < n..

[N

Takek= j.e., £ =] - k,

k+tly _
&5 (=,7)

ns
I
-—
>SS
~~
=
+
=
I
>
£

=n -k - 4. Then

X(g+m) = X(k) = X(J;g;)- So that we can write all X(k) with 0 < j <

such that j. < n; as linear combinations of (L4.2.2) and (4.2.3). But

[a]

s~

if 9 < i < n either j or np - j has its i-th component smaller than n,

and X(j) = X(n-i).

q.e.d.

5. PROOF OF THE UNIVERSALITY THEOREMS.

5.1. Let n € N. We write hU(n)(X) and HU(n)(X,Y) for the m-tuples
of formal power series obtained from hU(X) and HU(X,Y) by substituting

0 for all U(i,d) with ||&|| > n. Then we have

.1, z +
(5.1.1) hy;(X) hU(n)(x) + T (X)) mod (total degree n+2)
where Fn+1(X) is the following m-tuple of homogeneous forms of degree
n+ 1 in X1, cees Xm
-1 d
(5.1.2) rn+1(x) = z v(g) U %=
[1a]|=n+1 =

where the notation is as in (2.3). This follows immediately from (2.3.6).

It follows that we have for HU(X,Y) that
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(5.1.3) Hy(X) = By y(X) + 1 () +1 (Y) T . (6Y)

+1

mod (total degree n+2)

where Fn+ 1s as in 5.1.2.

1

5.2. Let

(5.2.1) B (X,Y) = (H;(1)(X,Y), ... , Him)(X,Y))

and write

(5.2.2) Hy(1)(X,Y) = X, + ¥, + 2 e, . (i)xBvE
Let for all d with ||d4]| > 2

(1)

(5.2.3) y(i,8) = Mdokdey 4

z
2<§<g =

where the A(g,g) are as in bL.2.
Lemma. The y(i,d) are a polynomial basis for Z [U].

I.e. every element of Z [U] can we written uniquely as a polynomial
in the y(i,d).
This follows from (5.1.3) together with (k.2.1).

5.3. Proof of Theorem 2.5 (Universality of HU(X,Y))

Let G(X,Y) be a commutative m-dimensional formal group over a ring A.
Write G(X,Y) = (G(i)(X,Y), ..., G(m)(X,Y)) and let

(5.3.1) G(i)(X,Y) = X, + ¥, + 7 (1 )xEvk

[N

()

Now define the homomorphism ¢ : Z [U] > A by the requirement that

(5.3.2) 3(x(i,d)) = Mdskle (i)

=

- ’g__k(

e

L
O<k<gd

This is a well defined homomorphism because of lemma 5.2. And certainly

¢ 1is the only possible homomorphism such that HS(X,Y) = G(X,Y). It
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remains, therefore, to prove that ¢(ek Q(i)) =a (i) for all
p=- o

Sak ..a
k.2 with ||k||,||&]] > 1. The case |[k+2|| = 2 follows directly
from (5.3.2) because both G(X,Y) and HU(X,Y) are commutative, i.e.
(i) and a (1) = (1)

eg’&(l) = ey,

s
IIW
Hzo
II2<>
HW

Associativity of HU(X,Y) and G(X,Y) means that the coefficients

e, 2(1), a, z(i) must satisfy some universal relations. These
3

are easily seen to be of the form

-y (EtL Sy &tmy o
g0 7 oG = P g p)
(5.3.3)
sy (Kt oy .
g T o0 T P a0 )
where the P§,§a2,§ are certaln universal polynomials 1n the eg’g
(resp. ag t) with ||s+t|| < k+2+m. Now use induction on ||k+2|| and
=’= - = - T - =
lemma 4.3 to prove that ¢(e (1)) = ak 2 (i) for all k,&,i.

IIW
||2<=

5.4. Corollary. (Lazard's comparison lemma, cf [6]).

Let F(X,Y), G(X,Y) be two m-dimensional formal groups over a ring A,
and suppose that F(X,Y) = G(X,Y) mod (total degree n). Then there
is an m-tuple of homogeneous forms | of degree n with coefficients

in A and a m x m matrix M with coefficlents in A such that

(5.4.1)  F(X,Y) = G(X,Y) - T(X) + T(X+Y) - p(¥) + M(v(n)” ((x+7)P-x"-¥™))

mod (degree n+1)
If one adds the restriction that T(X) may contain no terms of the
form aX?, a € A then the I and M in (5.4.1) are unigue.
This follows from theorem 2.5 and (5.1.2).

5.5. Give each U(i,d) lexicographic degree 4.

Let 4 <, B stand for d is lexicographically smaller than p, and let
!degree be short for lexicographic degree. Let h X d X
g grap g U(Q)( ) an HU(_I;\__)( /v
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be obtained from hU(X) and HU(X) by substituting zero for all

U(i,d) with 4 >, 0. Then one has from (2.3.6) that

(5.5.1) hU(X) z hU(g)(X) + \)(g)'.1Ur__}}(¥—=1 mod (2degree >0 n)
and hence
(5.5.2) By(X,Y) 2 ) (0Y) = U (v(m) (G )Boxovl))

5.6. Lexicographic Comparison Lemma.

Let F(X,Y), G(X,Y) be two m-dimensional formal groups over a ring A,

and suppose that F(X,Y) = G(X,Y) mod (fdegree n), then there is
a unique vector a = (a(1),...,a(m)), a(i) € A such that
F(X,Y) = G(X,Y) - a(v(n)™ ((x+7)B-32-¥2)) mod (rdegree >

m

ns
~—r

2
This follows immediately from (5.5.2) and theorem 2.5.

5.7. Proof of Theorem 2.9.

Let F(X,Y) be p-typical m-dimensional formal group over a ring A.

There is a unique homomorphism ¢ : Z [U] - A such that Hg(X,Y) = F(X,Y).
We are going to prove that ¢(U(i,d)) is zero for all multiindices

d not of the form pig(j). Suppose this is not true. Let d be the
lexicographically smallest multiindex for which ¢(U(i,d)) # O for

some i € {1,...,m}. Let ¥ = ¢o k where k is the natural inclusion

% [V] - Z [U], cf. just above 2.10 above. Let G(X,Y) = ﬁg(X,Y). Then

d ,d

(5.7.1) PF(X,Y) = 6(X,Y) - a(v(g)—1((X+Y)=—A=—Yg)) mod (2degree > d)

"l

where a(i) = ¢(U(i,g)).
First suppose that d is not of the form d g(j). Then, because at
least two di are different from zero we can find r oo T EW

such that
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r r
(5.7.2) d1p T s dmp 0 js divisible by two primes different from p

r1 r r1 rm
(5.7.3) d1p + ... +dp o< e, P + ... +ep if g <, e

(To see to it that (5.7.3) holds it suffices to take Tis sees T



1k

r r r r r r r

-1 - -

such that p =t P mdm, P m-2 > p mdm + p =g cee » P T P T4+ ..
m

r
2
P dg).

r r
Let ¢ # p be a prime number gividing d1p T+ ..+ dmp D= g and let

T
v(Z) be the curve v(z) = (z° ],---azp ™). Then, writing Y for Z1/q, we
obtain from (5.7.1) and (5.7.3).

(5.7.4) (ggY)(Y) E (ggy)(Y) + andl mod (degree > d)

But the formal group FV(X,Y) is p-typical, hence G(X,Y) = F%(X,Y)
is p-typical and F(X,Y) was supposed to be p-typical. Therefore
(5.7.4) gives that ag = 0. There are at least two different primes
q # p dividing 4 and it follows that the vector a is equal to O.
Next suppose that d is of the form 4 g(j). Let q be a prime number
dividing d different from p. (Such a prime number g exists because
a#peli)s =1, .cc,mr=0,1,2,...).
Because 4 is not a power of p we can ﬁgnd Ty
holds and such that 4' = d1pr1+...+dmp % is divisible by a prime # p. Let

r
1 rm

v(z) = (zP ,...,Z2° );weobtain again

...,r, such that (5.7.3)

G

Cy(x) + a(v(a)” " qz®)

F
qY(Y)

(5.7.5)

[’}

£

If 4 is a power of q. Then because ggy(Y) =0 = giy(Y) we get

a = 0, and if 4 is not a prime power there are two different primes
# p dividing d. Hence a = 0 also in that case. This proves the
existence of a x : %Z [V] - A such that Fé(x,y) = F(X,Y). The
homomorphism x is also unique, for otherwise there would be two
different homomorphisms ¢ : Z [U] » A (both zero on the g(i,g) with
d# prg(j) such that H%(X,Y) = F(X,Y). This proves the theorem.

6. ISOMORPHISM THEOREMS.

6.1. Proof of Theorems 2.6 and 2.10 and Part of Theorem 2.12.

These theorems are proved in the standard way. The logarithmsof

EU(X,Y) and HU(X,Y) both satisfy functional equations of type (3.1.1)
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for all prime numbers p (both with U 5 instead of Vi)’ Now apply
b

part (ii) of the functional equation lemma to conclude that
-1,= .

hyy (hU(X)) € ZS(P)[U][[X]] for all prime numbers p, hence
-1 =

b (hy(x)) € z [Ulllx]].

Similary the logarithms of FV(X,Y) and Fy T(X,Y) both satisfy
>
functional equations of type (3.1.1) for the fixed prime number p.

Hence FV(X,Y) andAFV T(X,Y) are strictly isomorphic over Zi(p)[V,T]. But
3

the only denominators which can occur in f;1(fv T
5

of p. Hence the isomorphism is actually over Z [V,T].

. . K .
Finally the logarithms of F$ (X,Y) and HG(X,Y) also both satisfy

functional equations of type (3.1.1) for the (fixed) prime number p

. ) K
(both with U 5 instead of Vi)' Hence Fé‘(X,Y) and HS(X,Y) are

p
strictly isomorphic over Zl(p)[U].

(X)) are powers

6.2. Lemma.

Let v(Z) and 6(Z) be two p-typical curves in a formal group F(X,Y)
over a ring A, which is either a ZZ(P)—algebra or a characteristic
zero ring. Then if y(Z) = 6(Z) mod (degree p'n), we have

v(Z) = 8(Z) mod (degree n+1) unless n is a power of the prime p.
Proof. Let n be not a power of the prime number p. Let q # p be a

prime number dividing n. There is a unique vector a € A such that
v(z) = 6(2) + z%a mod(degree n+1)

Applying ;q to this we find, because gqy(Z) = gqa(z), that aq = 0.

As A is a characteristic 0 ring or a Zi<p)—algebra it follows that a = 0

6.3. Lemma.

Let a: F(X,Y) - G(X,Y) be an isomorphism of formal groups, and let

-1 } .
G(X,Y) be a p-typical formal group. Then a (y(Z)) is a p-typical
curve in F(X,Y) for all p-typical curves y(Z) in G(X,Y).

This is immediate because a(B](Z)) +Ga(62(Z)) = a(61(Z) +F62(Z)).
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6.4. Let 7 [U;S] be short for Z [U(i,d); S(i,d); i =1, ..., m,||d]]| > 2].

-1 -1 -1
Let a(q,...>q.) = nlay,...5q )nla,,. .05 ) .. .nlg ) S T

where the n(q1 ,...,qt) are as in 2.3. Let Uq,s denote the matrices
q

(U(i,qg(j))i,j, 5(i,qg(k)); -

Let U(i,e(j)) = 0 = 8(i,e(j)) if i # j and U(i,e(i)) = 1 = s(i,e(i)).
Finally let Ugqs Sy be the column vectors (U(1,4), +.., Ulm,d),
(s(1,4), .-.,=S(m a.

We now define for all multiindices n, HE” > 1

(qT)

(6.4.1) a (U38) = ¢ a(gy,.--,q,)U_ U
= (Qqse-rsagad) | "t %
19 ( ) ) | )
( ERIEE ] 3e ey ERLIE S ]
e el g e

(aq) (g -e-qp_5)
+ 3 alg,,...,9.)U U ... U -
(peenags) VR e, %1

gl [=1

S PRERL (q1 ag_q)

(th + D, S aQ, Ug

where the sums are over all sequences (q1,,,..,qt,g), A =Py 5 Ty e,
p; & prime number, q., ..., ¢4 = n, [al] > 1.
(NB t = 0 is allowed). Let

-1
(6.4.2) hU’S(X)‘= lli||>1agxg HU’S(X,Y) = hU,S(hU,S(X) + hU,S(Y))
6.5. Proposition. ’

HU,S(X’Y) is a formal group over Z [U;S] and it is strictly isomorphic
over Z [U,S] to the formal group HU(X,Y) of (2.3.7).

This is proved in the usual way by means o. the functional equation
lemma The strict isomorphism from HU(X Y) to HU s (x,Y) is

hyy S(hU X)) oy S( X). Let % .S(n )(X) stand for the power series ‘
obtained from a (X) by substituting zero for all S(i,d) with [|g|]| > n.
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Then one has immediately from (6.4.1) that

lia}

(6.5.1)

X) SnX

(o] |=n B mod(degree n+1)
gli=n=

o4,5K) = oy gy (XD +

Using this one proves easily (in the same way as the corresponding

theorem is proved in the one dimensional case in [L4]):
6.6. Theorem.

The triple (HU(X,Y), oy S(X)’ H, S(x,y)) is universal for triples

consisting of two formal groups and a strict isomorphism between them.

6.7. Proof of theorem 2.12.

That F(X,Y) and Fy g

been shown in 6.1 above. Now let (F(X,Y), a(X), G(X,Y)) ve a

(X,Y) are strictly isomorphic has already

triple of two formal groups and a strict isomorphism over a ring A
which is a characteristic zero ring or a Z (p)-—algebra. By theorem
6.6. There is a unique homomorphism ¢: Z [U;S] - A such that
HO(X,Y) = F(X,1), ag’s(x) = a(X) and H.S’T(X,Y) = G(X,Y). We are
going to prove that ¢(U(i,d)) = 0 = ¢(S(i,d4)) for all g, ||d|| > 1
which are not of the form prg(j), r €N, i € {1,..., m}. We already
know that ¢(U(i,d)) = O for these § because of 5.7. (Proof of

p-typical universality of FV(X,Y)). Suppose that there is ¢ with,
]|g]| > 1, d not of the form prg(j) such that ¢(S(i,g)) =a # 0.

Choose Tys sees Ty € N such that

r r

(6.7.1) d,‘p v+ dp ™ is not a power of p
o “m 1 T
ce. o .
(6.7.2) d1p + dmp < e1p + ...+ emp if g <2 g
r r

m
Let y(Z) be the curve y(Z) = (zP s ve 5 ZP ) in G(X,Y). Let
Y : Z[V;T] > A be the composition of ¢: % [U3S] - A with the
canonical embedding Z [V;T] +~ Z [U3;S]. Let g(X) = as)/_ T(X), where
L

-1 ] . .
aV,T(X) = fV,T(fV(X)) 1s the strict isomorphism from

F (X,Y) to F X,Y). Then we have two isomorphisms

V,T(

F(X,Y) LICOR G(X,Y)

(6.7.3)

recy) BEL B (xv)
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and
d
(6.7.4) a(X) = B(X) + aX  mod( degree >y g)

By lemma (6.3) the curves a~1(y(Z)) and 8'1(y(Z)) are both
p-typical in F(X,Y). And from (6.7.L) we see that

1

(6.7.5) a—1y(Z) = 8 y(Z) - a.Zd mod (degree d+1)

But this contradicts lemma 6.2 in view of (6.7.1)

qg.e.d.

T. CURVILINEAR FORMAL GROUPS.

T.1. Proof of Curvilinearity of HR(X,Y) and Fp(X,Y)

The proofs are identical for these two caseS More generally
- let A be a characteristic zero ring and let G(X,Y) be a formal group
over A with a logarithm of the form

[e-]

(7.1.1) g(X) =X+ = 8. X
j=p t

where the a, arem x m matrices with coefficients in A szQ. Then

G(X,Y) is a curvilinear formal group. Indeed, write

k2
(7.1.2) G(i)(X,Y) = X, + ¥, + 3 CE’&(I)X Y
Suppose that there are ¢, , # 0 with k,& = 0 and [[k[[,[[2]] > 1
== . .
such that c # 0. Choose a ¢ # 0 with |]§+&[| minimal. Then looking

§’§ "k & §’§
at the coefficient of X Y on both sides of

g(G(X,Y)) = g(x) + g(Y)
we see (T7.1.1) that we must have a relation of the form

(7.1.3) e (i) =Ib (e

k,

>
.
it
L d
I
=’
'3
lie
]
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with j1 = ... = js. Here the multiindices 51 and éi must satisfy
1 < ||k. +&. < + . - ., = ; ce .
< Mg +2g 1< Mgl vy + oo+ r k. =72 + .o+ 7 &
J 1 s 1 S
These last two relations imply that k. L = 0 for all j =1, ..., s.
_, J 73
Hence by induction . g = 0 unless Ei =0 or . = 0. Because
51,025, 3 =1
dJ J
51 =...=],=J and a(j)(x,0) = Xj, G(j)(o,Y) = Yj the products
under the sum sign on the right (of 7.1.3) are nonzero if only if
for all t =1, ..., s,gi = g(jt) = e(j) and % = 0 or vice versa
t

but this is impossible because k.L = 0 and [}5[!

|v

13 Il&” _>._1'

qg.e.d.

T.2. Comparison lemma for curvilinear formal groups.

Let F(X,Y), G(X,Y) be curvilinear formal groups over a ring A, and
suppose that F(X,Y) = G(X,Y) mod degree n. Then there is a unique

matrix a with coefficients in A such that
F(X,Y) = G(X,Y) + a(v(n)™ ((x+7)P-xP-v?))

This follows directly from the general comparison lemma 5.L.

7.3. Integrality of FR(X,Y), HR(X,Y).

This is proved in the usual way by showing that fR(X),hR(X) satisfy
functional equationgbf the type (3.1.1) and applying the functional

equation lemma.

X,Y) and H_(X,Y)

R( R(
This follows directly from (7.2.) and the formulae for fR(X) and

hR(x).

T.5. Proof of Theorems 2.15 and 2.18.

7.4, Universality of F

Most of this has already been proved in 7.1, 7.3, T.4 above. It
remains to prove the strict isomorphism statements. These are proved
in the standard way, i.e. via the functional eguation 3.1 (Cf. also

6.1).
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8. CONCLUDING REMARKS.

The universal more dimensional formal group HU(X,Y) constructed here
is the analogue of the one dimensional universal formal group
HU(X,Y) of [4]. I do not know of a more dimensional analogue for
the one dimensional universal formal group FU(X,Y) of [4] except

the curvilinearly universal formal group FR(X,Y) constructed above.

There are also more dimensional analogues of the p-typically
universal one dimensional formal groups FS(X,Y) of [31].

If one chooses the n(q1, ""qt) of (2.3) in the special way
described in [3] (and [5]) one finds recursion formulae for the U(i,d)

in terms of the an(U) similar to the formulae in [3] and [5].
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LIST OF SYMBOLS.

Latin lower case p,n,m,i,r,g,j,k,h,q,a,c,%,d,s,y
Latin upper case X,Y,F,A,B,U,V,T,H,Z,G,R,I,W,S
Latin lower case boldface n,e,d,f,k,%,m,j,s,t
Latin upper case boldface Z (integers), N(natural numbers),
R(rational numbers), D E
Latin lower case as sub- or superscript p,m,r,n,i,t,q,j,s,k,%
Latin upper case as sub- or superscript V,T,U,F,R,G,S
Latin script as sub or superscript & (only in the combination of symbols >

Latin lower case boldface as sub or superscript d,n,k,%,m,s,t

g )

Latin upper case boldface as sub or superscript Z

Greek lower case  $,Y,C0,K,A, % 1,V,0,0,X,8,a,8,
Greek upper case r

Greek lower case as sub or superscript ¢,A,k,%1,¥,¥

Numerals 0,1,2,3,4,5,6,7

Numerals as sub or superscript 1,2

Numerals boldface 0

Numerals bold face subscript O

Special symbols  {,},(,),>>,]| »=5+,6,2,#,[,1,U.8,%,|5/,>,5,%, ¢,

=9 s
Special symbols as sub or superscript (,),] »=,®s=s+>>,|| 575]s%s<s

Conventions boldface: double straight black underline (usually typed)



